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Abstract In the field of crowd behavior analysis, existing methods mainly focus on using local representations
inspired by models found in other disciplines (e.g., fluid
dynamics and social dynamics) to describe motion patterns.
However, less attention is paid to exploiting motion structures (e.g., visual information contained in trajectories) for
behavior analysis. In this paper, we consider both local characteristics and global structures of a motion vector field,
and propose the Curl and Divergence of motion Trajectories (CDT) descriptors to describe collective motion patterns.
To this end, a trajectory-based motion coding algorithm is
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designed to extract the CDT descriptors. For each motion
vector field we construct its conjugate field, in which each
vector is perpendicular to the counterpart in the original vector field. The trajectories in the motion and corresponding
conjugate fields indicate the tangential and radial motion
structures, respectively. By integrating curl (and divergence,
respectively) along the tangential paths (and the radial paths,
respectively), the CDT descriptors are extracted. We show
that the proposed motion descriptors are scale- and rotationinvariant for effective crowd behavior analysis. For concreteness, we apply the CDT descriptors to identify five typical
crowd behaviors (lane, clockwise arch, counterclockwise
arch, bottleneck and fountainhead) with a pipeline including motion decomposition. Extensive experimental results
on two benchmark datasets demonstrate the effectiveness of
the CDT descriptors for describing and classifying crowd
behaviors.
Keywords Crowd behavior analysis · Curl · Divergence ·
Motion trajectories · Motion coding · Path integration

1 Introduction
In recent years, crowd analysis has drawn much attention from computer vision and social science communities
with applications ranging from profiling crowd attributes
(e.g., crowd density, collectiveness and stability) to behavior
understanding (e.g., abnormal event detection, crowd scene
classification and crowd behavior recognition) (Zhan et al.
2008; Cezar et al. 2010; Li et al. 2015). Collective crowd
behaviors carrying important and distinct motion patterns
are frequently seen in real-world scenarios, for instance,
pedestrian and traffic flows and animal swarms (Zhou et al.
2013). Individuals in crowd scenes often exhibit movements
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(a)

(b)

Fig. 1 Crowd and traffic scenes with typical collective motion patterns. a Two lanes (blue lines), two clockwise arches (yellow lines), one
fountainhead (green lines) and one bottleneck (red lines). b One coun-

according to the surrounding objects and thereby form collective motion patterns. Numerous methods (Brostow and
Cipolla 2006; Ali and Shah 2007; Hu et al. 2008a, b; Cheriyadat and Radke 2008; Lin et al. 2009; Saleemi et al. 2010;
Li and Chellappa 2010; Zhao and Medioni 2011; Zhou
et al. 2011, 2012a, b; Wu and Wong 2012; Wang et al.
2014) have been developed to detect and segment collective motion by exploiting the correlation among individual
motion.
It is of great importance to effectively represent the
detected motion for crowd behavior understanding. Various crowd motion representations, such as social force
(Mehran et al. 2009), chaotic invariants (Wu et al. 2010),
potential fields (Mehran et al. 2010), eigenvalues (Solmaz
et al. 2012), spatio-temporal gradients (Kratz and Nishino
2012), spatio-temporal viscous fluid fields (Su et al. 2013),
complexity (Ali 2013), collectiveness (Zhou et al. 2013),
multi-scale histogram of optical flow (Cong et al. 2013),
intra- and inter- group descriptors of crowd scenes (Shao et al.
2014), and stationary crowd descriptors (Yi et al. 2015), have
been proposed from different perspectives for crowd analysis. Existing crowd motion descriptors are computed based
on motion characteristics (e.g., fluid dynamics and social
interactions) in regions of interest to represent global behaviors. However, considerably less attention is paid to model
motion structures with both tangential and radial trajectories, which play a crucial role in measuring crowd motion.
Furthermore, less effort has been made to measure the
detected motion patterns quantitatively in terms of curl and
divergence.
As illustrated in Fig. 1, collective motion often has certain
regular patterns with/without rotation, dispersal or gathering. Thus, the curl and divergence operators can naturally be
used to describe collective motion. However, these are local
descriptors measuring the degree of rotation and source/sink
at a given point in a motion vector field, as shown in Fig. 2.
The descriptors based on curl and divergence computed at
different scales have different values, and thus not invariant
to scale changes, as illustrated in Fig. 7.

(c)

(d)

(e)

terclockwise arch (cyan line). c One fountainhead (green lines) and one
bottleneck (red lines). d Two opposite lanes (blue lines) result in (e) a
blocking region (purple region) (Color figure online)

(a)

(b)

(c)

Fig. 2 a Sample video clips. From top to bottom: counterclockwise
arch, bottleneck and fountainhead motion. b Motion field with curl.
Green pixels denote the curl values are zero, red pixels indicate the
rotation is clockwise, and blue pixels represent a counterclockwise rotation. c Motion field with divergence. Green pixels denote the divergence
values are zero, red pixels indicate dispersal, and blue pixels represent
convergence (Color figure online)

In this work, we propose the CDT (Curl and Divergence
of motion Trajectories) descriptors 1 by exploiting both local
motion features (e.g., curl and divergence maps) and global
motion structures (e.g., trajectories) to describe motion patterns for crowd behavior analysis. For each motion vector
field, we construct its conjugate vector field, in which each
vector is perpendicular to the counterpart in the original vector field. Intuitively, the trajectories in the motion field and
its conjugate field represent the tangential and radial motion
structures, respectively. As the curl and divergence measure local tangential and radial changes, we integrate curl
(and divergence, respectively) of a motion vector field along
the tangential paths (and the radial paths, respectively) to
compute the CDT descriptors, which are scale- and rotationinvariant. These intuitive crowd motion descriptors measure
1

The source code can be found at the website: http://github.com/
shuangseu/CDT_crowd_descriptor.
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collective motion globally in terms of curl and divergence
and facilitate understanding crowd behavior.
Collective motion patterns of crowd scenes can be categorized as lane, clockwise arch (cArch), counterclockwise arch
(ccArch), fountainhead, bottleneck, and blocking. We use the
CDT descriptors to identify the five typical crowd behaviors
(excluding blocking because the number of training videos
for this type is too small) by the proposed algorithm involving
five steps: (1) motion clustering, (2) motion decomposition,
(3) motion coding, (4) feature pooling and (5) behavior classification. Extensive experiments are carried out on the UCF
and CUHK crowd datasets with large variations of image
quality, indoor/outdoor scenes, view angles, crowd densities,
speed and motion patterns. Experimental results demonstrate
the effectiveness of the CDT descriptors for describing collective motion and classifying crowd behaviors.
To the best of our knowledge, this is the first attempt to use
curl and divergence of motion trajectories to describe crowd
behaviors globally and quantitatively. The contributions of
this work are summarized as follows.
1. Scale- and rotation-invariant motion descriptors based
on curl and divergence We propose novel motion descriptors by integrating curl and divergence along motion
trajectories. These descriptors measure collective motion
globally and are invariant to scale change due to path
integration that retains the global structures of motion
patterns. Although divergence is coincidentally the same
as one of the eigenvalues (Solmaz et al. 2012) derived
from stability analysis for dynamical systems, eigenvalues are local descriptors and not scale-invariant since the
motion structures are not considered. Furthermore, our
descriptors are able to distinguish the cArch from ccArch
patterns, whereas existing methods are not able to. We
show the CDT descriptors are more effective and robust
for measuring collective motion.
2. Trajectory-based motion coding algorithm We show a
trajectory-based motion coding algorithm that extracts
the CDT descriptors by considering both local motion
characteristics and global motion structures. Both tangential and radial trajectories are exploited to retain the
spatial structures of motion patterns. In contrast, existing
methods only consider the tangential paths.
3. Crowd behavior classification The pipeline for crowd
behavior classification includes two key steps for robust
performance. First, we use particle advection to decompose the learned motion vector field into sub-motion
fields. This approach can separate multiple motion patterns even there exists overlap among them, as opposed
to existing methods. Second, to extract and represent rich
motion information by a unified feature vector, dense
motion coding followed by max/min-pooling is integrated in the proposed coding scheme. We show the
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effectiveness of the CDT descriptors and the coding
scheme for classifying crowd behaviors.

2 Related Work and Problem Context
Numerous methods on vision-based crowd motion analysis
and behavior understanding have been proposed in recent
years. Most crowd motion analysis methods mainly focus
on exploring the motion correlation among individuals and
using kinds of techniques to find the coherent, independent
and dominant motion (Brostow and Cipolla 2006; Ali and
Shah 2007; Hu et al. 2008a, b; Cheriyadat and Radke 2008;
Lin et al. 2009; Saleemi et al. 2010; Li and Chellappa 2010;
Zhao and Medioni 2011; Zhou et al. 2011, 2012a, b; Wu and
Wong 2012; Wang et al. 2014). A comprehensive survey on
crowd motion segmentation can be found in (Zhan et al. 2008;
Cezar et al. 2010; Li et al. 2015). In this section, we focus on
descriptors for crowd motion and behavior understanding.
Various crowd motion descriptors based on low-level
motion features (e.g., optical flow and tracklets) have been
developed. Social force inspired by social dynamics is used to
represent the dynamic interactions among objects (particles)
(Mehran et al. 2009). From a fluid mechanics perspective,
potential field based on streak flow is exploited to describe
crowd motion (Mehran et al. 2010). By analyzing crowd trajectories, Wu et al. use two chaotic invariants, i.e., largest
Lyapunov exponent and correlation dimension, to measure
motion characteristics (Wu et al. 2010). In (Solmaz et al.
2012), two eigenvalues of a Jacobian matrix derived from a
crowd dynamic system are explored to identify crowd motion
types. Shear force of spatio-temporal viscous fluid field is
proposed to capture crowd interactions in (Su et al. 2013).
Cong et al. (2013) apply a multi-scale histogram of optical
flow to represent crowd motion for abnormal event detection.
Measuring crowd properties (e.g., complexity, collectiveness, stability, and stationarity) is an emerging topic that
depicts crowd characteristics intuitively. To estimate flow
complexity in videos, Ali maps particle trajectories into
a braid based representation from which the topological
entropy is computed Ali (2013). By exploiting motion correlation along motion paths, Zhou et al. (2013) propose a
descriptor for measuring crowd collectiveness. Group-level
descriptors (Shao et al. 2014) including intra- and intergroup properties (collectiveness, stability, uniformity and
conflict) are developed in a uniform framework by leveraging the underlying dynamics of group motion. Recently,
a 3D stationary time map (Yi et al. 2014) is estimated to
detect stationary group activities in crowd scenes. Pedestrian
behaviors influenced by stationary groups are investigated in
(Yi et al. 2015).
We note some of the aforementioned methods, e.g., Wu
et al. (2010), Ali (2013) and Zhou et al. (2013), only mea-
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In this section, we present the proposed algorithm to extract
the CDT descriptors of motion trajectories for crowd behavior analysis. As shown in Fig. 3, the proposed algorithm
consists of three modules: (1) local motion features, which
are obtained by computing the curl and divergence maps of
the motion vector fields; (2) global motion structures, which
are obtained via sampling the tangential (green arrow lines in
Fig. 3) and radial trajectories (red arrow lines in Fig. 3); (3)
motion integration, which integrates the curl and divergence
maps along the respective tangential and radial trajectories.
The underlying motivation of our algorithm is that both local
motion characteristics and global motion structures are indispensable for measuring crowd motion. Specifically, in this
work, motion integration is exploited to connect local motion
features (i.e., curl and divergence maps) and global motion
structures (i.e., tangential and radial paths) for crowd behavior analysis.
3.1 Curl and Divergence
Consider a 3-dimensional vector field F and the gradient
operator ∇:
F = Fx i + Fy j + Fz k,
∂
∂
∂
i+
j + k,
∇=
∂x
∂y
∂z
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sure the tangential trajectories along motion directions for
representations. In this work, we show that radial motion
structures are of great importance and should be exploited
for describing crowd motion effectively. In addition, the
trajectory-based motion coding algorithm regarding local
motion characteristics and global motion structures (including both tangential and radial components) is not explicitly
mentioned in existing crowd analysis methods.
Although curl and divergence have been used for human
action recognition (Ali and Shah 2010), the exploited kinematic features are local descriptors that do not take motion
structures (i.e., trajectories) into account. Recent methods
based on dense trajectory features (Wang et al. 2011; Wang
and Schmid 2013) extract motion descriptors along trajectories and perform favorably in recognizing human actions. In
addition, trajectory-constrained motion descriptors learned
from deep convolutional networks (Wang et al. 2015) are
proposed for human action recognition. However, only the
tangential trajectories are exploited in these methods for
action recognition. In contrast, local motion features and
global motion structures are integrated in the proposed algorithm based on trajectories, rather than extracting local
motion features along the tangential trajectories or aggregating convolutional features via trajectory-constrained pooling.
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Fig. 3 Proposed trajectory-based motion coding algorithm for extracting the CDT descriptors (best viewed on a high-resolution display). The
top left subfigure shows three typical normalized motion vector fields,
i.e., lane, rotation and gathering. The corresponding curl and divergence maps (blue pixels represent counterclockwise rotation as well
as convergence, while green pixels denote that there is no rotation or
gathering/dispersal) are illustrated in the top right subfigure. The green
and red arrow lines shown in the bottom left subfigure represent the
tangential and radial trajectories accordingly, where m and n indicate
the number of the tangential and radial path, respectively (refer to Fig. 6
for the procedure of path sampling). After motion integration, the CDT
descriptors including the curl and divergence feature vectors are shown
in the bottom right subfigure. In this example, m = 45, n = 76. The
ordinates represent the feature values while the abscissas indicate the
feature dimensions (Color figure online)

where i, j and k are the unit vectors parallel to x, y and z axes
respectively, as shown in Fig. 4g. The curl and divergence of
F, denoted by curl F and div F, are computed by Marsden
and Tromba (2003):


∂ Fy
∂ Fz
−
i
curl F = ∇ × F =
∂y
∂z




∂ Fy
∂ Fx
∂ Fz
∂ Fx
j+
k,
+
−
−
∂z
∂x
∂x
∂y

(1)

div F = ∇ · F
∂ Fy
∂ Fx
∂ Fz
=
+
+
.
∂x
∂y
∂z
In a crowd image sequence, crowd motion lies in the 2dimensional x-O-y image plane with the origin O located
at the top left corner, as illustrated in Fig. 4g. The motion
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vector field resulting from crowd movements is denoted by
Mo (x, y) = u o (x, y)i+vo (x, y)j, where u o and vo represent
the velocities along the x and y directions (which are learned
from optical flows). Before computing the curl and divergence maps, the motion vector field Mo (x, y) is normalized
to preserve the direction information and alleviate the effect
caused by the motion speed. The normalized motion vector
field is denoted by

3.2 Motion Sampling

M(x, y) = u(x, y)i + v(x, y)j,
where u = √ u2o

u o +vo2

and v = √ v2o

In real crowd scenes, as shown in Fig. 2, a crowd motion
pattern often contains both curl and divergence, as seen in
the bottleneck and fountainhead movements. While the local
motion representations, i.e., curl and divergence maps, provide pixel-level motion information, these operators are not
designed to describe motion in a global manner as the holistic
motion structures are not considered.

(2)
Path sampling is the key step for computing the CDT descriptors because paths reflect the spatial structures of collective
motion. It is intuitively clear that curl represents tangential motion change while divergence indicates radial motion
change. Thus, the accumulation of curl along motion paths
represents the global rotation degree. Similarly, the accumulation of divergence along the paths perpendicular to the
motion direction reveals the total degree of divergence. For
each motion vector field, its conjugate vector field is defined,
in which each vector is perpendicular to the counterpart in the
original field. The trajectories in the flow field and its conjugate field reflect the motion structures in terms of tangential
and radial perspectives.

.
2

u o +vo

For a normalized motion field, we have the curl and divergence:
curl M(x, y) = ∇ × M(x, y) = c(x, y)k,

(3)

div M(x, y) = ∇ · M(x, y) = d(x, y),
and
∂v(x, y) ∂u(x, y)
−
,
∂x
∂y
∂u(x, y) ∂v(x, y)
+
,
d(x, y) =
∂x
∂y
c(x, y) =

(4)

3.2.1 Conjugate Vector Field

where c(x, y) and d(x, y) describe the degree of rotation and
source/sink at point (x, y) in the motion vector field M(x, y).
As depicted in Fig. 4,

Let M̂(x, y) denote the conjugate vector field of M(x, y). As
defined above, each vector in M̂(x, y) is the one of M(x, y)
by rotating 90 degrees in the clockwise direction. Thus,
M̂(x, y) is represented as M̂(x, y) = −v(x, y)i + u(x, y)j.
Similarly, using (1), we obtain the curl and divergence of
M̂(x, y),

(a) When c = 0 and d = 0, there is no rotation or dispersal/gathering.
(b) When c > 0 and d = 0, the rotation is clockwise and
there is no divergence.
(c) When c < 0 and d = 0, the rotation is counterclockwise
without any dispersal/gathering.
(d) When c = 0 and d > 0, the motion is pure dispersal
without any curl component.
(e) When c = 0 and d < 0, the motion is pure gathering
without any curl component.
(f) When c < 0 and d < 0, the motion is relatively complex
since it has rotation and convergence simultaneously.

∂u(x, y) ∂v(x, y)
+
= d(x, y),
∂x
∂y
∂v(x, y) ∂u(x, y)
+
= −c(x, y).
d̂(x, y) = −
∂x
∂y
ĉ(x, y) =

(5)

As shown in (5), the curl value of M̂(x, y) is equal to the
divergence value of M(x, y). This makes it sensible to accumulate ĉ(x, y) (using d(x, y) in practice) along the paths

k
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(f)

y
(g)

Fig. 4 a–e Five simple motion vector fields corresponding to c and d (where c and d denote the value of curl and divergence respectively). f A
relatively complex motion vector field with rotation and convergence. g Coordinate axes setting
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Fig. 5 a A lane motion vector field with the curl map. b The conjugate
vector field of (a) with the divergence map. c A ccArch motion vector
field with the curl map. d The conjugate vector field of (c) with the
divergence map. e A bottleneck motion vector field with the divergence
map. f The conjugate vector field of (e) with the curl map. Color pixels
from blue to red indicate the values within the range from −0.01 to
0.01. Green pixels represent the curl or divergence value is 0 (Color
figure online)

of M̂(x, y) to measure the dispersal/gathering degree of
M(x, y).
Figure 5 shows three typical motion vector fields (i.e.,
lane, ccArch and bottleneck) and the corresponding conjugate vector fields. Figure 5a and b show that the conjugate
vector field of a lane motion vector field is also a lane motion
without any rotation and dispersal/gathering. The conjugate
field (Fig. 5d) of the ccArch motion vector field (Fig. 5c) is
a fountainhead motion field. The divergence map in Fig. 5c
is the negative one of the curl map in Fig. 5d, which can also
be inferred from (5). The bottleneck motion vector field and
its conjugated one are depicted in Fig. 5e and f, respectively.
Similar blue color distributions in these two figures can also
be inferred from (5).
3.2.2 Path Sampling
Path sampling is carried out by using particle advection (Solmaz et al. 2012) on the motion vector field. The procedure
of path sampling is shown in Fig. 6. We take a counterclockwise arch for example. Let M(x, y) and M̂(x, y) denote
the motion vector field and the conjugate vector field, respectively. First, we place m particles (green points in Fig. 6a)
uniformly at the initial positions of M(x, y). The initial
positions refer to the source locations where motion flows
come from. Then, these particles move along the motion
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Fig. 6 Procedure of path sampling. a m particles are uniformly placed
at the initial positions of M(x, y). b n particles are uniformly placed
at the initial positions of M̂(x, y). c Tangential path sampling based on
particle advection. d Radial path sampling based on particle advection. e
Tangential (green arrow lines) and radial (red arrow lines) paths (Color
figure online)

vectors at each point (green arrow lines in Fig. 6c) and form
the tangential trajectories denoted by T = {t1 , t2 , . . . , tm },
as shown in Fig. 6e. It should be noted that T is arranged
along the motion direction of M̂(x, y). Similarly, we place
n particles uniformly at the initial positions of M̂(x, y) and
obtain the radial paths T̂ = {tˆ1 , tˆ2 , . . . , tˆn } as the process
depicted in Fig. 6b, d, e. It is clear that T and T̂ are mutually
perpendicular. In addition, T̂ is arranged along the motion
direction of M(x, y). The paths generated by the above
process give a unified motion structure representation, i.e.,
similar motion patterns at different scales and directions have
similar descriptions.
3.3 Motion Integration
To compute the total degree of rotation and source/sink of a
motion field M(x, y), we integrate curl and divergence maps
along the paths T and T̂ via curvilinear integral, and obtain
two feature vectors f c and f d ,

f c (i) =

c(x, y)ds , i = 1, 2, . . . , m,
t

i
f d ( j) =

tˆj

where ds =

(6)
d(x, y)ds ,

dx 2 + d y 2 .

j = 1, 2, . . . , n,
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The CDT descriptors for the motion vector field M(x, y) are
defined as follows:
C DT  [ f c , f d ],

(7)

where f c ∈ Rm is the integration of curl along the path T ,
and f d ∈ Rn is the integration of divergence along the path
T̂ . The CDT descriptors represent the motion vector field
intuitively and quantitatively in terms of curl and divergence
from a global perspective.

(a)

(b)

3.4 Scale- and Rotation-Invariant Descriptors
Unlike existing methods, the CDT descriptors not only
measure collective motion in terms of curl and divergence
quantitatively, but also are scale- and rotation-invariant.
As shown in Fig. 7, two typical motion vector fields, i.e., a
ccArch (Fig. 7a) and a bottleneck (Fig. 7b), are used to facilitate understanding the scale- and rotation-invariant properties
intuitively. Figure 7c and e show the half-sized motion fields
of (a) and (b) respectively with double value of curl and
divergence maps. Although the local degree of rotation and
gathering become larger due to the scale change, the tangential and radial trajectories in (c) and (e) are obviously shorter.
Thus, after path integration the total degree of rotation and
gathering do not change. Figure 7d and f are the rotated ones
of (c) and (e) by 90 deg counterclockwise rotation. It is clear
that the local features (i.e., the curl and divergence maps) and
the global motion structures (i.e., the tangential and radial
paths) remain unchanged. Thus, the CDT descriptors remain
the same despite the rotation. In addition, the curl descriptors
of (a), (c) and (d) are identical as shown in (g), (h) and (i),
respectively. Similarly, the divergence descriptors of (b), (e)
and (f) are also identical as shown in (j), (k) and (l), respectively. The results are consistent with our intuition that the
scale change and rotation do not change the total degree of
rotation or dispersal/gathering.
In the following, we show the invariant properties with
respect to scale and rotation of the proposed CDT descriptors.
Given that ti : x = ϕi (l), y = ψi (l), l ∈ [l0 , l1 ], where l0
and l1 are the lower and upper bounds of the tangential path
ti , and tˆj : x = ϕ̂ j (l), y = ψ̂ j (l), l ∈ [lˆ0 , lˆ1 ], where lˆ0 and
lˆ1 are the lower and upper bounds of the radial path tˆj . We
reformulate (6) as:






∂ϕi (l) 2
∂ψi (l) 2
+
dl ,
∂l
∂l
l0

(8)

2
 lˆ1
 ∂ ϕ̂ j (l) 2
∂ ψ̂ j (l)
f d ( j) =
d(ϕ̂ j (l), ψ̂ j (l))
+
dl ,
∂l
∂l
lˆ0
f c (i) =

 l1

(c)

(d)

(e)

(f)

(g)

(h)

(i)

(j)

(k)

(l)

Fig. 7 a A ccArch motion vector field (800 × 400 pixels) with the curl
map. b A bottleneck motion vector field (400 × 320 pixels) with the
divergence map. c Half-sized motion field of (a) with 400 × 200 pixels.
d Rotated motion field of (c) by 90 deg counterclockwise rotation. e
Half-sized motion field (b) with 200 × 160 pixels. f Rotated motion
field by 90 deg counterclockwise rotation. The color pixels range from
blue to red with the range of [−0.01, 0.01], and green pixels represent
the value 0. g–i Curl descriptors of (a), (c) and (d) respectively based
on (6). j–l Divergence descriptors of (b), (e) and (f) respectively based
on (6). In (g)–(l), the ordinates represent the feature values while the
abscissas indicate the feature dimensions. It should be noted that the
curl descriptors of (a), (c) and (d) are identical as shown in (g)–(i),
and the divergence descriptors of (b), (e) and (f) are also identical as
shown in (j)–(l). In this example, 45 tangential paths and 76 radial paths
are sampled respectively from the ccArch motion vector field and the
bottleneck motion vector field (Color figure online)

c(ϕi (l), ψi (l))

where i = 1, 2, . . . , m, and j = 1, 2, . . . , n.

3.4.1 Scale-Invariant
Suppose that α is the scale factor, the scaled motion field of
M(x, y) is denoted by Mα (x, y):
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Mα (x, y) = M(αx, αy)

(9)

= u(αx, αy)i + v(αx, αy)j.
The curl and divergence of Mα (x, y) are computed by
∂v(αx, αy) ∂u(αx, αy)
cα (x, y) =
−
∂x
∂y
= αc(αx, αy),
∂u(αx, αy) ∂v(αx, αy)
dα (x, y) =
+
∂x
∂y
= αd(αx, αy).

x  = x cos θ − y sin θ,
y  = y cos θ + x sin θ.
(10)



1
α l1
1
α l0




v  = v cos θ + u sin θ.


=

1
α l1
1
α l0




2


+

∂ψαi (lα )
∂lα

∂v 
∂u 
− 

∂x
∂y
  

 
∂u ∂ x
∂v ∂ x
∂v  ∂ y
∂u  ∂ y
−
=
+
+
∂x ∂x
∂y ∂x
∂ x ∂ y
∂ y ∂ y



 
∂v 
∂u 
∂u 
∂v
cos θ −
sin θ −
sin θ +
cos θ
=
∂x
∂y
∂x
∂y
∂u
∂v
−
=
∂x
∂y

c (x  , y  ) =

2
dlα

αc(ϕi (αlα ), ψi (αlα ))
2

= c(x, y),


∂ψi (αlα ) 2
+
dlα
∂(αlα )





 l1
∂ϕi (l) 2
∂ψi (l) 2
=
c(ϕi (l), ψi (l))
+
dl
∂l
∂l
l0
∂ϕi (αlα )
∂(αlα )

(16)



= f c (i).
(11)
Similarly, it can be shown that
f αd ( j) = f d ( j).

(15)

Using (4), we obtain the curl and divergence of M  (x  , y  )
denoted by c (x  , y  ) and d  (x  , y  ),

cα (ϕαi (lα ), ψαi (lα ))

∂ϕαi (lα )
∂lα

(14)

Similarly, u  and v  are represented by using u and v:
u  = u cos θ − v sin θ,

For the path tαi of Mα , x = ϕαi (lα ) = α1 ϕi (αlα ), y =
ψαi (lα ) = α1 ψi (αlα ), lα = α1 l ∈ [ α1 l0 , α1 l1 ]. The feature
vector f αc of Mα (x, y) is:

f αc (i) =

where (x  , y  ) and (u  , v  ) can be obtained by rotating (x, y)
and (u, v) by θ degrees. The relationship between (x, y) and
(x  , y  ) is:

(12)

and,
∂u 
∂v 
+
∂x
∂ y
  

 
∂v ∂ x
∂u ∂ x
∂u  ∂ y
∂v  ∂ y
+
=
+
+
∂x ∂x
∂y ∂x
∂ x ∂ y
∂ y ∂ y
 
  


∂u
∂u
∂v
∂v 
=
cos θ −
sin θ +
sin θ +
cos θ
∂x
∂y
∂x
∂y
∂v
∂u
+
=
∂x
∂y

d  (x  , y  ) =

= d(x, y),

(17)
From (11) to (12), we have C DTα = C DT , and thus the
proposed descriptors are scale-invariant.
3.4.2 Rotation-Invariant
Suppose that the motion vector field M(x, y) is rotated by
θ degrees. When θ > 0, the rotation direction is counterclockwise; otherwise, the rotation direction is clockwise. The
relative directions among motion vectors do not change after
rotation, which means that the curl and divergence at a given
point do not change after rotation. Let M  (x  , y  ) denote the
rotated motion vector which is represented as:


















M (x , y ) = u (x , y )i + v (x , y )j,
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which show that curl and divergence are rotation-invariant.
After rotation, the path ti : x  = ϕi (l) = ϕi (l) cos θ −
ψi (l) sin θ , y  = ψi (l) = ψi (l) cos θ + ϕi (l) sin θ, l ∈
[l0 , l1 ]. Let f c and f d denote the curl and divergence feature vectors of M  (x  , y  ), we have

  2   2
 l1
∂ϕi (l)
∂ψi (l)
c(ϕi (l), ψi (l))
+
dl
f c (i) =
∂l
∂l
l0





 l1
∂ϕi (l) 2
∂ψi (l) 2
=
c(ϕi (l), ψi (l))
+
dl
∂l
∂l
l0
= f c (i).

(13)

(18)
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Similarly, we have
f d ( j) = f d ( j).

(19)

From (18) to (19), we have C DT  = C DT , and thus the
CDT descriptors are rotation-invariant.

(a)

(b)

(c)

(d)

3.5 Properties of the CDT Descriptors
To understand the CDT descriptors intuitively, we use a counterclockwise arch motion pattern for illustration and compare
with the most related work based on eigenvalues (Solmaz
et al. 2012).
3.5.1 Global Representation
The CDT descriptors measure the total degree of curl and
divergence globally as shown in the bottom right plot of
Fig. 3, whereas the curl and divergence maps (upper right
plot of Fig. 3) or eigenvalue maps (Fig. 8b, d) describe the
motion pattern based on local features on the pixel level.
Different from the local feature maps, the proposed global
descriptors preserve the motion structure information. In the
trajectory-based coding algorithm, both the tangential and
radial paths are exploited for motion integration. The trajectories that capture the motion structures play a crucial
role in describing crowd motion patterns as demonstrated in
Sect. 5.
3.5.2 Scale- and Rotation-Invariance
Both the CDT descriptors and the eigenvalue ratio are rotation invariant as global motion structures remain unchanged
after rotation. However, these representations have different
responses to motion fields of different scales.
The normalized motion vector fields at two scales and the
corresponding curl maps are shown in Fig. 8a, c, respectively. Although these two curl maps are different due to
scale change, the path integrations of curl maps (a) and (c)
are identical as illustrated in Fig. 8h, i. On the other hand, the
eigenvalue maps (Solmaz et al. 2012) computed on average
flows at two scales with tolerance  = 0.005 are shown in
Fig. 8b, d. The arch ratios at these two scales are different.
Figure 8g shows the arch ratio with varying , which indicates that the eigenvalue ratio is not invariant to scale change.
In contrast, the CDT descriptors are the same despite scale
change.
3.5.3 Measuring Ability
The CDT descriptors measure crowd motion patterns quantitatively and effectively in a global manner. The sub-motion

(e)

(h)

(f)

(g)

(i)

(j)

Fig. 8 A counterclockwise arch motion is used to compare the CDT
descriptors and eigenvalues (Solmaz et al. 2012) (best viewed on a highresolution display). a Curl map of the motion field at scale I (720 ×404)
which is the same as the image frame. b Eigenvalue map at scale I
( = 0.005, arch ratio = 0.24). c Curl map of the motion field at scale
II (360 × 202) is half the size of (a). d Eigenvalue map at scale II
( = 0.005, arch ratio = 0.48). Note that (c) and (d) are zoomed-in
for better illustration. e Zoomed-in motion vector field of (c) marked
by the black rectangle. f Eigenvalue map of rectangular region in (d)
( = 0.005, arch ratio = 0.90). g Arch ratio at different scale. h–j Curl
descriptors of (a), (c) and (e), respectively. In (h)–(j), the ordinates
represent the feature values while the abscissas indicate the feature
dimensions. Eleven tangential paths are sampled for extracting the curl
descriptors

vector field shown in Fig. 8e is part of (c), and the corresponding curl descriptors are shown in (i) and (j), respectively. We
note the feature values of (j) are roughly 50% of (i), which
is consistent with our intuitive interpretation that the total
rotation degree of (e) is smaller than that of (c). In contrast,
the arch ratio only indicates the percentage of the motion
field occupied by arch motion but cannot provide quantitative measurement. The arch ratio of (f) is 0.9, which is larger
than that of (d) (arch ratio = 0.48). However, the total rotation degree of (f) is smaller than that of (d). That is, the
eigenvalue ratio is not consistent with the total degree of curl
or divergence. Compared to the eigenvalue ratio, the CDT
descriptors are more discriminative for describing crowd
motion.
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4 Understanding Crowd Behaviors

Temporal
Clustering

We use the definitions of five typical crowd behaviors (lane,
blocking, arch, bottleneck and fountainhead) (Solmaz et al.
2012) except that arches are divided into clockwise arches
and counterclockwise arches due to two rotation directions.
In this work, we identify five behaviors (lane, cArch, ccArch,
fountainhead, bottleneck) and do not take blocking into consideration because the sample size is small.
As discussed in Sect. 3.1, the CDT descriptors are computed from a motion vector field. As multiple behaviors often
exist in crowd scenes with significant overlaps, it is difficult to compute these descriptors directly from a complex
field. To address this problem, particle advection is used to
decompose a motion field into sub-fields from which the CDT
descriptors are extracted. Figure 9 summarizes the main steps
for identifying crowd behaviors: motion clustering, motion
decomposition, motion coding, feature pooling and behavior
classification.

Mo on
Clustering

Crowd Video

Op cal Flow

Mo on Vector Field
Par cle
Advec on

Mo on
Decomposi on

CDT Descriptors

Coding

Sub-mo on Fields

Mo on Descriptors
max/min
pooling

Feature
Pooling

Lane
SVM

cArch
ccArch

Behavior
Classifica on

Fountainhead

4.1 Motion Clustering
A motion vector field is learned from a set of optical flows of
a video clip. For each point, one or more flow directions are
clustered by applying the mean-shift algorithm (Fukunaga
and Hostetler 1975; Comaniciu and Meer 2002) to the set of
motion vectors.
For a video with N + 1 images, optical flows are computed between adjacent frames (Lucas and Kanade 1981).
After preprocessing, i.e., median filtering (window size of
40 × 40 pixels for a 360 × 480 image) and discarding optical flows with small magnitude (less than 0.2) to suppress
noise, a set of optical flows are obtained. In order to discover
the dominant motion directions, all the optical flows are normalized to unit motion vectors before using the mean-shift
algorithm (bandwidth of 0.3) at each pixel location. After
clustering, each point has clustered unit vectors denoted by
M L (x, y) = {u i (x, y)i + vi (x, y)j}, i = 1, 2, ..., I (x, y),
(20)
where I (x, y) represents the total number of clusters at point
(x, y). The corresponding weight is denoted by
W (x, y) =

wi (x, y)
, i = 1, 2, ..., I (x, y),
N

and,
I
(x,y)
i=1

wi (x, y)
= 1,
N
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Crowd Behaviors

Fig. 9 Proposed algorithm for understanding crowd behaviors (best
viewed on a high-resolution display). There are five steps: (1) Motion
Clustering A motion vector field is learned by performing temporal
clustering on a set of optical flows derived from the crowd video clip.
(2) Motion Decomposition Particle advection is used to decompose
the motion vector field into sub-motion vector fields that correspond
to typical crowd motion patterns. (3) Motion Coding For each submotion vector field, we extract the dense CDT descriptors to encode all
motion information using the proposed trajectory-based motion coding
method. (4) Feature Pooling An adaptive max/min-pooling is proposed
to transform the dense CDT descriptors into unified feature vectors
while preserving the motion information as much as possible. (5) Behavior Classification Five SVM classifiers are trained respectively using
one-against-all strategy for the five typical crowd behaviors. The check
marks in the bottom right subfigure indicate that one cArch, two fountainheads and one bottleneck are detected

where wi (x, y) denotes the number of members in the i-th
cluster. Then, the learned motion vector field is computed by

MW (x, y) = W (x, y) · M L (x, y).

(21)

It should be noted that, in practice, there exist numerous
clusters due to noise or a variety of movements among
individuals, which are not useful for understanding global
motion patterns. Therefore, the motion vectors of the clustered motion field MW (x, y) with relatively small magnitude
(less than 0.2) are removed.
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4.2 Motion Decomposition
The obtained motion vector field MW (x, y) cannot be
directly analyzed using the CDT descriptors because a point
may have multiple motion vectors (see Fig. 9). It is necessary to decompose MW (x, y) into simple sub-motion vector
fields with typical patterns. The particle advection approach
(Solmaz et al. 2012) is used to determine the sub-field where
each motion vector belongs.
In this work, particle advection is driven by MW (x, y) by
overlaying I (x, y) particles at point (x, y). These particles
are advected with motion vectors. Let p(t) = (x(t), y(t))
denote the particle position at time t, then
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where t0 is the initial time. The above decomposition process is applied to each accumulation point such that M(x, y)
is decomposed into several simple sub-motion vector fields.
Each sub-motion vector field is normalized since we only
consider the motion direction and discard the motion speed.
It should be noted that the lane, cArch, ccArch and bottleneck motion patterns can be recovered through forward
particle advection, while the fountainhead motion patterns
are separated by backward particle advection. The process of
backward particle advection is similar to the forward one with
the difference that reversing the motion vector field before
the advection process.

p(t + 1) = p(t) + V ∗ ( p(t)),

4.3 Motion Coding

where V ∗ ( p(t)) is the particle velocity at position p(t) computed by

In order to encode all motion information of each sub-motion
vector field, dense CDT descriptors are extracted from dense
path sampling. First, a particle is placed at each initial and
terminal point of the motion field as well as its conjugate field.
Next, forward and backward particle advection are carried
out. After integrating the curl and divergence maps along the
dense trajectories, dense CDT descriptors are extracted for
motion coding.

V ∗ ( p(t)) = arg max H (V ∗ ( p(t −1), VM ), VM ∈ MW ( p(t)),
VM

where H is the velocity correlation function defined by the
dot product of two unit velocity vectors, i.e., H (V1 , V2 ) =
V1 ·V2 . If H (V ∗ ( p(t)), V ∗ ( p(t −1))) > Hth , the particle will
move forward at the speed of V ∗ ( p(t)); otherwise, the particle will stop moving. Here, Hth is a threshold empirically set
to 0.6. When all particles stay stationary, the whole advection progress ends and results in a particle density map. By
applying the mean-shift clustering (bandwidth of 40 pixels
for a density map of 360×480 pixels) on this map, accumulation points are located at significant cluster centers, where the
number of particles in each cluster is the significance measure
(Solmaz et al. 2012). In this work, the threshold for specifying significance is commonly larger than 1000, which is
manually set to a different value for each image sequence.2
A special case is that some particles will not stop, which
means there must exist a circle path in the motion vector
field (i.e., a ring behavior is detected).
Each accumulation point defines a sub-motion vector field
that can be recovered by its member particles at initial velocities. For each accumulation point, we create a separate image
in which the pixel where the member particle begins is set to
the value equal to its initial velocity, and the rest of the pixels are set to 0. Suppose that there are m member particles
M P(t) = { p1 (t), p2 (t), ..., pm (t)} belonging to an accumulation point, the corresponding sub-motion vector field
Msub (x, y) is

V ∗ (M P(t0 )), for (x, y) ∈ M P(t0 ),
(22)
Msub (x, y) =
(0, 0),
otherwise,
2 The detailed parameter setting can be found at the website: http://
github.com/shuangseu/CDT_crowd_descriptor.

4.4 Feature Pooling
For different motion vector fields, the dense CDT descriptors have different dimensionality because the number of
particles used for dense path sampling varies for different
motion patterns. Due to the high correlation between adjacent
paths, the dense CDT descriptors are redundant with high
dimensionality (e.g., hundreds to thousands dimensions). To
transform different dimensional dense CDT descriptors into
compact unified feature vectors of the same length, an adaptive max/min-pooling method is proposed and integrated
in our algorithm. Before feature pooling, the dense CDT
descriptors are filtered by a median filter (window size of
1 × 5) to remove outliers.
Let f c ∈ R1×m , f d ∈ R1×n denote the dense curl and
divergence descriptors, respectively. It is clear that different
motion vector fields have different values of m and n. We
divide f c equally into K parts without overlaps as { f ci }, i =
1, 2, . . . , K , and

p
f ci

=

max( f ci ), for N + ( f ci ) ≥ N − ( f ci ),
min( f ci ), otherwise,

(23)

where N + ( f ci ) and N − ( f ci ) are the number of non-negative
and negative elements in f ci , respectively. When N + ( f ci ) is
no less than N − ( f ci ), the i-th part is dominated by the positive elements, and the max-pooling operator is used to find
the largest one to preserve the motion information; otherwise,
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Table 1 Characteristics of the
crowd datasets with typical
behaviors

Dataset

Lane

p

Bottleneck
20

66

8

20

29

91

20

18

9

20

157

28

38

38

40

5.1.2 CUHK Dataset
The CUHK crowd dataset contains 95 video clips captured
from indoor and outdoor crowd scenes. It contains 91 lane, 20
cArch, 18 ccArch, 9 fountainhead and 20 bottleneck motion
patterns.

(24)

After feature pooling, CDT descriptors of different dimensions are uniformly represented by feature vectors of the
same length, which makes them convenient for high-level
tasks (e.g., behavior classification).
4.5 Behavior Classification
Each sub-motion vector field is represented by its motion
feature vector C DT p , and its behavior type is differentiated
by a SVM classifier. In this work, we use the one-against-all
strategy to train five SVM classifiers with the RBF kernels
(where the kernel parameter is set to 0.05, and the penalty
parameter C is set to 1) to classify crowd behaviors.

5 Experimental Results
In this section, we present the behavior classification results
using the proposed algorithm with comparisons to the most
related work.
5.1 Datasets
We use the crowd datasets that are publicly available for
performance evaluation. In addition to the crowd behavior
dataset used in (Solmaz et al. 2012), the video clips with
five typical behaviors are selected from the CUHK crowd
dataset (Zhou et al. 2013; Shao et al. 2014) to evaluate the
proposed algorithm. The characteristics of these datasets are
summarized in Table 1.
5.1.1 UCF Dataset
The UCF crowd dataset includes 61 video clips from the
Internet and the PETS 2009 dataset. There are 66 lane, 8
cArch, 20 ccArch, 29 fountainhead, 20 bottleneck and 3
blocking motion patterns. Since the sample size of blocking
motion patterns is small, we do not take blocking patterns
into account for performance evaluation.
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Fountainhead

CUHK

the min-pooling operator is used for the same purpose. After
p
p
pooling, we obtain a new curl feature vector f c = { f ci }.
p
Similarly, f d can be obtained by using the above pooling method. The compact motion descriptor is denoted by
C DT p ∈ R1×2K ,
p

ccArch

UCF
UCF + CUHK

C DT p  [ f c , f d ].

cArch

5.1.3 UCF + CUHK Dataset
Since the sample size for some motion types is small (e.g., 8
cArches in the UCF dataset and 9 fountainheads in the CUHK
dataset), we conduct further experiments on the combined
dataset (UCF + CUHK) to evaluate the proposed algorithm
and related methods.
These image sequences contain images of different quality, indoor/outdoor scenes, angles of view, crowd densities,
movement speed and patterns. The ground truth data used in
the UCF crowd dataset (Solmaz et al. 2012) is provided along
with the video clips, which consists of regions (for lanes,
cArches and ccArches) and points (for bottlenecks and fountainheads), while the proposed algorithm detects the regions
for different behaviors by decomposing motion vector fields.
We re-label the regions of the two behaviors (bottlenecks and
fountainheads) as the ground truth for performance evaluation. For the CUHK crowd dataset, the originally provided
ground truth contains crowd scene labels rather than the
regions of the five specific crowd behaviors, which are manually labeled. We use the same criteria as (Solmaz et al. 2012)
and consider a detection is correct when the overlap between
the detected motion and the ground truth region is more than
40 percent.
5.2 Evaluated Methods
As the source code for the state-of-the-art crowd behavior
classification method (the Baseline I) is not available, we
implement the Baseline II, III and IV methods to evaluate the
proposed algorithm thoroughly in terms of optical flows and
motion descriptors. Table 2 shows variations of the baseline
methods.
5.2.1 Baseline I
For the algorithm based on the eigenvalue ratios (Solmaz et al.
2012), optical flows are extracted using different parameter
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Table 2 Evaluated methods for crowd behavior classification
Method

Optical flow

Candidate region

Motion descriptor

Classifier

Training

Baseline I

fine-tuned

particle advection

eigenvalue ratios

ratio condition

no

Baseline II

standard

ground-truth

eigenvalue ratios

ratio condition

no

Baseline III

standard

motion decomposition

eigenvalue ratios

ratio condition

no

Baseline IV

standard

motion decomposition

CD ratio

SVM

yes

Proposed

standard

motion decomposition

CDT descriptors

SVM

yes

settings (i.e., parameters for the Lucas-Kanade optical flow
method (Lucas and Kanade 1981)) for different video clips.
Particle advection driven by optical flows is carried out to
find candidate regions. Eigenvalues of the average flow in
each region of interest are compared to the ratio conditions
to classify crowd behaviors.
5.2.2 Baseline II
Similar to the proposed algorithm, optical flows are extracted
with fixed parameters for all video clips in this baseline
method for thorough comparisons. However, the ground truth
regions (for lane, cArch and ccArch types) and points (for
fountainhead and bottleneck categories) (Solmaz et al. 2012)
are used in this method for computing the eigenvalue ratios.
5.2.3 Baseline III
To evaluate the effectiveness of the CDT descriptors separately from the proposed motion segmentation method, we
use the motion decomposition method to obtain candidate
regions where the eigenvalue ratios (Solmaz et al. 2012) are
computed for identifying crowd behaviors. This method is
similar to the Baseline II method with the only difference in
the means of computing motion regions.
5.2.4 Baseline IV
Similar to the state-of-the-art method (Solmaz et al. 2012),
we use the ratio of curl and divergence instead of eigenvalues to identify crowd behaviors. The CD ratio of a motion
region with a total pixel number Tn is defined as a feature vector [c p /Tn , cn /Tn , d p /Tn , dn /Tn ], where c p and cn are the
number of pixels with positive and negative elements (magnitude up to a threshold δ) of the curl map. Likewise, d p and
dn are the number of pixels satisfying the above threshold
condition of the divergence map.
Similar to the proposed algorithm, optical flows are
extracted from videos with fixed parameters. In addition,
the candidate motion regions are obtained by the proposed
motion clustering and decomposition schemes. After extracting the CD ratios, we use SVM classifiers (Chang and Lin
2011) to identify crowd behaviors.

5.2.5 Proposed Algorithm
We use the classic Lucas-Kanade algorithm (Lucas and
Kanade 1981) with the same parameters to extract optical
flows and obtain the sub-motion vector fields by motion
clustering and decomposition. The motion patterns are represented by the proposed CDT descriptors computed on the
normalized vector fields and classified by SVM classifiers.
5.3 Experimental Setup
5.3.1 Evaluation Settings
We use two settings for performance evaluation. One is
the five-fold cross validation on each crowd dataset (i.e.,
the UCF, CUHK, and UCF + CUHK datasets). The other
is cross-dataset evaluation using the UCF (CUHK, respectively) crowd dataset for training and the CUHK (UCF,
respectively) database for testing. This evaluation setting is
designed to analyze the generalization of crowd behavior
classification algorithms across different scenes.
5.3.2 Parameter Settings
The parameter K used in feature pooling determines the
dimensionality of the motion feature vector. A small value
of K may cause information loss, while a large value likely
results in redundancy and high computational cost. Figure 10
shows the classification results in terms of area under curve
(AUC) of the proposed algorithm with respect to different
value of K . The results show that the proposed algorithm is
insensitive to the value of K over a large range (i.e., the classification results remain almost the same when K is greater
than 5 and less than 40). We set K to be 6 in all the following
experiments.
The threshold δ used in the Baseline IV method directly
affects the CD ratio. With a small value of δ, the resulting
CD ratio does not represent the motion types well. On the
other hand, the motion patterns with rotation or divergence
may not be well represented by the CD ratio when a large
value of δ is used. The results of the Baseline IV method with
respect to different value of δ are shown in Fig. 11. It is clear
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(a)

(b)

(c)

(d)

(e)

Fig. 10 AUCs by the proposed algorithm with respect to K . a–c are the results of five-fold cross validation on the UCF, CUHK and UCF + CUHK
crowd datasets, respectively. d, e are the results of cross-dataset evaluation with training on one of the UCF and CUHK datasets and testing on the
other

(a)

(b)

(c)

(d)

(e)

Fig. 11 AUCs by the Baseline IV method with respect to the threshold δ. a–c are the results of five-fold cross validation on the UCF, CUHK and
UCF + CUHK crowd datasets, respectively. d, e are the results of cross-dataset evaluation with training on one of the UCF and CUHK datasets and
testing on the other

(a)

(b)

(c)

(d)

(e)

Fig. 12 ROC curves for five behaviors on the UCF dataset. Solid lines Ours. Dash-dot lines Baseline I. Dotted lines Baseline II. Lines marked
with triangles Baseline III. Lines marked with circles Baseline IV

that the performance of the Baseline IV method fluctuates
significantly when the threshold δ is varied. Similar to the
threshold setting for the eigenvalue ratios based method, we
set δ to be 0.005 in all the following experiments.

radial trajectories) are carried out. In the following, we show
the receiver operating characteristic (ROC) curves of each
method for each motion pattern and discuss the experimental results.

5.4 Evaluation Results

5.4.1 UCF Dataset

Five-fold cross validation experiments are carried out on
the UCF, CUHK, and UCF + CUHK datasets, respectively.
Experimental results of cross-dataset evaluation are also
presented. Furthermore, performance evaluations of the proposed algorithm and its variants (i.e., using only the curl or
divergence descriptors, and employing only the tangential or

Table 3 and Fig. 12 show the evaluation results on the UCF
dataset. Overall, the proposed algorithm performs favorably
for classifying lane, cArch, ccArch and fountainhead patterns
with higher true positive and lower false positive rates than
any of the four baseline methods. For the bottleneck motion,
as shown in Fig. 12e, our algorithm performs better than

Table 3 Behavior classification results on the UCF dataset: true positive (TP) and false positive (FP) rates. The proposed algorithm achieves higher
TP with lower FP
Behavior

Lane
cArch

Baseline I

Baseline II

Baseline III

Baseline IV

TP

FP

TP

FP

TP

FP

84.85%

24.44%

75.38%

32.10%

75.42%

44.93%

TP

Proposed
FP

TP

FP

66.59%

32.46%

92.13%

15.65%

91.54%

7.78%

91.54%

5.21%

82.14%

13.33%

50.00%

31.36%

53.33%

39.00%

91.76%

10.97%

92.94%

9.03%

Fountainhead

79.31%

11.11%

55.17%

17.09%

52.38%

17.43%

79.52%

15.87%

84.17%

6.24%

Bottleneck

80.00%

6.67%

52.38%

16.00%

44.44%

12.50%

62.50%

15.85%

80.00%

9.82%

ccArch
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(a)
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(b)

(c)

(d)

(e)

Fig. 13 Comparisons between the proposed algorithm and the Baselines II & III methods. Red lines results on the UCF crowd dataset. Green lines
results on the CUHK crowd dataset. Blue lines results on the combination of the UCF and CUHK datasets (Color figure online)

(a)

(b)

(c)

(d)

(e)

Fig. 14 Comparisons between the proposed algorithm and the Baselines III & IV methods. Red lines results on the UCF crowd dataset. Green
lines results on the CUHK crowd dataset. Blue lines results on the combination of the UCF and CUHK datasets (Color figure online)

(a)

(b)

(c)

(d)

(e)

Fig. 15 ROC curves for five behaviors. Cross-dataset evaluation is conducted. Light blue lines training on the UCF crowd dataset and testing on
the CUHK crowd dataset. Orange lines training on the CUHK crowd dataset and testing on the UCF crowd dataset (Color figure online)

the Baseline I method when FP < 0.066 and slightly worse
otherwise. Overall, these two methods perform equally well
in terms of overall performance for the bottleneck behavior.
In contrast to the baseline methods, the proposed algorithm
can distinguish the clockwise from counterclockwise arch
motion patterns. The results of the Baseline II method are
worse than the Baseline I approach, which can be attributed
to that the optical flows are not fine-tuned for each video
clip. The Baseline III method using motion decomposition
performs comparably to the Baseline II method for the lane,
cArch and ccArch types, but worse for the fountainhead and
bottleneck patterns (when FP < 0.2) as shown in Fig. 12d, e.
It can be explained by that the proposed motion segmentation
algorithm generates candidate regions for all behavior types,
while the Baseline II method uses candidate points for the
fountainhead and bottleneck patterns. The eigenvalue ratios
in the larger regions are less discriminative for these two
patterns. Figure 12b, c illustrate that the Baseline IV method
based on CD ratio achieves better performance than the other
three baseline approaches and comparably to the proposed
algorithm. However, for the other three motion patterns, the
proposed algorithm performs favorably against the Baseline

IV method, as shown in Fig. 12a, d, e. Based on the same candidate regions, the results of the Baseline III and IV methods
and the proposed algorithm shown in Fig. 12 demonstrate that
the CDT descriptors perform favorably against the related
crowd motion features.
5.4.2 CUHK Dataset
Experimental comparisons between the proposed algorithm
and the Baseline II, III and IV methods are shown in Figs. 13
and 14 (green lines), respectively. Similar to the results on
the UCF dataset (red lines), based on the same standard optical flows, the proposed algorithm with the CDT descriptors
performs favorably on classifying crowd behaviors.
5.4.3 UCF + CUHK Dataset
To evaluate the proposed algorithm thoroughly, experiments
on the UCF + CUHK dataset are carried out. The ROC curves
in Figs. 13 and 14 (blue lines) are comparable to those on
the UCF or CUHK dataset. These results indicate that the
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Table 4 AUCs by the proposed algorithm and the Baseline IV method with different setups
Dataset

Lane

Fountainhead

Bottleneck

Ours

Baseline IV

cArch
Ours

Baseline IV

Ours

Baseline IV

Ours

Baseline IV

Ours

Baseline IV

UCF

0.931

0.753

0.971

0.974

0.976

0.962

0.950

0.898

0.935

0.777

CUHK

0.923

0.863

0.913

0.885

0.948

0.899

0.975

0.926

0.950

0.910

UCF + CUHK

0.901

0.692

0.934

0.933

0.962

0.939

0.944

0.931

0.956

0.879

UCF → CUHK

0.911

0.676

0.923

0.893

0.965

0.906

0.980

0.870

0.967

0.846

CUHK → UCF

0.934

0.801

0.974

0.940

0.982

0.959

0.945

0.938

0.961

0.798

(a)

ccArch

(b)

(c)

(d)

(e)

Fig. 16 ROC curves for five behaviors. Red/green lines are the results on three datasets when using only the curl (C)/divergence (D) descriptors,
while blue lines indicate the results when using the proposed CDT descriptors (including both the curl and divergence descriptors)

(a)

(b)

(c)

(d)

(e)

Fig. 17 ROC curves for five behaviors. Red/green lines are the results of cross-dataset evaluation when using only the curl (C)/divergence (D)
descriptors, while blue lines indicate the results when using the proposed CDT descriptors (including both the curl and divergence descriptors)

proposed algorithm performs robustly on crowd datasets that
consist of different scenes.

ods with different setups. Overall, the proposed algorithm is
effective in classifying five typical crowd behaviors (more
than 0.9 in terms of AUC).

5.4.4 Cross-dataset
5.4.5 Curl and Divergence
We carry out experiments by training on one dataset (UCF
and CUHK) and testing on the other (i.e., cross-dataset
evaluation). The results in Fig. 15 show that the proposed
algorithm generalizes and performs well across different
datasets. Table 4 shows that the AUCs by the evaluated meth-

We analyze the effectiveness of curl and divergence for
classifying five behaviors. The experimental setup and evaluation protocols are the same except that only one measure
is used. Figures 16 and 17 and Table 5 show that the

Table 5 AUCs by the proposed algorithm using only the curl (C) or divergence (D) descriptors
Dataset

Lane
Ours

cArch
C

D

Ours

ccArch
C

D

Ours

Fountainhead
C

D

Ours

C

Bottleneck
D

Ours

C

D

UCF

0.931

0.930

0.739

0.971

0.968

0.557

0.976

0.974

0.593

0.950

0.650

0.945

0.935

0.500

0.936

CUHK

0.923

0.947

0.754

0.913

0.905

0.504

0.948

0.940

0.566

0.975

0.595

0.976

0.950

0.760

0.965

UCF + CUHK

0.901

0.914

0.684

0.934

0.925

0.624

0.962

0.956

0.612

0.944

0.587

0.940

0.956

0.625

0.955

UCF → CUHK

0.911

0.903

0.699

0.923

0.899

0.520

0.965

0.955

0.675

0.980

0.841

0.982

0.967

0.591

0.963

CUHK → UCF

0.934

0.936

0.776

0.974

0.955

0.718

0.982

0.970

0.677

0.945

0.742

0.942

0.961

0.596

0.944
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(a)

515

(b)

(c)

(d)

(e)

Fig. 18 ROC curves for five behaviors. Red/green lines are the results on three datasets when using only the tangential (T)/radial (R) components,
while blue lines represent the results when using the proposed CDT descriptors (based on both the tangential and radial trajectories)

(a)

(b)

(c)

(d)

(e)

Fig. 19 ROC curves for five behaviors. Red/green lines are the results of cross-dataset evaluation when using only the tangential (T)/radial (R)
components, while blue lines represent the results when using the proposed CDT descriptors (based on both the tangential and radial trajectories)

lane, cArch and ccArch patterns can be well distinguished
when using only the curl descriptors, whereas the fountainhead and bottleneck classes are better explained by the
divergence descriptors. In contrast, the method using the
CDT descriptors performs favorably when identifying all
five behavior patterns simultaneously. This is because the
trainable classifier can automatically select important features to discriminate between different behavior types. The
results by using both the curl and divergence descriptors are
comparable to the best ones when using only one component. The slight performance variations (slight degradations
or improvements) can be attributed to the feature selection scheme. These results are consistent with our intuitive
understanding of crowd motion patterns and demonstrate the
effectiveness of the proposed CDT descriptors.
5.4.6 Tangential and Radial Components
In the proposed algorithm, both the tangential and radial
trajectories are sampled and arranged to uniformly represent motion structures (Sect. 3.2). To show the importance
of these two components, we conduct an experiment based
the proposed method with the descriptors computed by using
only the tangential or radial paths for motion integration. The
pooling parameter K used in this experiment is also set to 6.
Figures 18 and 19 as well as Table 6 show the results using the
CDT descriptors (blue lines), tangential (red lines) and radial
(green lines) components. The results indicate that the tangential component performs better than the radial component
for the lane, cArch and ccArch types and comparably for the
other two patterns. Overall, the algorithm using the proposed

CDT descriptors achieves favorable and robust results than
those based on either tangential or radial paths. This experiment demonstrates that both the tangential and radial trajectories are important for discriminating among different crowd
behaviors.
5.4.7 Number of Motion Clusters
We note the Baseline I method (Solmaz et al. 2012) uses
different parameters for each video to obtain fine optical flow
while we fix them in this step. Regarding the threshold for
identifying significant clusters, the authors do not provide
any information about the parameter setting. In addition, the
effect of this parameter is not discussed in that paper. For fair
comparisons on different crowd descriptors, the Baseline III,
IV and the proposed methods use the same parameter setting
for optical flow and motion clustering.
In this work, the threshold for specifying significance
determines whether a cluster should be considered or not.
When the value of this parameter is large, some crowd
motions will be undetected; otherwise, there will be some
false detections. To evaluate the effect of this parameter, we
conduct an experiment by varying it from 100 to 20,000 with
a step size of 100, and use the precision-recall curve and area
under curve (AUC) as the metrics. The detection results on
the UCF and CUHK crowd datasets are shown in Fig. 20.
The results on different datasets are similar (AUC on the
UCF, CUHK and UCF + CUHK datasets are 0.924, 0.896
and 0.893, respectively).
Due to large variations of image size and motion pattern,
the same parameter setting for the threshold would not pro-
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Table 6 AUCs by the proposed algorithm using only the tangential (T) or radial (R) trajectories
Dataset

Lane

cArch

Ours

T

R

Ours

ccArch
T

R

Ours

Fountainhead
T

R

Ours

T

Bottleneck
R

Ours

T

R

UCF

0.931

0.854

0.704

0.971

0.954

0.792

0.976

0.892

0.608

0.950

0.898

0.912

0.935

0.778

0.777

CUHK

0.923

0.924

0.769

0.913

0.916

0.764

0.948

0.948

0.745

0.975

0.836

0.893

0.950

0.907

0.886

UCF + CUHK

0.901

0.869

0.754

0.934

0.935

0.798

0.962

0.934

0.705

0.944

0.869

0.888

0.956

0.852

0.851

UCF → CUHK

0.911

0.814

0.723

0.923

0.925

0.834

0.965

0.953

0.766

0.980

0.916

0.933

0.967

0.896

0.911

CUHK → UCF

0.934

0.822

0.680

0.974

0.959

0.844

0.982

0.941

0.737

0.945

0.877

0.931

0.961

0.810

0.849

1

Precision

0.8

(b)

0.6
0.4
UCF
CUHK
(UCF + CUHK)

0.2
0

0

0.2

0.4

0.6

0.8

(a)

1

Recall
Fig. 20 Precision-Recall curves. Red line the result on the UCF dataset.
Green line the result on the CUHK dataset. Blue line the result on the
combination of UCF and CUHK datasets

duce satisfying detection results (i.e., high recall with high
precision). Thus, in our previous experiments, the threshold
for specifying significance is manually set for each image
sequence. It should be noted that this manual setup is the same
for the Baseline III, IV and our methods, and thus the comparisons between the proposed CDT descriptors and related
crowd features are fair. One possible way to automatically set
the parameter is to use the proportion (e.g., 80%) of moving
particles as the threshold for identifying significant clusters
as it probably generates reasonable detection results despite
large differences of image size and motion pattern. As this is
beyond the scope of this paper, we will consider this issue in
our future work.
5.5 Discussions
The experimental results demonstrate the effectiveness and
robustness of the CDT descriptors for describing collective
motion and identifying crowd behaviors. The main reasons
for the favorable performance are discussed below.
5.5.1 Path Integration
One essential element of the proposed trajectory-based
motion coding algorithm for extracting the CDT descriptors
is path integration. It is clear that the motion paths contain
important structural information for behavior classification,
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(c)

(d)

(e)

(f)

(g)

Fig. 21 a Sample video clip with perspective distortion. b Motion field
with curl. c Motion field with divergence. d, e Curl and divergence
descriptors of motion pattern #1. f, g Curl and divergence descriptors of
motion pattern #2. In (d)–(g), the ordinates represent the feature values
while the abscissas indicate the feature dimensions

which is demonstrated by the results shown in Figs. 13
and 14. Moreover, the tangential trajectories and the radial
ones are complementary to each other and together improve
the discrimination ability of the CDT descriptors, as shown
in Figs. 18 and 19. In the proposed CDT descriptors, we integrate local motion features (i.e., curl and divergence) along
both the tangential and radial paths for a global and scaleinvariant representation, which facilitates describing crowd
behaviors effectively.
5.5.2 Flow Representation
The proposed algorithm uses motion clustering and decomposition to extract a normalized vector field of each motion
pattern, whereas the Baseline I and II methods compute
average flows in the temporal domain. We note that the eigenvalues computed in these two baseline methods are likely
to vary significantly when noisy optical flows are extracted.
The performance difference between the Baseline I and II
methods (see Fig. 12) is mainly caused by different optical
flow settings. In contrast, the normalized flows used in the
proposed algorithm are less sensitive to noise resulting from
different motion speed and scenes. However, the threshold
used for removing noisy motion vectors (Sect. 4.1) affects
the dominant motion areas and consequently affects the features (since the proposed motion descriptors are extracted
in the segmented regions). Thus, such a threshold may lead
to scale-variance in the motion segmentation step. This is
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(a)

(b)

517

(c)

(d)

(e)

(f)

(g)

Fig. 22 Example results for illustrating the five behaviors in terms of
curl and divergence. a Crowd videos. b Motion vector field with curl
map (red pixels denote the rotation is clockwise, while blue pixels represent a counterclockwise rotation). c Motion vector field with divergence
map (red pixels denote dispersal, while blue pixels represent gathering).
p
d Curl descriptor f c . e Divergence descriptor f d . f f c is the result of (d)
p
after max/min-pooling. g f d is the result of (e) after max/min-pooling.
In (d)–(g), the ordinates represent the feature values while the abscissas
indicate the feature dimensions. The figures from top to bottom corre-

spond to lane, distorted lane, distorted cArch, distorted cArch, ccArch,
fountainhead and bottleneck, respectively. As analyzed in the Sect. 5.5,
the distorted lane (second row) and cArches (third and forth rows) with
some convergence regions caused by the perspective effect can be still
classified as lane and cArches respectively, rather than bottlenecks. The
reason is that in our algorithm the lane and arch types are recognized
by the curl descriptor, rather than the divergence descriptor. Therefore,
the proposed algorithm based on the CDT descriptors performs well
despite the perspective distortion

independent of the scale-invariance of the proposed CDT
descriptors, which has been shown in Sect. 3.4. In practice,
we can specify different threshold values according to different crowd scenes or leverage adaptive motion clustering
techniques to alleviate such scaling issues. Ideally, the signs

of eigenvalues of Jacobian matrices do not depend on scaling. However, a tolerance  = 0.005 is used to compare with
eigenvalues for counting the valid number of pixels (Solmaz et al. 2012). Therefore, the resulting eigenvalue ratios
are scale-variant as analyzed in Sect. 3.5 and Fig. 8. Despite
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the scaling issue involved in the proposed motion segmentation, as shown in Fig. 14, the results of the methods using
the same candidate regions demonstrate favorable and robust
discriminative strength by the CDT descriptors when compared with the related crowd motion features. Furthermore,
multiple motion patterns with overlap can be separated by
our algorithm while the Baseline I and II methods cannot
handle this case.

motion patterns quantitatively and globally. In contrast to
existing crowd motion descriptors, our method considers the
motion structures in terms of both tangential and radial perspectives. The CDT descriptors are obtained by integrating
visual information along paths where local motion information is measured by curl and divergence. Experimental results
show that the CDT descriptors are effective for describing
and identifying crowd behaviors.

5.5.3 Feature Analysis
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1149783.

The CDT descriptors for a crowd motion pattern include two
feature components (i.e., curl and divergence descriptors),
whereas the Baseline I and II methods use the ratio of two
eigenvalues ( and τ ) (Solmaz et al. 2012) to indicate the
type of behavior. Consider a crowd video with large perspective distortion as shown in Fig. 21. One motion pattern
(motion #1) is a lane but appears to be a fountainhead in the
image plane. In this case, the method based on the ratio of τ
(equal to divergence) is likely to classify it as a fountainhead.
On the other hand, the curl and divergence descriptors illustrated in Fig. 21d, e respectively show considerable dispersal
but with tiny rotation. Ideally, after perspective projection, a
lane motion in an image plane has some regions with convergence/divergence but without any region with curl. However,
in real crowd scenes, a bottleneck/fountainhead motion pattern has both significant divergence and curl in some degree
as shown in Fig. 22. Therefore, methods that use the divergence component alone are not able to distinguish distorted
lanes from bottlenecks/fountainheads effectively. This is consistent with the results shown in Fig. 16a and Table 5 where
the ROC curves indicate that the curl descriptors play a significant role in recognizing lanes, rather than the divergence
descriptors. Similarly, for distorted arches, the rotations of
motion paths are in the same direction, which play a crucial
role in telling them from bottlenecks/fountainheads. Thus,
the proposed algorithm based on the CDT descriptors performs well despite perspective distortions.
The proposed algorithm with CDT descriptors are less
effective in measuring complex behaviors involving multiple patterns. The motion on the left (motion #2) in Fig. 21 is
a complex motion flow consisting of counterclockwise and
clockwise rotations. This motion is categorized as ccArch
rather than two opposite rotations based on its CDT descriptors depicted in Fig. 21f, g. The main reason can be attributed
to the loss of local information since the CDT descriptors are
based on the path integration.

6 Conclusions
A trajectory-based motion coding algorithm is proposed
for extracting the CDT descriptors that measure collective
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