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Received 2nd December 1998, Accepted 8th February 1999

For the dynamical treatment of polyatomic molecules or clusters as n-body systems, coordinates are
conveniently broken up into external (or spatial) rotations, kinematic invariants, and internal (or kinematic)
rotations. The kinematic invariants are related to the three principal moments of inertia of the system. At a
Ðxed value of the hyperradius (a measure of the total moment of inertia), the space of kinematic invariants is a
certain spherical triangle, depending on the number of bodies, upon which angular coordinates can be
imposed. It is shown that this triangle provides the 24-element (group O) octahedral tesselation of the sphere
for n \ 4 and the 48-element (group octahedral tesselation for n P 5. Eigenfunctions describing theOh)
kinematics of systems with vanishing internal and external angular momentum can be obtained in closed form
in terms of Bessel functions of the hyperradius and surface spherical harmonics. They can be useful as
orthonormal expansion basis sets for the hyperspherical treatment of the n-body particle dynamics.

I Introduction
A description of the internal dynamics of a four-atom system
requires six coordinates, which are conveniently broken up
into three quantities which are invariant under kinematic
rotations (kinematic invariants) and three Euler angles
specifying the kinematic rotation. In addition, the three usual
(external) Euler angles are needed to specify the orientation of
the system. Kinematic invariants include the three moments of
inertia or any functions of them. Four-particle Hamiltonians
have been written in terms of such coordinates since the time
of Zickendraht,1h6 and recently we have contributed to the
subject by clarifying the ranges of the internal coordinates and
by introducing convenient hyperspherical angles in the space
of kinematic invariants.7 In addition, we have recently provid-
ed a thorough analysis of body frames and their singularities
in four-particle systems.8

Similarly, for systems of more than four atoms, the internal
coordinates can be broken up into kinematic invariants and
kinematic angles.9h12 The kinematic invariants are the same
as in the case of four atoms, with a reduction in the range of
the variables when n P 5, while the kinematic angles grow in
number to accommodate the 3n [ 6 dimensions of the inter-
nal space.

The organization of this paper is also follows. Section II
deals with the case of four-atom systems, and contains the
most detailed analysis of the paper. In this section we study
the Schro� dinger equation on the space of kinematic invariants
for n \ 4, we show that at Ðxed hyperradius this space is a
highly symmetric, right spherical triangle, and we provide
analytic expressions for the eigenvalues of the surface func-
tions in the case V \ 0, as well as for the low lying eigen-
functions. In Section III we discuss the most important
changes which occur in the case n P 5. Finally, in Section IV
we provide some conclusions and comments regarding future
work.

II Four-atom systems
In this paper we adopt a model of the internal dynamics of
four-atom systems which decouples the kinematic rotations

and which works only with the kinematic invariants. In
nuclear physics, this assumption is often made in the collective
model.1 This is a reasonable model for certain symmetry con-
serving processes, such as the ammonia inversion, where the
prolate top conÐguration is approximately preserved as the
system evolves along paths along which only the kinematic
invariants change. Moreover, the model is a useful test case
for more elaborate calculations in which other degrees of
freedom are taken into account. We ignore the kinematic
rotations by assuming that the wavefunction is an eigenstate
of zero kinematic angular momentum (the internal angular
momentum-like operator which generates kinematic
rotations). Similarly, for simplicity, we assume that the wave-
function is an eigenfunction of (ordinary, external) angular
momentum with J \ 0. Under these circumstances, the wave-
function is independent of both the usual (or external) Euler
angles and the kinematic (or internal) Euler angles, and
depends only on the three kinematic invariants.

We choose our kinematic invariants in the following way.
We let the three Jacobi vectors be a \ 1, 2, 3 which weMraN,arrange column-wise to form a 3 ] 3 matrix F. The singular
value decomposition of F is F \ RXKt where R is an SO(3)
rotation matrix specifying the usual (external) Euler angles in
a principal axis frame, where K is another SO(3) matrix
specifying the kinematic rotation, and where X is the diagonal
matrix of singular values, X \ diag The singular(x1, x2 , x3).values are the kinematic invariants we use as coor-(x1, x2 , x3)dinates. The moments of inertia of a four-atom system are
given in terms of the xÏs by I1\ x22] x32, I2 \ x12 ] x32, I3 \

and the hyperradius by and thex12 ] x22 o2 \ x12 ] x22] x33,signed volume of the tetrahedron spanned by the four par-
ticles is proportional to To achieve a one-to-oneV \x1x2x3 .
representation of conÐgurations of the four-atom system, the
internal Euler angles must be restricted to a certain subset of
their usual ranges, a region we call the ““kinetic cubeÏÏ. In
addition, the kinematic invariants are restricted to the region

of The chirality (and0 O o x1 o O x2 O x3 (x1, x2 , x3)-space.
the sign of the volume) is determined by the sign of whichx1,can be positive or negative, but and are strictly non-x2 x3negative. These constructions are explained in further detail in
refs. 5È8 and 13.
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An appealing feature of these coordinates is that the metric
tensor on the space of kinematic invariants is(x1, x2 , x3)Euclidean.1 Moreover, if the wavefunction is scaled to absorb
the Jacobian volume element, then there are no Ðrst order
derivatives in the expression for the kinetic energy. SpeciÐ-
cally, if we denote the external (Cartesian) wavefunction by

and if we deÐne the internal wavefunction byW(r1, r2 , r3), where D is the volumeU(x1, x2 , x3)\JDW(r1, r2 , r3),element then the internalD\ (x22 [ x12) (x32[ x12) (x32[ x22),Schro� dinger equation is

[
+2
2M

+2U] V2 U] V U\ EU (1)

where +2 is the usual Euclidean Laplacian operator in the
coordinates where V is the potential and where(x1, x2 , x3), V2is an ““extra potential ÏÏ term arising from commutators in the
evaluation of the kinetic energy. This latter term is given by

V 2 \
+2
2M

1

JD
+2JD (2)

which is equivalent to

V2\ [
+2
2M

C x12 ] x22
(x22[ x12)2

]
x22 ] x32

(x32[ x22)2
]

x32 ] x12
(x32 [ x12)2

D
(3)

The mass M in eqns. (1)È(3) is the total mass of the four-atom
system. The normalization of the internal wavefunction U is
simply SU o UT \ / The general question ofdx1 dx2 dx3 o U o 2.
extra potential terms and their relation to the normalization
convention for the wavefunction has been explored by Chap-
uisat, Belafhal and Nauts.14

In the hyperspherical approach to scattering calculations, it
is necessary to determine the ““ surface functions ÏÏ, which are
the eigenfunctions of the angular part of the Hamiltonian on
the hypersphere in the internal space. In the present case, we
will be interested in the surface functions on the two-
dimensional sphere o \ constant in The(x1, x2 , x3)-space.
surface functions obviously depend on the potential V , but the
case V \ 0 is useful as a test case and for developing an
expansion basis to use in the case The surface func-V D 0.
tions when V \ 0 are special cases of hyperspherical harmo-
nics for the four-body problem in a symmetric representation.
Hyperspherical harmonics form the basis of an attractive and
efficient method for three-atom scattering calculations,15,16
which we are interested in generalizing to the case of four
atoms. Therefore we henceforth set V \ 0 and study the equa-
tion

[
+2
2M

+2U] V2U\ EU (4)

Only a part of the sphere o \ constant is physically realiz-
able, due to the restriction The physi-0 O o x1 o Ox2O x3 .
cally allowed region is illustrated in Fig. 1, in which the Ðrst
octant of a sphere is cut by the two planes andx1\ x2 x2\

to produce the spherical triangle SCB, with one corner atx3the ““north pole ÏÏ C. This triangle is one half of the physical
region, containing shapes of positive chirality ; a similar tri-
angle of shapes of negative chirality lies behind the plane

Taken together, these two triangles form a singlex1 \ 0.
spherical triangle constituting the physical region, illustrated
in Fig. 2.

The physical region is bounded by arcs of three great
circles. The arc SC is the line which contains thex1\ x2 ,
prolate symmetric tops of positive chirality. The(I1 \ I2 [ I3)arc S@C is the line containing the prolate sym-[ x1\ x2 ,
metric tops of negative chirality. The arc SBS@ is the line x2 \

which contains the oblate symmetric topsx3 , (I2 \ I3 \ I1).The arc CB is the line which divides the triangle intox1\ 0
two equal triangles of opposite chirality, and which contains

Fig. 1 The hypersphere o \ constant is cut by the two planes x1\
and in The spherical triangle SCB is onex2 x2\x3 (x1, x2 , x3)-space.

half of the physical region on the hypersphere for the four-body
problem, and the whole of the physical region for n P 5.

the planar shapes of zero volume. Points S and S@ are spher-
ical tops of positive and negative chirality, respectively.
Finally, the point C is the collinear shape.

Shapes of opposite chirality are mapped into one another
by the parity operator. In the present case of vanishing exter-
nal angular momentum (J \ 0), the parity operator acts on
the wavefunction by mapping into(x1, x2 , x3) ([x1, x2 , x3),with no extra phase or rotation (which might be necessary in
the case Therefore states of even (odd) parity are evenJ D 0).
(odd) about the plane x1 \ 0.

Both the whole triangle SCS@ and triangle SCB of positive
chirality are right spherical triangles with the rational angles
(rational multiples of p) shown. The arc CB is p/4, the arc SB
is cos~1 and the arc SC is cos~1 the latter beingJ2/3 J1/3,
one half of the famous opening angle of 109.5¡ of the tetra-
hedral bond. The physical region is highly symmetrical on the
sphere, being in fact one of 24 equivalent regions under a tess-
elation of the sphere by the 24-element octahedral group O.

Tesselations of the sphere are discussed by Magnus,17 who
calls the tesselation by 24 triangle with angles p/2, p/3 and
p/3, such as our triangle SCS@, the ““ tetrahedral ÏÏ tesselation
(see Fig. 3). This name is given because the same tesselation as
we produce in this paper by the action of the group O can also
be produced by the group A di†erent tesselation of theT d .
sphere is produced by the group this time with 48 tri-Oh ,
angles with angles p/2, p/3 and p/4 such as our triangle SCB.
Magnus calls this the ““octahedral ÏÏ tesselation ; it is illustrated
in Fig. 4. The triangles SCS@ and SCB are examples of
Moebius triangles.

The octahedral group O is the symmetry group of proper
rotations of a certain cube inscribed in the sphere. The cube
(not shown in the Ðgures) is centered at the origin, with the

Fig. 2 The spherical triangle SCS@, the physical region for n \ 4, is
divided into two halves of opposite chirality.
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Fig. 3 The tesselation of the sphere by Moebius triangles of angles
p/2, p/3 and p/3, such as the physical region SCS@ for n \ 4. The repli-
cation of triangles is generated by either of the groups O or T d .

three axes passing perpendicular to its six faces, and with one
vertex at the point S in Fig. 1 (a second vertex is at S@). The
cube is also invariant under inversion through the origin in

space ; when combined with the proper rotations,(x1, x2 , x3)the inversion produces the 48-element group One of theOh .
elements of is a reÑection in the plane (or the lineOh x1 \ 0
CB), which is otherwise the parity operation (mapping shapes
of opposite chirality into one another). When the physical
region and the potential deÐned on it are replicated underV2the action of the group O, the result is a potential on the
sphere with the symmetry group Therefore the surfaceOh .
eigenfunctions, or the eigenfunctions of the complete three-
dimensional Hamiltonian, eqn. (1), in can be(x1, x2 , x3)-space
classiÐed by the irreducible representations (irreps) of Oh .

However, not all the irreps of occur, due to the bound-Ohary conditions which the wave function much satisfy at the
edge of the physical region. These boundary conditions can be
determined in the following manner. We imagine a wavefunc-
tion with total internal (kinematic) and total external
(ordinary) angular momentum set to zero. A point moves in
the nine-dimensional conÐguration space on which the three
Jacobi vectors are coordinates, and samples the values of the
external wavefunction W. Suppose the point passes through a
prolate symmetric top of positive chirality. Then the equiva-
lent point in the internal space bounces o† the plane x1 \ x2 ,

Fig. 4 The tesselation of the sphere by Moebius triangles of angles
p/2, p/3 and p/4, such as the physical region SCB for n P 5. The repli-
cation is generated by the group Oh .

or the line SC on the triangle in Fig. 2. One can concoct this
motion so that the point on the internal space approaches and
bounces perpendicularly o† the wall Very near butx1\ x2 .
on opposite sides of the prolate symmetric top conÐguration,
the singular values and have simply exchanged places.x1 x2The shape has changed on crossing the prolate symmetric top
(it is not symmetrical on the two sides), but since the shapes
on opposite sides are related by a kinematic rotation and
since W is invariant under kinematic rotation, W itself is even
about the prolate symmetric top shape. This means that
viewed as a function on the physical triangle, W has vanishing
normal derivative at the edges of the triangle (the value of W
at the edge is generally non-zero). This argument only applies
to wavefunctions of vanishing total kinematic angular
momentum.

The boundary conditions satisÐed by the internal wavefunc-
tion U are di†erent, because of the factor which connectsJD
U with W. If we set and let e ] 0, we see that Dx2 \ x1 ] e
and hence U go to 0 as as we approach the boundary.Je
Therefore the wavefunction U goes to zero at the edge of the
triangle, but in a manner which is not analytic. In fact, U is
rather singular at the edges ; its Ðrst and all higher derivatives
are inÐnite there. This singularity is obviously necessary to
accommodate the singularities in seen in eqn. (3), whichV2diverges as [1/e2 as the edge is approached.

The fact that wavefunctions may acquire singularities at the
edges of their regions of deÐnition, depending on normal-
ization conventions, is well known. See, for example, Chap-
uisat et al.,18 who examine singularities of wavefunctions for
four-body problems in certain coordinate systems.

If a wavefunction W which satisÐes the Schro� dinger equa-
tion and the boundary conditions is replicated around the
sphere under the action of the octahedral group O, then the
only irreps of which are consistent with the boundary con-Ohditions are and (the latter being the irrep of O com-A1 A2@ A2bined with the inversion). The irrep contains wavefunctionsAIwhich are even under parity (reÑection in the plane x1 \ 0),
and the irrep those which are odd. A wavefunction WA2@extended in this way around the sphere is the natural analytic
continuation of the wavefunction in the physical region.
Similar statements can be made about the internal wavefunc-
tion U, but are more awkward because of the square root sin-
gularity in the factor (if one replaces by thenJD JD J oD o,
the same irrep labels and parity rules apply to U, but of course
not the analytic continuation).

We turn now to solving the Schro� dinger equation. First let
us separate the dependence on the hyperradius from the Jaco-
bian factor and the potential writing whereV2 , JD\ o3f (X),
X represents any two coordinates on the sphere, and V2(x1,Thus, in ordinary sphericalx2 , x3) \ (+2/2M)(1/o2)U2(X).
coordinates (h, /) in we have(x1, x2 , x3)-space,

f (X) \ [(sin2 h cos 2/)(cos2 h [ sin2 h cos2 /)

] (cos2 h [ sin2 h sin2 /)]1@2 (5)

and

U2(X) \ [
C 1

sin2 h cos2 2/
]

cos2 h ] sin2 h sin2 /

(cos2 h [ sin2 h sin2 /)2

]
cos2 h ] sin2 h cos2 /

(cos2 h [ sin2 h cos2 /)2
D

(6)

Let us also write to separate the Sch-U(x1, x2 , x3) \ R(o)Z(X)
ro� dinger equation (4). The hyperradial part of the Schro� dinger
equation becomes

[
+2
2M

1

p2
d

do
A
o2

dR
do
B

]
+2k

2Mo2
R(o) \ ER(o) (7)
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and the hyperangular part is

[+
X
2 Z(X)] U2(X)Z(X)\ kZ(X) (8)

where Z(X) is the surface function and k the surface eigen-
value. The eigenfunction Z(X) inherits its boundary conditions
from and in particular, it goes to 0 at the bound-U(x1, x2 , x3),aries as In eqn. (8) is the angular part of the Lapla-Je. +

X
2

cian ; for example in ordinary spherical coordinates, it is the
usual operator,

+
X
2 \

1

sin h
L
Lh

sin h
L
Lh

]
1

sin2 h
L2

L/2
(9)

Actually, we will need to worry about explicit coordinates on
the sphere, a fortunate circumstance since the ranges of the
angles are awkward.

An apparently obvious approach to solving the surface
equation (8) is to expand the unknown surface function Z(X)
in the eigenfunctions of which otherwise are the The+

X
2, Y

lm
Ïs.

must be symmetrized to satisfy the boundary conditions,Y
lm

Ïs
but this can be done. Unfortunately, this expansion converges
very slowly, because of the square root singularities in Z(X) at
the boundaries. The well behaved are suitable forY

lm
Ïs

expanding other well behaved functions. To overcome this
problem, one could expand in other basis functions which
have the correct behavior at the boundaries. Unfor-Je
tunately, another problem then arises, since the matrix ele-
ments of the potential turn out to be inÐnite. For if weU2(X)
assume that and use the behavior 1/e2Z(X)DJe U2(X)D
near the boundary, then a typical matrix element will have the
behavior,

P
dXZ(X)*U2(X)Z(X)D

P
deJe

1

e2
Je D

P de
e

\ O (10)

where the (logarithmic) divergence comes from the small
region near the boundary. But how is it possible that the
potential of a well behaved problem (we are setting V \ 0, so
the system consists of free particles) can have inÐnite matrix
elements? The answer is that or equivalently, is notU2(X), V2 ,
a real potential, but actually part of the kinetic energy. Indeed,
if we compute the matrix elements of with respect to a+

X
2

wavefunction with the correct behavior at the boundary,Je
we Ðnd that it too diverges logarithmically. Explicitly, we have

P
dXZ(X)*+

X
2 Z(X)D

P
deJe

d2
de2

Je D
P de

e
\ O (11)

where it is the component of the Laplacian orthogonal to the
boundary which causes the inÐnity. Thus, both the Laplacian
and the ““potential ÏÏ give rise to inÐnite matrix elementsU2(X)
with wavefunctions with the right boundary conditions. A
more careful analysis shows, however, that the sum of the
matrix elements of the Laplacian and is always ÐniteU2(X)
and well behaved, as one would expect.

Alternatively, if one were to attempt a direct numerical
evaluation of the surface eigenfunctions in the U or Z(X) form,
with or without a true potential V , the singularities in U and

would cause serious problems. The singularities wouldU2(X)
have a negative impact on the convergence of most common
quadrature or basis expansion methods, including DVR
methods, unless great care were taken.

The lessons we learn in this way are clearly also relevant to
the case and they suggest that the apparently simpleV D 0,
form, eqn. (1), of the internal Schro� dinger equation is mislead-
ing. Instead, there are advantages to working with the exter-
nal wavefunction W, which has no singularities and which
satisÐes a version of the Schro� dinger equation without the V 2term (although with Ðrst derivatives). This is

[
+2
2M

(+2 ] 2K Æ +)W \ EW (12)

where we have set V \ 0 and where K is the vector in (x1, x2 ,
given byx3)-space

K \
1

JD
+JD (13)

The norm of the external wavefunction is SW o WT \
(including the Jacobian factor D). Eqn./dx1dx2dx3D o W o 2

(12) can also be separated into an angular and a hyperradial
part, although we will not need to do this since it turns out
that the solutions can be obtained analytically. The three-
dimensional form, eqn. (12), is more convenient for this
purpose. The problem of changing the normalization of the
wavefunction and its relation to the form of the Schro� dinger
equation has been studied in a more general setting by Nauts
and Chapuisat.19

We begin by Ðnding the eigenvalues k of the surface equa-
tion (8). We do this by noting that separation of variables on
the original nine-dimensional Laplacian in the Jacobi coordi-
nates leads to solutions of the form(r1, r2 , r3)

W \
1

o3
jj`3(ko)Xj(X) (14)

where j \ 0, 1, 2, . . . is the quantum number of the grand
angular momentum operator, where k is deÐned by E\ +2k2/
2M, where is a spherical Bessel function, and wherejj`3 Xj(X)
is a harmonic on the eight-dimensional sphere. In the present
case, however, we are interested in wavefunctions which are
invariant under both external and internal (or kinematic) rota-
tions, so becomes a function only on the two-Xj(X)
dimensional sphere in The point for now is(x1, x2 , x3)-space.
that the hyperradial part of the wavefunction is known. If we
now write then we haveU\ JDW \o3f (X)W \ R(o)Z(X),

and Then, substituting thisR(o) \ jj`3(ko) Z(X) \ f (X)Xj(X).
form of R(o) into eqn. (7) and using the standard di†erential
equation satisÐed by the Bessel functions, we Ðnd

k \ (j ] 3)(j ] 4) (15)

All surface eigenvalues have this form for some choice of the
eigenvalue j of the grand angular momentum, taken from the
range j \ 0, 1, 2, . . . . However, we note that not all eigen-
values of the grand angular momentum operator occur in the
class of wavefunctions we are considering (those with van-
ishing external and internal angular momentum), and, as we
will see, some occur more than once. Thus we have extra work
to do to determine the allowed values of j and their multiplic-
ities.

For later purposes it will be useful to note the zero energy
limit of the radial wavefunctions, eqn. (14). If we take k ] 0,
we can replace R(o) by the limiting value,

lim
k?0

R(o)

kj`3
\ lim

k?0

1

o3
jj`3(ko)

kj`3
\ (constant)oj (16)

On the other hand, the harmonics are homogeneousXj(X)
polynomials in the components of the unit vector on the
eight-dimensional hypersphere, so when they are multiplied by
oj, they become homogeneous polynomials of degree j in the
nine Cartesian components of the three Jacobi vectors.

Thus, to Ðnd the surface harmonics, we can seek solutions
of eqn. (12) with E\ 0 which are homogeneous polynomials
of degree j in the Cartesian components of the Jacobi vectors.
We can then just split o† a factor of oj, and we will have the
surface harmonics. However, the polynomials should be
invariant under both external and internal rotations. The
polynomials which are invariant under external rotations are
functions only of the Jacobi dot products and the (one)ra É rbJacobi triple product of which the dot productsr1 É (r2 ] r3),
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Table 1 Eigenvalues j of the grand angular momentum and
k \ (j ] 3)(j ] 4) of the surface harmonics, in both symmetry classes

(even) and (odd)A1 A2@

(A1) (A2@ )

n j k j k

1 0 12 3 42
2 4 56 7 110
3 6 90 9 156
4 8 132 11 210
5 10 182 13 272
6 12 240 15 342
7 12 240 15 342
8 14 306 17 420
9 16 380 19 506

10 16 380 19 506
11 18 462 21 600
12 18 462 21 600
13 20 552 23 702
14 20 552 23 702
15 22 650 25 812
16 22 650 25 812
17 24 756 27 930
18 24 756 27 930
19 24 756 27 930
20 26 870 29 1056

are even under parity and the triple product odd. The triple
product is otherwise the same as the volume andV \ x1x2x3 ,
is automatically a kinematic invariant. On the other hand, the
polynomials in the Jacobi dot products which are kinematic
invariants are also polynomials in the squares of the singular
values which are the eigenvalues of the matrix of(x1, x2 , x3),Jacobi dot products. Therefore the most general polynomials
in the components of the nine Jacobi vectors which are invari-
ant under both external and kinematic rotations are poly-
nomials in the squares of the singular values, optionally
multiplied by Thus, we seek solutions of eqn. (12)V \ x1x2x3 .
with E\ 0 which are homogeneous polynomials of degree j
in the three kinematic invariants (x1, x2 , x3).These polynomials must belong to the or symmetryA1 A2@classes of the group to satisfy the correct boundary condi-Ohtions. The ground state j \ 0 can be obtained by inspection ;
here the solution is simply W \ 1, which belongs to the A1symmetry class (it has even parity). This is otherwise a plane
wave back in the nine-dimensional (Cartesian) conÐguration
space with E\ 0. The corresponding surface eigenfunction is
Z(X)\ f (X), and the surface eigenvalue is k \ 3 ] 4 \ 12.

One way to Ðnd the eigenfunctions in a systematic manner
is to start with some set of hyperspherical harmonics with
external angular momentum set of zero, and then to average
these over the group of kinematic rotations. This projects out
states of vanishing kinematic angular momentum. Since exter-
nal and kinematic rotations commute, the resulting state is
still a state of vanishing external angular momentum. This is a
purely algebraic process, that is, there are no matrices to be
diagonalized or roots of polynomials which must be deter-
mined. However, one should think carefully before beginning
in order to shortcut the algebra. This approach is educational,
for it shows how one might construct hyperspherical harmo-

Table 2 Eigenfunctions W for di†erent values of j

j Wj(x1, x2 , x3)

0 1
3 x1x2x34 2(x14] x24] x34)[ 7(x12x22] x12x32] x22x32)6 4(x16] x26] x36)[ 27(x12x24] x14x22] x12x34] x14x32] x22x34] x24x32)] 570x12x22x327 x1x2x3[4(x14] x24] x34)[ 9(x12x22] x12x32] x22x32)]

nics in a symmetric representation (a representation which
transforms covariantly under kinematic rotations) for the
four-body problem.

A more direct route is to expand the angular part of the
unknown polynomial W in ordinary An eigenfunction WY

lm
Ïs.

with quantum number j is a homogeneous polynomial in (x1,of degree j, and therefore its angular part can containx2 , x3)only with l O j. The must of course be symmetrizedY
lm

Ïs Y
lm

Ïs
under the group to contain the correct irrep if j isOh (A1even, if j is odd, since only an odd polynomial can be oddA2@under An example will illustrate the process. If wex1] [ x1).project out the class of wavefunctions from the forA1 Y

lm
Ïs

l \ 0, 2, 4, we Ðnd one function each for l \ 0 and l \ 4, and
none for l \ 2. The projection process involves summing over
the octahedral group. Call these projected functions simply Y0and (in fact, Then a fourth order polynomial inY4 Y0 \ 1). (x1,with symmetry is necessarily a linear combinationx2 , x3) A1of and Substituting such a linear combination intoo4Y4 o4Y0 .
the wave equation (12) leads to linear equations for the coeffi-
cients which can be solved to Ðnd the eigenfunction. In this
process, it is never actually necessary to work with the inY

lm
Ïs

angular form; instead, one can work with the Euclidean coor-
dinates throughout. This process shows that the(x1, x2 , x3)number of solutions of a given value of j is the same as the
number of of the given symmetry class for l \ j. We noteY

lm
Ïs

that this procedure e†ectively makes use of a non-
orthonormal basis, since the are not orthonormal whenY

lm
Ïs

the Jacobian factor D is included in the normalization inte-
gral.

The number of eigenfunctions for given j can be determined
from a simple ClebschÈGordan series for the group O, without
the necessity of projecting wavefunctions. We can work with
O instead of because the parity is determined by j. TheOhmethod proceeds as follows. The group O has Ðve irreps, A1,E, and First, we note that the constant 1 and theA2 , T1 T2 .
monomials which respectively span the same(x1, x2 , x3),spaces as the for l \ 0 and l \ 1, transform respectivelyY

lm
Ïs

according to the irreps and (the latter of which is three-A1 T1dimensional) of O. Forming products of the l \ 1 states with
themselves we get l \ 0, 1, 2 ; and forming products of T1states with themselves, we get the E, and irreps.A1, T1 T2Then subtracting and from the list to account for l\ 0A1 T1and l \ 1, we Ðnd that the l \ 2 states contain the irreps E
and Since an irrep is not in the list, there are no solu-T2 . A1tions to eqn. (12) with j \ 2. Continuing in this way, we Ðnd
that l \ 3 consists of The presence of indi-A2 ] T1] T2 . A2cates that there is one (odd parity) solution to eqn. (12) for
j \ 3.

In this manner we have constructed Table 1, which contains
the Ðrst twenty eigenvalues of both the even and odd parity
classes. The integer n simply sequences the eigenvalues, and
values of j and k \ (j ] 3)(j ] 4) are given. We see that the
Ðrst degeneracy occurs in the even eigenfunction with j \ 12 ;
at higher values of j, degeneracies of higher order become the
rule. The table reveals a pattern, namely that every odd eigen-
value is matched by an even eigenvalue with j replaced by
j [ 3. This is because the only way to construct an odd poly-
nomial is to multiply the odd function by an evenV \x1x2x3polynomial of degree less by three. Thus the number of solu-
tions for an odd value of j is the number of even polynomials
in the symmetry class for j [ 3.A1It is also possible to Ðnd a closed expression for the order of
degeneracy for a given value of j. It is only necessary to do
this for even j, since the degeneracy for odd j follows by the
rule just mentioned. If we let then the order of thej \ 2l1degeneracy is

d(j) \ 38 ] 13 [mod (l[ 1, 3) [ 1]

]
([1)l

4
]

4l] 1

24
(17)
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The quantity d(j) for even j is always an integer ; for
example, we Ðnd d(24)\ 3, indicating the 3-fold degeneracy
for j \ 24 which is shown in Table 1. Eqn. (17) was derived by
analyzing the two-term linear recurrence relation for the irreps
of O, as explained above, and writing it in terms of a single
10 ] 10, non-hermitian transfer matrix. By transforming the
transfer matrix to Jordan normal form and imposing the
required initial conditions, eqn. (17) results. The process is
straightforward but not illuminating, so we will omit the
somewhat lengthy details.

With somewhat more e†ort, the eigenfunctions can also be
determined, as outlined above. We have listed the Ðrst several
of these in Table 2 ; they are given in polynomial form, since
to transform them into angular form on the sphere only
obscures their structure and symmetry. Note the odd solution
for j \ 3 ; the wavefunction W is just the volume, V \ x1x2x3 .

III The case n P 5
We now brieÑy discuss the case of Ðve or more atoms. (For a
di†erent approach, see refs. 5 and 6.) The kinematic invariants
can still be taken to be the singular values of the F(x1, x2 , x3)matrix when n P 5, but their ranges are now restricted to 0 O

That is, the smallest singular value is nowx1 O x2 O x3 . x1required to be non-negative. This is because the parity oper-
ation is implemented by means of kinematic rotations when
n P 5. This also means that if we look at the special class of
wavefunctions which are invariant under kinematic rotations,
then these will automatically have even parity. The physically
allowed region of the hypersphere in is now(x1, x2 , x3)-space
the triangle SCB in Fig. 1 (see Fig. 4 for the tesselation), and
the boundary conditions on W are even (vanishing normal
derivative) at all edges. There are also restrictions on the
ranges of the kinematic angles, which we will discuss in other
publications since the kinematic angles do not concern us
here.

In the case n P 5 the metric on the space is still(x1, x2 , x3)Euclidean, but the Jacobian factor D is di†erent. For example,
in the case of Ðve atoms, D\x1x2x3(x22[ x12)(x32 [ x12)(x32Thus, while is still given by eqn. (2), the expression[ x22). V2(3) will change, as will the vector K appearing in eqn. (12).
Thus, the eigenfunctions and eigenvalues in (x1, x2 , x3)-space
will depend on the number of atoms, although they can be
worked out by the methods explained here for the case n \ 4.

IV Conclusions
In conclusion, we have found analytic solutions for four-
particle dynamics on the space of kinematic invariants in the
case V \ 0, assuming both the external (ordinary) and internal
(kinematic) angular momentum are zero, and we have out-
lined how these may be generalized for Ðve or more particles.
We have also elucidated the spaces involved in the dynamics
of kinematic invariants, the boundary conditions satisÐed by
wavefunctions, and the action of parity in the various cases. In
the future, we plan to examine in detail how motions such as
the inversion in ammonia can be modelled in the space of

kinematic invariants, how pseudorotational motions such as
in can be analyzed in terms of kinematic invariants andPF5kinematic rotations, and how hyperspherical harmonics in the
case n \ 4, of which the eigenfunctions found in this paper are
special cases, can be developed as a practical basis set for
four-body scattering calculations.
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