
CHAPTeR 17 

SOME LATENT TRAIT MODELS 

17.1 Introduction 

In this chapter we shall consider in detail several models of tests, some of which 
have been introduced more briefly above (Sections 15.6 and 16.1 through 16.5). 
We shall now describe these models in self-contained mathematical terms to 
prepare ourselves to examine them, subsequently, in relation to theories and 
applications of tests. These models have been developed primarily in connec­
tion with tests of various general or special abilities, although it has proved of 
interest to consider them also in relation to the study of other kinds of traits, 
such as attitudes. For convenience, we shall refer to the trait in question simply 
as "ability". 

We consider here tests consisting of items each to be scored 0 or 1, with Ug 

as the generic symbol for the score on item g and with v' = (Ub •.. , U g , ••• , un) 
representing the set of scores, or the response-pattern, on a test of n items. 
This notation tacitly refers to scores of some one individual subject; when 
necessary, scores of a subject indexed a can be denoted more explicitly by 
v~ = (Ul a , ... , U ga, ••• , Una). 

Item scores Ug are related to an ability 0 by functions that give the prob­
ability of each possible score on an item for a randomly selected examinee of 
given ability. These functions are 

Qg(O) = Prob (Ug = 0 I 0) 

and the item characteristic curve (ICC) 

Pg(O) = Prob (Ug = 1 I 0) = 1 - Qg(O). 

These formulas are conveniently combined in the probability distribution 
function of Ug : 

where fg is defined in a persons or in a persons-by-replications space. 
397 

U g = 1, 
ug = 0, 



398 SOME LATENT TRAIT MODELS 17.1 

We note that the regression function of any item response ug is identical 
with its item characteristic curve since 

C(Uo I 0) = 1· fg(11 0) + 0 . fo(O I 0) = PoCO). 

Any item for which Po(O) has a constant value independent of 0 is not an in­
dicant (and hence a fortiori not a measure) of 0 in the sense of Section 1.4. In 
most cases of interest here, we shall have Pg(O) strictly increasing in 0, so that 
Uo will be an indicant and a measure of o. We do not assume a probability 
distribution for 0 in any part of the present treatment of this subject. For an 
extension of the theory which makes use of this assumption, the reader should 
see Birnbaum (1967). 

These functions do not determine unequivocally the relation between an 
ability and a complete response pattern v' = (Ub ... ,un) unless they are 
supplemented in some definite way. The additional assumption found most 
useful in test theory and its applications, as well as the simplest assumption 
mathematically, is local independence (see Section 16.3). This assumption im­
plies the mathematical condition of statistical independence between 1"eSpOnses 
by a subject to different items; it is represented by the usual probability product 
form 

Prob (V = v 10) == Prob (U I = UI, ... , Un = Un 10) 

= Prob (U I = ull 0)··· Prob (Un = unl 0) 
n 

= II Pg(ot"QoC0)I-uo• 
g~1 

For example, the product form Prob [(Ub U2 ) = (1,1) I 0] = P l (O)P2 (O) 
represents the fact that any subject of ability 0 gives independent responses 
to items 1 and 2; that is, that the probability P 2 (O) of his correctly answering 
item 2 is the same as the conditional probability of his correctly answering item 
2, given that he has correctly answered item 1. The relations of this assumption 
to more general models and theories, in which several abilities are considered 
jointly, have already been discussed in Section 16.2. 

One basic aspect of the questions of validity and empirical and theoretical 
content discussed in Chapter 1, as they apply to the models introduced here, 
may be illustrated conveniently at this point. Consider any item, and consider 
a series of groups of subjects in which each subject is assumed to have common 
ability. Suppose that the probabilities of correct responses to the item in the 
respective groups are Pi, where 0 ~ PI < P2 < ... < Pm ~ 1. Since we have 
mentioned all the empirically meaningful aspects of a model of a single item, 
we still remain free to choose arbitrarily a series of numbers Oi, 

-00 < Ol < O2 < ... < Om < 00, 

which we may call the true ability scores of the respective groups. The choice 
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of these numbers 6i amounts to a choice of the specific form of an ICC function 
that shall represent the first item, since we define the function PI (6) as the 
correspondence between respective ability scores 6i and values Pi = PI «(Ji). 
Equivalently, given the numbers Pi, we can adopt any increasing function 
PI (0) as the ICC of the item: This choice associates an ability score 6i, deter­
mined by Pi = PI(Oi), with the group of subjects scoring Pi. 

These comments illustrate the fact that an essentially conventional element 
exists in the relations between ability levels 6 and observable item responses. 
Once any specific strictly increasing form has been adopted for PI (6), for 
example, P I (6) = <I>(20 - 1), the statement that a subject has ability 6 = 2.1 
has empirical content and consequences in the contexts of models discussed 
here. For any second item (assuming local independence), the item charac­
teristic curve P 2 (6) has a value at (J = 2.1 which is estimable from empirical 
data in the same sense as is P I (2.1). Thus we are not free to adopt by definition 
any number as the value of P 2 (2.1). Similarly we are not free to adopt any 
assumption restricting even partially the possible functional forms of any other 
item characteristic curves Pg(6), g = 2, 3, ... , n. This illustrates the fact 
that in general it is empirically meaningful (nontautological) to assume that 
any specific model, or even any class of models of partially restricted form, is 
valid in relation to a specified population of items. Therefore it is possibly false 
and hence is subject to empirical confirmation (or partial confirmation or dis­
confirmation). On the other hand, the assumption that any chosen single item 
has an item characteristic curve of a specified functional form Pg(O) that de­
pends on ability 6 is, when considered in isolation, acceptable in principle as a 
definition of the ability scale of 0 values and is not an empirical specification. 

17.2 The Logistic Test Model 

A function which very nearly coincides with the normal ogive model treated in 
Section 16.5, and which has advantages of mathematical convenience in several 
areas of application, is the logistic (cumulative) distribution function 

-00 < x < 00. (17.2.1) 

The inverse function is x = log [\(r / (1 - \(r)]. For simple descriptive purposes, 
any graph of a cumulative normal distribution function <I>(x) would serve equally 
well to illustrate this function, since it has been shown (Haley, 1952, p. 7) that 

1<I>(x) - \(r[(1.7)x]1 < 0.01 for all x. (17.2.2) 

We may state this relation in another way: The logistic cdf \(rex) differs by less 
than 0.01, uniformly in x, from the normal cdf with mean zero and standard 
deviation 1.7; that is, 

1<I>(x/1.7) - \(r(x) I < 0.01 for all x. 
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The probability density function (pdf) corresponding to the logistic cdf is 

(17.2.3) 

Berkson (1957) has given detailed tables of 'l1(x) and "'(x). Of course, tables of 
the exponential function and of the hyperbolic tangent are also available, and 
hence direct computation of values of these functions is not difficult. 

The logistic test model is determined by assuming that item characteristic 
curves have the form of a logistic cumulative distribution function: 

(17.2.4) 

where Lg(O) = ag(O - bg), and g = 1,2, ... ,n. We have also 

and 

(Again, we do not interpret Pg(O) here as a probability distribution function, 
even when it has the mathematical properties of one.) Here ag and bg are item 
parameters whose roles are generally the same as those of the item parameters 
in the normal ogive model because of the qualitative, and nearly exact quanti­
tative, similarity between the models. The symbol D denotes a number that 
serves, at our convenience, as a unit scaling factor. To maximize agreement 
between quantitative details in the normal and logistic models, we can and 
usually shall take D·= 1. 7; then 

(17.2.4a) 

For notational convenience, however, we shall often write the logistic model 
using the symbol D for the number 1.7. 

We may view the logistic form for an item characteristic curve as a mathe­
matically convenient, close approximation to the classical normal form, intro­
duced to help solve or to avoid some mathematical or theoretical problems 
that arise with the normal model. Or we may view it as the form of a test model 
that is of equal intrinsic interest and of very similar mathematical form. The 
important questions of the validity of such models in observational and theo­
retical contexts are discussed elsewhere (see Sections 16.1 and 17.10). 

The probability distribution function of a response ug in a logistic test 
model is 

fg(u g 10) == Pg{otoQg{O)l-Uo 

== Qg(O)[Pg(O)/Qg{oW" 

exp [Dag(O - bg)ug] 
= 1 + exp [Dag(O - bg)] , 

(17.2.5) 

(17.2.6) 
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and, under the assumption of local independence, the probability distribution 
function of a response pattern v' = (UlJ ••• , un) is 

n n n 

Prob (V = v I 8) = II ig(ug I 8) = II Qg(8) II exp [Dah(8 - bh)uh] 
g=1 g=1 h=1 

= [lll Qg(8) ] [exp (8D tl agug) ] [exp ( - D tl agbgUg) l 
(17.2.7) 

The principal features of mathematical simplicity that characterize the 
logistic test model are, as we shall see, implicit in this last form. In particular, 
"all the information about 8 available in a response pattern v" (in a sense to be 
specified) is given by the particular test score formula 

n 

X = x(v) = L: agug , 

g=1 

which does not depend on the difficulty parameters bg. We may further illus­
trate the roles of item parameters and the properties of such a test score 
formula by considering an artificial example of the logistic test model. Let us 
take just four of the items whose parameters have the values represented in 
Fig. 16.5.1, namely, g = 3,4,5, and 6. (The same figure serves equally well 
here to illustrate either logistic or normal item characteristic curves.) We have 
a3 = 100, a4 = 100, a5 = 1, and a6 = 1. The test score is then 

x = 100Y3 + 100Y4 + Y5 + Y6 

100(Y3 + Y4) + (Y5 + Y6)' 

The possible values of x are just 

o 
100 

200 

1 

101 

201 

2 

102 

202. 

We see that the major part of this ordering of subjects' response patterns, 
which is represented by the rows of the preceding array, is determined by the 
heavily weighted responses to the informative items Y3 and Y4. The only role 
of the less informative items in this example is to give a finer ordering com­
patible with the initial rough ordering. This example is extreme: Typical tests 
one meets in practice have more items and less extreme variation in weights ag' 
With more nearly typical tests, it is usually possible to reverse an ordering of 
two response patterns based only on responses to several items if all items are 
taken into account in a suitable weighted composite score. 
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Table 17.3.1 

Standard deviation of sample item-test biserials* 

Test 
Number 
of items 

Listening Comprehension 50 
English Structure 70 
Vocabulary 60 
Reading Comprehension 30 
Writing Ability 60 

Sample item­
test biserials 

Mean 
Standard 
deviation 

0.51 0.12 
0.48 0.11 
0.55 0.09 
0.54 0.09 
0.44 0.11 

* From an internal Educational Testing Service report (SR-66-80) 
prepared by Dr. Frances Swineford. 

17.3 Other Models 

17.3 

If we assume a common value for the discriminating powers of the items, each 
ag = 1, say, and take D = 1, we obtain the form 

We can write 
0* = l and b* - by g - e 

to denote, respectively, an ability parameter and an item difficulty parameter, 
each represented on a transformed scale. Then we have 

p (0) == p*(o*) = (1 + b:)-l = 0* (1 + 0*)-1 . 
g g 0* b* b* 

g g 

Rasch (1960) has developed the test model of this restricted logistic form. We 
see that this model is a special case of the logistic model in which all items have 
the same discriminating powers, and all items can vary only in their difficulties. 
Whenever this special logistic model holds, the considerable body of theoretical 
and practical methods developed by Rasch is applicable (see Chapter 21). 

One very important question emerges at this point: Do the items in a test 
really differ from each other in discriminating power? This question is crucial 
to evaluating the validity of the models and methods of this and the following 
three chapters and to comparing these evaluations with evaluations of the 
validity of the simpler models and methods of Chapter 21. Some available 
item analysis data suggest an affirmative answer for multiple-choice paper and 
pencil tests. These data, which are represented in Table 17.3.1, are based on a 
sample of 3805 examinees. The table shows the mean and standard deviation 
of the sample biserial correlation between item score and test score for each of 
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five different tests. If the true biserial correlation is 0.50 in a normal population 
of this size (N = 3805), then the standard error of a biserial correlation from a 
sample of this size will only be from about 0.016 to about 0.019, depending on the 
item difficulty. (An approximate formula appears in McNemar, 1962, Eq. 12.3.) 
Since the standard deviations in this particular sample are at least five times as 
large as this standard error, it is clear that the variation found here among item­
test biserials is almost entirely due to real differences among the item discrim­
inating power parameters. In this sample we find that even if we disregard the 
five percent of the items with the highest and the five percent with the lowest dis­
criminating power parameters, we still have a range from about 0.31 to about 
0.67. Since item-test biserials approximate item-ability biserials, whose close 
relation to the slope of the item characteristic curve was discussed rather fully 
in Section 16.10, it is clear that the item characteristic curves of the items in 
Table 17.3.1 differ from each other by more than a mere translation (change 
of origin). 

If () > by, then for any fixed values of by and (), 

and 

both increase to 1 as ag increases; and if () < bg, then both decrease to 0 as ag in­
creases. We may represent these limiting values formally as 

since 

{ I if () > bg , 
<I>[oo(() - bg)] = 'I1[oo(() - bg)] == O·f b 

1 () < g, 

{+oo 
(() - bg)oo == 

-00 

if () > bg , 

if () < bg. 

For convenience, we can give the value 1 to the otherwise undefined symbols 
<1>( 00 . 0), '11 ( 00 . 0). Then we may define an item characteristic curve by 

or 

These may be considered extreme, limiting cases of ICCs within the normal 
ogive and the logistic test models. Such ICCs do not have the property, gen­
erally assumed above, of increasing continuously and strictly as () increases. 
Each is characterized fully by a single difficulty parameter bg ; for abilities 
() < bg it has the value zero, and at this ability level it increases discontinuously 
to unity. These curves may be regarded as representing items whose responses 
Yg are error-free indicants of abilities, in the sense that taking Yg = 1 as in­
dicating () 2:: bg and Yg = 0 as indicating () < bg entails probability zero of 
erroneous indications for each possible value of (). It may be said that ICCs of 
this extreme form give "perfect scaling", since an ordering of subjects' abilities 
() on the basis of any test consisting of such items is error-free (with probability 
1, or certainty). Such items are basic to the scaling methods and the theory 
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developed by Guttman (1950), particularly in connection with scaling of latent 
traits 0 representing attitudes. 

Lazarsfeld has developed several classes of latent trait models, but primarily 
for the investigation of attitudes rather than abilities. One of these may con­
veniently be described here. If 

g = 1, ... , n, 

where 0 is restricted to an interval on which all values of Pg(O) lie between 
o and 1, we have the linear model. Despite quantitative differences, here, as in 
other models described above, the item parameter ag represents discriminating 
power in the sense of rate of change of Pg(O) with respect to 0, and bg locates 
the part of the 0 scale where the item is effective. In Chapter 24, we shall present 
several other models developed by Lazarsfeld. 

Methodological problems related to these models are discussed briefly by 
Torgerson (1958, Ch. 13), who gives references to basic papers and subsequent 
work. A later discussion is that of Lazarsfeld (1959). 

Even subjects of very low ability will sometimes give correct responses to 
multiple-choice items, just by chance. One model for such items has been 
suggested by a highly schematized psychological hypothesis. This model 
assumes that if an examinee has ability 0, then the probability that he will 
know the correct answer is given by a normal ogive function <I>[ag(O - bg)] of 
exactly the kind considered in Section 16.5; it further assumes that if he does 
not know it he will guess, and, with probability Cg, will guess correctly. It 
follows from these assumptions that the probability of an incorrect response is 

and that the probability of a correct response is the item characteristic curve 

(17.3.1) 

The psychological hypothesis implicit here has been mentioned primarily to 
point up a mathematical feature of this form; the empirical validity of this form 
is not dependent on this psychological hypothesis. This model is possibly more 
reasonable than the random-guessing models discussed in Sections 14.3 and 14.5. 

The function (17.3.1) approaches its minimum Cg as 0 decreases. Its graph 
is that of a normal ogive curve except that the range of ordinates 0 to 1 is re­
placed by the range Cg to 1. If one of five multiple-choice alternatives were 
chosen at random whenever guessing occurred, we would have cg = t, as in 
Fig. 17.3.1, where the other item parameters are equal to those in Fig. 16.5.1. 
Each of the general illustrative comments above concerning the item parameters 
ag and bg of normal ogive models can be adapted to apply to their roles in these 
models. 
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FIG. 17.3.1. Three-parameter normal ogive and logistic item characteristic curves. 

Similarly with the logistic model, we may take account of guessing prob­
abilities by using modified item characteristic curves, which here assume the 
form 

which Fig. 17.3.1 serves to illustrate. More detailed consideration of the roles 
of item parameters in such models is given below. 

17.4 The Test as a Measuring Instrument: Examples of 
Classification and Estimation of Ability Levels by Use of Test Scores 

We shall find it useful to consider the mathematical model of a test as having 
dual but related purposes. One purpose is to determine the value () of an exam­
inee's ability with adequate precision; the second is to classify an examinee into 
ability categories with adequately small probabilities of misclassification. We 
shall present brief descriptions of some estimation and classification methods 
based on test scores. These will illustrate some of the applications of the theory 
that we shall develop. Each of the simplifying assumptions or restrictions made 
here will require critical reconsideration later. 

We shall consider a model of a test, represented by a specified probability 
function 

Prob [V' = (Ub' .. ,Un) I (}J, 

possibly having one of the forms described above, in which the ability () is the 



406 SOME LATENT TRAIT MODELS 17.4 

only unknown parameter. We shall adopt a specified test score formula x = 

xCv) == X(Ub ... ,Un). These two functions determine the cdf of the test score: 

F(x I 6) = Prob [XCV) ::; x I 6] == L: Prob (V = v I 6). (17.4.1) 
x(V)~x 

Numerical determinations of F(x I 6) for a number of score formulas and tests 
will be illustrated. In the simplest case, that of items having identical charac­
teristic curves 

P == P(6) and 
n 

X = L: U g , 

0=1 

the cdf, F(x I 6), is just the binomial cdf for n trials with parameter P(6): 

F(x 16) = to (~) pkQn-k, x = 0,1, ... , n. (17.4.2) 

Local independence is assumed here. 
In most cases of interest, the magnitudes of discontinuities in F(x I 6) (that 

is, the probabilities of the individual possible values of x) will all be small for 
each 6, usually of the order of several percent or less. For many theoretical and 
practical purposes, it is convenient to treat F(x I 6) as continuous in x for each 
fixed 6, and also it is sometimes convenient to employ specific continuous 
functions of x as working approximations subject to appropriate bounds or 
independent checks on the approximations entailed. For illustrative simplicity, 
we treat F(x I 6) in this section as continuous and assume that for each fixed 6, 
it is strictly increasing from 0 to 1 with x. In the preceding binomial example, 
the convenient approximation is the usual one by the normal cdf (see, for 
example, Lindgren, 1962, p. 149): 

F(x I 6) == t (n) pkQn-k == <I> [x + -! - np], 
k=O k (nPQ) 1/2 

(17.4.3) 

which is continuous in x for each 6. 
We further assume throughout this section that for each fixed value of x, 

F(x I 6) is strictly and continuously decreasing from 1 to 0 with 6; the respective 
distributions of x are said to be stochastically ordered when this condition holds. 
In the binomial example, this condition holds for both the exact and approximate 
formulas for F(x I 6), given that x < k. This condition is entailed by weak 
assumptions which are usually satisfied, namely, that each Pg(6) increases 
strictly and continuously with 6, and that X(Ub ... ,un) is nondecreasing in 
each Uo and increasing in at least one of them. The latter conditions hold in 
all cases described above. 

When these conditions hold, the respective cdf's of scores of a given test 
can be represented conveniently in the manner illustrated in the schematic 
graphs of Figs. 17.4.1 and 17.4.2. Figure 17.4.2 is a schematic representation 
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FIG. 17.4.3. Error probabilities of the classification rule that classifies high when 
x> xo. 
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of the function of two arguments F(x I 8) that map several "contours of constant 
height" of the F(x I 8) "surface" over the (x, 8) plane. Figure 17.4.1 represents 
three "sections" ("slices") through this surface, made at 8 = 81, 82 , 83 , re­
spectively. Figure 17.4.3 represents in two forms one "section" made in the 
perpendicular direction at x = Xo; we shall explain this figure below. 

The discriminating power of a test is illustrated most simply in problems of 
discriminating between just two levels of ability. One common rule classifies 
those subjects whose scores exceed some specified number Xo as "high" and 
classifies others as "low". With this rule, if 8 is any ability level considered 
definitely high, then F(xo I 8) = Prob (X ~ Xo I 8) is the probability of erron­
eous (low) classification of a subject of that ability. Since F(xo I 8) decreases 
as 8 increases, it is natural to focus attention on the smallest 8 value considered 
definitely high, say 82 • The rule's maximum probability of erroneous classi­
fication of a high-ability subject is then F(xo I 82), as illustrated by Fig. 17.4.3. 
Similarly, if 81 is the highest ability considered definitely low, then 

1 - F(xo I 81) = Prob (X > Xo I 8) 

is the rule's maximum probability of erroneous classification of a low-ability 
subject. At abilities between 81 and 82 , neither classification is considered 
definitely erroneous and no error probabilities are considered. 

By decreasing xo, we can decrease F(xo I 81), the maximum misclassification 
probability for low abilities, but only at the cost of increasing 1 - F(xo I 82), 

the maximum misclassification probability for high abilities. Evidently the 
possibility of circumventing such restrictions on the discriminating power 
attainable with a given test depends on basic reconsideration of the forms of 
test-score formulas and classification rules adopted; and these considerations 
might show that improvement requires the use of a different test. 

We note that some of the present considerations parallel some of the inter­
pretations given above of the discriminating power of single items in terms of 
item characteristic curves. The common element is the role of the rate of in­
crease of Pg(8) and of 1 - F(xo I 8), respectively, as 8 increases. So long as a 
test is used only to provide a classification rule based on a comparison of its 
scores with some fixed critical value xo, the test is in effect equivalent to a 
single hypothetical test item having responses 

* {I, corresponding to x > Xo 
U1 = 0, corresponding to x ~ Xo, 

and item characteristic curve 

pr(8) = 1 - F(xo I 8). 

We can consider parameters describing the form of F(xo I 8) and 1 - F(xo I 8) in 
rough analogy with the parameters of single items: For example, if F(xo I 8') = !, 
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then 8' can be called the difficulty level of the classification rule; and 

a 
- - F(xo I 8) 

a8 

409 

evaluated at 8 = 8' can be called the discriminating power of the classification 
1'ule. We shall consider in detail below the ways in which such parameters of 
the test and other properties of classification rules depend on the parameters 
of the respective test items. Parameters such as ag, bg in logistic or normal 
items serve to characterize an item fully, and these parameters admit heuris­
tically useful and relevant descriptive interpretations. However, their principal 
significance lies in their precise role in contributing to the information structure 
of a test, a notion we shall elaborate in the following sections and chapters. 
For a classification rule represented by a function 1 - F(xo I 8), an analogous 
pair of parameters may be of some limited descriptive value, but in general 
they must fall far short of determining fully the course of 1 - F(xo I 8) and 
the values of all error probabilities of practical interest. A summary description 
of the error probabilities that is more useful for many purposes is a pair of points 
such as those represented in Fig. 17.4.3, which indicate that at the values 81, 82 

the error probabilities of respective types are 0.03 and 0.08. 
A standard technique of estimation, that of confidence limits, is directly 

applicable when the distributions of test scores are available graphically, as in 
Fig. 17.4.3, or equivalently in tables of percentage points. A lower confidence 
limit estimator with a confidence coefficient of 95%, say, is defined as any 
statistic lev) having the property that 

Prob [leV) ::; 8 I 8] = 0.95 for each 8. 

That is, for each possible value 8 of an examinee's ability, the probability is 
0.95 that the estimate t(v) derived from the response pattern of such an exam­
inee will be a correct lower bound on his ability. 

In the case at hand, where v is represented just by a test score x, it is easy 
to obtain a statistic lex) with the above property. Let x* denote the numerical 
test score of an examinee. Let 8*(x*, 0.95) denote the number 8* that satisfies 
the equation F(x* I 8*) = 0.95; in Fig. 17.4.2, 8* corresponds to x* in the sense 
that (x*, 8*) is a point on the 0.95 contour. Then 8* is a lower 95% confidence 
limit estimate of the examinee's ability 8. (The fact that Prob [8*(X, 0.95) ::; 
8 I 8] = 0.95 is an easily derived consequence of the definition of 8*.) Taking 
8* = 1.3, for concreteness of illustration, we may record this conveniently in 
the notation: Conf (8 ~ 1.3) = 0.95. 

Other confidence limits are determined similarly. For example, 8*(X, 0.25) 
is an upper 75% confidence limit estimator, defined implicitly by F(x I 8) = 0.25 
and having the basic property that 

Prob [8*(X, 0.25) > 8 18] = 0.75 for each 8. 

The pair of estimators, 8* (:r, 0.95), 8*(x,0.05), together constitute a 90% 
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confidence interval estimator of e; For each possible true value e, they include e 
between them with probability 90%. Among the various types of useful point 
estimators of e, one which we may conveniently describe here is e*(x, 0.5). 
This point estimator is median-unbiased, that is, it both overestimates and 
underestimates e with probability ~. 

The precision of a confidence interval estimator is represented by its con­
fidence coefficient, together with the typical lengths of the interval estimates 
that it determines; or, more precisely and adequately, by error probabilities 
for over- or underestimation by various amounts. We shall indicate below how 
such precision properties of confidence intervals and confidence limits can be 
related in detail to the discriminatory power of a test in classification by ability 
levels. 

17.5 The Information Structure of a Test and Transformations of Scale of Scores 

When we apply a test model in conjunction with a specific test to such classifica­
tion and estimation problems as the ones illustrated in the preceding section, 
we observe that no properties of the model play any role except the cdf's of the 
score of that specific test. For example, Fig. 17.4.2 might represent two dif­
ferent tests, each with very different numbers and types of items and item 
characteristic curves, but the estimation and classification methods based on 
scores of the respective tests would still have identical error-probability prop­
erties. This equivalence would hold even if the cdf's were different, but could be 
made to coincide when scores x of one test were transformed by a suitable in­
creasing function x*(x) into scores x* of the second test. This is true because 
no properties of the scale of scores x beyond simple ordering have been used 
here. Thus, for such standard inference methods based on an adopted test 
score formula, we may consider the family of distributions of scores F(x I e) 
as representing the essential information structure or canonical form of a test, 
with the qualification that the scale of scores x plays only the role of simple 
ordering. 

To illustrate this qualification, consider any given family of cdf's F(x I e), 
any arbitrarily chosen ability e2 , and the function defined by 

x* == x*(x) = F(x I (2). 

This is a strictly increasing function of x, and we can adopt it to define scores x* 
on a new scale; the range of such scores is 0 :::; x* :::; 1. Let the cdf's of such 
scores x* be denoted by 

F*(x* I e) == Prob [X*(V) :::; x* I el, o :::; x* :::; 1. 

A special property of scores defined in this way is that when e = e2 [that is, 
the ability level that has been arbitrarily chosen for the definition of x*(x)], 
the distribution of scores X* takes the special "uniform" form 

o :::; x* :::; 1. 
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This property characterizes the probability integral transformation x*(x). An 
illustration appears in Fig. 17.5.1, a figure that is a transformed version of 
Fig. 17.4.1. Since such transformations of scores are typically nonlinear, ex­
pected values and variances of the transformed scores x* do not have any 
simple relations to expected values and variances of scores x on the original 
scale. Thus the concepts and methods presented in this section are not closely 
linked with any use of moments of distributions of test scores at given ability 
levels. 

F* 

x* 

FIG. 17.5.1. Transformed version of Fig. 17.4.1. 

[If the curve for 03 were deleted from Fig. 17.5.1 and the resulting figure were 
rotated, the new figure would be familiar to many students of mathematical 
statistics (see, for example, Lindgren, 1962, p. 236). For each a, the test of the 
hypothesis H 0: 0 = O2 against the hypothesis HI: 0 = OIl based on rejecting H 0 

just when x* is sufficiently small, is the test that rejects just when x* ::; x: == a. 
The power of this test is given by 1 - (3 = F*(x! I (1) == F*(a I (1). Thus 
(3 = 1 - F*(a I (1) gives the "a, (3 curve".] 

17.6 Transformations of Scales of Ability 

It is interesting to consider the preceding point concerning the scaling of scores, 
in combination with the point concerning the scaling of abilities illustrated at 
the end of Section 17.1, where a certain freedom in specification of the ability 
scale was discussed. The latter point can be applied here: Abilities 0 can be 
replaced by abilities 0* = 0*(0) on a transformed scale in such a way that the 
family of cdf's of scores 

F**(x* I 0*) = Prob [X*(V) ::; x* I 0*] 

is given any chosen form compatible with the other conditions thus far assumed. 
For example, the transformation 0*(0) defining the new scale of abilities can 
be chosen so that each possible score value x* is the median of the distribution 
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of scores for ability level ()* = ()*«()) = x*; that is, so that 

F**(x* I ()*) = ! whenever x* = ()* = ()*«()), 

as in Fig. 17.6.1, which is a transformed version of Fig. 17.4.2. To prove this, 
we note that the condition F(x I ()) = 0.5 defines implicitly the function x«()), 
the median of scores x for each ability (), in terms of the given cdf's. Hence 
x*[x«())] is the median of transformed scores x* for each ability (). We are now 
free to define a transformation of abilities by 

()*«()) = x*[x«())]. 

Now for each ability (), the transformed ability ()* = ()*«()) coincides with the 
median of the distribution of transformed scores. 

1.-----------------~ 

e* 

x* 

FIG. 17.6.1. Transformed version of Fig. 17.4.2. 

We may mention another significant example of possible rescaling of scores 
and abilities. Let x*(x) be any arbitrarily chosen strictly increasing function, 
subject only to the mild restriction that the expected values of scores, C(X* I ()), 
exist for each (). Let us determine a new scale of scores by the transformation 
x*(x). Next, we can choose a transformed scale of abilities ()*, determined by 
the transformation function ()*«()) = C(X* I ()). From the assumption that the 
cdf's F(x I ()) are stochastically ordered, it follows that ()*«()) is an increasing 
function, and that the cdf's F**(x* I ()*) will also be stochastically ordered. 
Every scale of abilities ()* that may be determined in this way satisfies the 
essential condition for the definition of true score presented in Chapter 2, 
namely, C(X* I ()*) = ()* for each ()* (see Chapter 24). 

It is interesting to consider an analogous question: If any test model and 
score formula are given and are represented by a specified family of cdf's F(x I ()) 
having the two monotonicity properties assumed above, then is it always pos­
sible to keep the given ability scaling (which, of course, may have been obtained 
by an arbitrary transformation from a previous ability scaling), and also to 
realize simultaneously, by means of some monotone transformation x*(:r) of 
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the score scale, the essential condition for true-score theory, namely, () = 

C(X* I ()) for each 8? The answer is, usually, no-the possibility depends on 
the detailed structure of the given cdf's F(x I 8). To illustrate this simply, we 
shall assume that x has a finite number of possible values 

Xl < ... < Xj < ... < XM, 

and consider an arbitrary sequence of different possible values of (), namely, 
()t, 82 , .•• ()i, . . . . Let Gij = Prob (X = Xj I 8i) for each i,;'. (Here we drop 
the assumption of continuity of the cdf's F(x I ()), an assumption which is 
typically inexact although useful elsewhere.) If x*(x) is any monotone trans­
formation, we may write 

and * * * Xl < ... < Xj < ... XM. 

If the transformed scores x* are to satisfy the true score assumption 

() = 6"(X* I 8) == C[x*(X) I 8], for each 8, 

then for each i we must have 

or 
M 

8i = L: Gijxj. 
j=l 

In general, such linear equations in ]1.[ unknowns xl are inconsistent, even 
when only JI.1 + 1 such equations (determined by any chosen JI.1 + 1 values ()i) 

are considered in isolation. Thus the possibility of realizing the conditions for 
true score theory for the given ability scale, even by monotone transformation 
of the given score formula, is limited by and dependent on the detailed structure 
of the given model F(x I 8). This contrasts with the possibility of realizing 
the true score assumptions for the given score scale, which, as we have seen above, 
is always possible if a monotone transformation of the ability scale is allowed. 
The discussion here amplifies and formalizes the discussion in Chapter 2 of 
the relationship among various concepts of true score. 

On the other hand, to explore the approximate applicability of classical 
true-score theory to a given model when the given ability scaling is to be re­
tained, we can first choose successively values 8i that seem to represent the 
range of abilities of interest effectively and can then consider the sequence of 
equations 

M 

()i = L: Cijxj, 
j=l 

continuing so long as the equations are consistent and allow ordered solutions 
xj. If any set of such equations does not determine unique, ordered solutions, 
we may supplement it by adding arbitrary and possibly convenient independent 
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linear restrictions on the xj, possibly including specification of convenient 
values for 

x~ + x~ 1 M * 
2 ,or M L xj, 

J=l 

or some combination of these, until we have obtained M linearly independent 
equations. 

Whenever F(x 10) is a normal cdf for each 0, we may take 0*(0) = C(X I 0), 
which is both the mean and the median of X, for each o. When F(x I 0) is at 
least approximately a normal cdf, then 0*(0) = C(X I 0) is usually approxi­
mately the median (as well as exactly the mean) of X. 

Of course, weak true-score theory is characterized by its use of no restrictive 
assumptions on the forms of the cdf's F(x I 0) of scores other than low-order 
moments of scores. The preceding considerations illustrate some of the many 
connections and differences to be found between weak and strong true-score 
theories. 

17.7 Calculations of Distributions of Test Scores 

Applications of the inference methods illustrated above require adequate 
numerical determinations of the distributions of test scores at respective ability 
levels. In most practical work with cognitive tests, response patterns are 
represented only by test scores having the particular form 

n 

X = xCv) = L WgUg (17.7.1) 
g=l 

of weighted sums of item responses, where the Wg are specified numerical weights. 
Most commonly, the weights are specified as equal, either as Wg == 1, where 
calculation of x then gives the number of correct responses, or as Wg == lin, 
where calculation of x then gives the proportion of correct responses. In the 
following chapters, we shall see that in important cases a suitably chosen linear 
(or weighted-sum) score formula can be used to provide estimators with optimal 
or nearly optimal precision and classification rules of good discriminating power. 
In this section, we shall present some useful theoretical and computational 
methods for calculating distributions of test scores of this form and illustrate 
these by numerical examples of the applications illustrated above. 

The principal result that we shall present here is the normal approximation 
to the cdf F(x I 0) for score formulas x of any weighted sum form x = L;=l WgUg, 

where the Wg are given constants. The theoretical basis for such normal ap­
proximations in the general case consists of the central limit theorems available 
for sums of nonidentical independent random variables (see, for example, 
Lindgren, 1962, p. 147, and Loeve, 1955, p. 288). The resulting approximation 
formulas for F(x I 0) depend on the given test model only through the mean 
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and variance of X for each 8: 

n n 

C(X 18) = L C(wgUg 18) == L wgP g(8) , (17.7.2) 
g=1 g=1 

n n 

u2 (X 18) = L u2 (wgUg 18) == L w~Pg(8)Qg(8). (17.7.3) 
g=1 g=1 

Then the approximation formula is 

F(x I 8) == <l>{[x - C(X I 8)]/u(X I 8)}. (17.7.4) 

In connection with various specific test models and problems of application 
below, the preceding general formulas for the moments of scores will be spe­
cialized and substituted in the last relation. 

For test models with nonequivalent items, and for composite scores with 
unequal weights, we require here a form of the central limit theorem that allows 
nonidentically distributed terms WgUg. On the other hand, for many practical 
purposes we may conveniently interpret the hypothetical concept of increase 
without limit of the number n of nonequivalent test items as the case of a test 
model with Gn = ng items specified as follows: The first n items may have any 
specified ICCs; each successive set may consist of n items equivalent, respec­
tively, to those of the first set; and G may increase without limit. The simplest 
case of the central limit theorem, that of identically distributed terms, applies 
here, since each set of n items can formally be considered to contribute a single 
term 

n 

Zr = L wgUnr+o, r = 0, 1,2, ... , 
0=1 

provided that W nr+o = 10g for r = 1,2, .... 

G 

to X = L Zr, 
r=O 

Examples: Moments and quantiles of test scores for items of various types. 

lJloments of item responses 

1. Normal ogive 

2. Logistic 
C(Uo 18) = '!r[DLo(8)], 

where 
a et 

-.f;(t) = at '!ret) == (1 + et)2 
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3. Three-parameter logistic 

t!(Ug I (J) = Cg + (1 - cg)'lt[DLg«(J)] = 'It[DLg((J)] + cg'lt[-DLg«(J)], 

q2(Ug I (J) = (1 - cg)J/I[DLg«(J)] + cg(l - cg)'lt[-DLg«(J)j2. 

17.7 

Moments of terms in locally best composite scores (developed below in Section 19.3) 

Wg«(J) = P~«(J)/PoC(J)Qg«(J), 

t![Wg«(J)Ug I (J] = [P~«(J)/Pg(O)Qg(O)]Pg(O) = P~(O)/Qg(O), 

q2[Wg(O)Ug I (J] = Wg(O)2q2(Ug 10) = [P~«(J)2/Pg(O)2Qg(O)2]Pg«(J)Qg(O) 

= P~(O)2/Pg«(J)Qg(O). 

1. Normal ogive 

2. Logistic 

Wg(O) = agcp[Lg«(J)J/<I>[Lg((J)]<I>[-Lg((J)], 

t![Wg(O)Ug 10] = cp[Lg((J)]/<I>[-Lg(O)], 

q2[U'g(O)Ug 10] = a;cp[Lg(O)F/<I>[Lo(O)]<I>[-Lg(O)]. 

Wg«(J) = Dag (uniformly best weights), 

t!(wgUg I (J) = Dagif;[DLo(O)], q2(WgUg I (J) = D 2a;if;[DLg(O)]. 

3. Three-parameter logistic 

trg(e) = Dag'I![DLg(e) - log Cg), C[Wg(e)Ug [ e) = Dag'I![DLg(e»), 

Var [Wg«(J)Ug I (J) = (1 - cg)D2a;J/I[DLg«(J) - log cg)if;[DLg«(J)]. 

Moments of composite scores. Dividing each weight Wg in a scoring formula by 
the same positive constant (for example, the sum of the weights) does not 
change the ratio between respective weights, which is the essential feature of 
the scoring formula. Therefore we may express any composite score formula 
in the form 

n 

L: WgU g 

x = ::.c.g=....;I,--_ 
n 

L: Wg 
g=1 

For example, the weights 'lOg may be 

1) equal weights, for instance, Wg = 1 for g = 1, ... , k; 

2) best weights (developed below in Section 18.4) 

or 
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3) locally best weights 100 (0) = P~(O)/Po(O)Qo(O) as developed in Section 19.3. 
Thus we may write the moments of any composite score x as, say, 

n 

L lOoP o(O) 
C(X I 0) = -",,0_=.::....1 ---

n 

L Wo == p.(0) 
0=1 

and 

QuantiZes of composite scores under the normal approximation: a measure of 
information. Using our previous assumption that a given composite score x 
has cdf's F(x I 0) that are continuously strictly increasing in x and decreasing 
in 0, we may implicitly define the (1 - a)-quantile of X, which we denote by 

x*(l - a, 0), 

as the solution x of 

F(x I 0) = 1 - a. (17.7.5) 

If we assume in particular a normal form for the cdf's F(x I 0), we have 

x*(l - a, 0) 

defined as the solution x of 

F(x I 0) == <JI{[x - p.(O)]lu(O)} = 1 - a. (17.7.6) 

Taking <JI-1 of both sides and solving for x, we then have 

x*(l - a, 0) = p.(0) + <JI-1(1 - a)u(O). (17.7.7) 

[The quantity <1>-1(1 - a) is a normal deviate cutting off a normal-curve 
left-tail area of 1 - a.] 

The composite score will actually approach a normal form with increasing n, 
under the slight restriction that the values lO~Po(O)Q(J(O) are uniformly bounded 
away from zero for the given O-value considered. (This follows from the central 
limit theorem for the case of nonidentically distributed terms; see, for example, 
Loeve, 19.5.5, p. 310.) Under mild additional conditions (which will often be 
satisfied, and which can be checked with reference to specific applications), 
formula (17.7.7) can be approximated adequately closely, over any interval of 
O-values centered at any given value 0' and appreciably wide, by a linear func­
tion of O. This function of 0 may be written 

x*(l - a, 0) = A + B(O - 0'), (17.7.8) 
where 

A = p.(O') + <1>-1(1 - a)u(O') and B = p.'(O'), 
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[This function represents the Taylor series approximation to (17.7.7), 

x*(1 - a, 0) == JJ.(O') + cJ>-1(1 - a)cr(O') + JJ.'(O')(0 - 0') 

+ cJ>-1(1 - a)cr'(O')(O - 0'), 

17.7 

further simplified by deleting the last term. This term may be deleted because 

tends to be negligible in comparison with JJ.'(O').] By solving t17.7.8) for 0, we 
obtain the corresponding linear approximation 

O*(x, 1 - a) = 0' + [x - JJ.(8') - cJ>-1(1 - a)cr(O')]/JJ.'(O'). (17.7.9) 

Now the latter formula represents (approximately) the lower (1 - a)-level 
confidence limit estimate of the ability 0 of an individual with score x, as dis­
cussed in Section 17.4 above. One natural and convenient indication of the 
value of a given test and scoring formula is the width of the resulting confidence 
interval estimates of ability. The width of the approximate (1 - 2a)-level 
confidence interval indicated by the approximation (17.7.9) for any given 
a < ! is just O*(a, x) - 0*(1 - a, x) as determined from (17.7.9): 

We see that this width is proportional to cr(O')/JJ.'(O'), a constant independent 
of a, x, and 0 under the assumed approximation. For 0 near 0', therefore, this 
constant serves as an index of precision of interval estimation based on the 
given test and scoring formula. As it turns out, the same constant also charac­
terizes the effectiveness of the test and scoring formula for a wide variety of 
other purposes. Hence we shall use the term information to designate the 
related quantity 

(17.7.10) 

More precisely, we shall refer to 1(0', x) as the information provided by the 
given test and composite scoring formula in the neighborhood of 0'. The func­
tion 1(0, x) is called the information function of the scoring formula x. It should 
be noted that the symbol x appears here not as a variable argument of 1(0, x), 
but as an abbreviation for "the probability distributions F(x, 0) of the scoring 
formula x", in terms of which 1(0, x) is defined. The definition is of course made 
with reference to some specified mental test, in terms of which the scoring 
formula is defined; thus, for a given scoring formula, 1(0, x) is a function of 
o only. 
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There are two additional reasons for using the term "information" for this 
quantity: 

1. Let us consider the error probability functions of classification rules 
based on x. At 0', the slope of each of these functions has a given value 
a = a(O'). With increasing n, these values tend to be proportional to 

V 1(0', x) == p,'(O')lu(O'). 

Proof. Writing F(x I 0) = <p{[x - p,(O)]lu(o)} = <p(t), where t = [x - p,(O)]lu(O), 
we see that the slope of the error probability function 1 - F(x I 0) is 
-aF(x I o)lao. By the chain rule, this can be written as -[d<p(t)ldt] (atlaO), or 
-cp(t) (atlaO). Hence 

at 
ao 

{u(O)p,'(O) + [x - p,(O)]u'(O)} 
u 2 (O) 

- - vl(O, x), 

_ p,'(O) _ t u'(O) 
u(O) u(O) 

since, as we noted in the derivation of (17.7.9), u'(O) is small compared with 
p,' (0). 

2. With increasing n, when 0' is the true value, the point estimator O*(x, 0.5) 
tends to be normally distributed, with mean 0' and variance 1/1(0', x). 

Thus l(O, x) plays the role of an index of precision of estimation. If we are 
dealing with nonlinear scoring functions x = xCv), then we cannot apply the 
central limit theorem in the direct way indicated in connection with (17.7.4) 
above. Nevertheless, for an important and wide class of nonlinear scoring 
functions and estimators, we can show that there is an approach to a limiting 
normal distribution with increasing n. The definition 1(0, x) or l(O, 0*) = 
p,'(o)2Iu2(o) is extended to such cases of nonlinear x or 0* by taking p,(O) and 
u 2 (O) to represent the asymptotic moments of x and 0*. These asymptotic 
moments are moments of the limiting normal distributions, which are in theory, 
and in relevant examples, distinct from the limits of exact moments of x or 0*. 

In particular, in Section 20.3, we shall consider the maximum likelihood 
estimator (j and its information function l(O, (j) in some detail. As in the pre­
ceding special case, we shall see that the role of an index of precision of estima­
tion is played quite frequently by the information function 1(0, x), for a given 
scoring formula, and 1(0, 0*), for a given test and estimator. * 

* For derivations and discussions of these properties, see Cramer (1946, pp. 498-506) 
or Birnbaum (1961a, pp. 122-127). In such discussions of asymptotic distributions 
in connection with maximum likelihood, the results (1) and (2) above are obtained 
by replacing the "score" Sex, 0) = (ajao) logf(x 10) by [x - C(X I O)l/u(X 10). 
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These and other uses and interpretations of the information functions 1(0, x) 
of various test models and composite score formulas will appear below, par­
ticularly in Chapter 20, where self-contained discussions of some aspects of 
information functions are given. 

17.8 Quantal Response Models in General 

The test models introduced in this chapter have analogues in other technical 
and scientific areas. Models of the general form Prob (V = v I 0) have been 
called quantal response models. The normal ogive model (including the three­
parameter case described above) has been used extensively in biological assay 
work. (See, for example, Finney, 1944 and 1952. In the second reference, com­
parisons between biological and psychometric applications are given.) The 
use of the logistic model as an alternative to the normal in bioassay work has 
also been developed extensively (see Berkson, 1953 and 1957). For another type 
of biological assay, the dilution series model with Pg(O) . 1 - e-agO has been 
used (Fisher, 1922, pp. 363-366, and Cochran, 1950). Applications of such 
models have also been made in industrial gauging (Stevens, 1948) and genetics 
(for example, Rao, 1965, pp. 302-309, and Kempthorne, 1957, p. 181, and 
references therein). An appreciable part of the discussion in the next chapters 
has general relevance to quantal response models. 

17.9 Estimation of Item Parameters 

Two maximum likelihood methods have been given for estimating the item 
parameters in the normal ogive test model, by Tucker (1951) and by Lord 
(1953). These are discussed by Torgersen (1958, pp. 388-391), where they are 
related to other mathematical problems that arise in scaling. In the following 
paragraphs (1) and (2), we present two adaptations of these methods to the case 
of the logistic model. [For the restricted case of the logistic model described in 
Section 17.2, in which only the item difficulty parameters bg are unknown, 
Rasch (1960) has given advantageous estimation methods. Many details of 
the derivation and calculation of estimates presented in the next paragraphs 
have forms similar to those of the more restricted estimation problem discussed 
in more detail in Section 20.3, which deals with maximum likelihood estimates 
of ability.) 

The likelihood function of the responses observed when an n-item test is 
administered to a group of N examinees of abilities Ob O2 , ••. , ON is 

Let 

N n 

L = II II {I - 'l1[Dag(Oc - bg)]}exp[Dag(Oc - bg)ugc). 
c=1 g=1 

n 

Xc = L u gc 
g=1 

(17.9.1) 
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denote the raw score of examinee c. Then 

n 

C(Xe I Be) = 1: ir[Dao(Be - bo)] 
0=1 

is an increasing function of Be, provided that all ao are positive. For two exam­
inees of abilities Be and Be' > Be, we have Prob {Xe' > Xc} ~ 1 as n increases, 
provided that the ao are bounded away from zero and the bo are bounded. That 
is, there is a tendency for ability order to be reflected correctly in the ordering 
of raw scores, as the number of items increases. 

1. If we assume that the examinees are a random sample from a population 
in which the ability B has a standard normal (or logistic) distribution, 
then, as N increases, the distribution of Be values over examinees con­
verges (with probability one) to the standard normal (or logistic) dis­
tribution. Correspondingly the ability B[PN]' which exceeds just a given 
proportion P of the abilities Be in a sample of n examinees, converges 
(with probability one), as n increases, to Bp = cp-1(p) [or to ir-1(P)/D]. 
This second limit is the ability that exceeds just the proportion P of 
abilities in the population. Let P e denote the proportion of raw scores 
in the sample that are less than Xe, and let 

(17.9.2) 

Then it follows, under the conditions on item parameters mentioned in 
the preceding paragraph, that B(xe) ~ Be (with probability one) as both 
nand N increase. Thus, in practice, with Nand n finite, we may regard 
B(xe) as an estimate of Be. In the next paragraphs, we treat the Be as 
known, with the understanding that in applications they shall be re­
placed by their numerical estimates B(xe). 

The likelihood function L now has as unknown arguments just the 2n 
item parameters ao and boo The maximum likelihood equations 

are easily simplified to 

1 N 
N 1: Beir[Dao(Be - bo)] = to, 

e=1 

where 
1 N 

So = N 1: uoe 
e=1 

and 

g = 1, ... ,n, (17.9.3) 

g = 1, ... , n, (17.9.4) 
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For each g, the pair of equations (17.9.3) and (17.9.4) in ag and bg can be 
solved for the maximum likelihood estimates ag and bg by numerical 
iteration with the aid of Berkson's (1957) tables of '1'. 

After each cycle, or after several cycles, of calculation of the successive 
approximation values 

[ (1) b(1)] [ (r) b(r)] ag , g , ••• , ag , g , g = 1, ... ,n, 
the first trial values 

(17.9.5) 

given by (17.9.2) may be replaced by the successive approximations 
O~r), for c = 1, ... , n, where o~r) is a formal solution of the equation for 
estimation of Oe when all item parameters are assumed known. This 
formal solution and its conditions are discussed in detail in Section 20.3 
below and used in the next paragraph. 

2. Dropping now the assumption made in (1) of a known prior distribution 
of abilities, we may obtain from L the maximum likelihood estimates Oe 
of the examinees' abilities Oe, along with the estimates ag and bo of item 
parameters. Even in this case it is convenient to begin an iterative pro­
cedure for computing all Oe, ao, and bg with first-cycle values O~1) = O(xe) 
defined as in (17.9.2). Then second-cycle values O~2) can be obtained from 
the maximum likelihood equation (see Section 20.3) 

o log LjoOe = 0, 
or 

n n 

L: ag'1'[Dag (Oe - bg)] = L: agUge, (17.9.6) 
g=1 g=1 

with a and b replaced by a(1) and b(1) Then OW can be replaced by 0(2) y g g g • 

in (17.9.3) and (17.9.4), and the second-cycle values a~2) and b~2) can be 
obtained as solutions of those equations. Further cycles could run through 
(17.9.6), (17.9.3), and (17.9.4) in several possible patterns of iteration. 

Lord (1967) has successfully applied a procedure similar to that just outlined 
to various sets of data, using a computer program written by Diana Lees. In 
one application, the ay, by, and Oe values were simultaneously estimated for 
3000 examinees and 90 items (a total of 270,000 item responses). Bock (1967) 
has reported successful estimation of ao and by values by a method based on the 
assumption that Oe is normally distributed in the population of examinees. 
Substantial variation in ag values was found in both of these applications. 

17.10 Validity of Test Models 

Some aspects of questions of validity and adequacy of fit of specific test models 
were discussed in Chapter 16. For the logistic model, the estimation methods 
indicated above may be useful as part of an empirical test of fit. Where specific 
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techniques of testing fit are concerned, the reader should be aware that some 
established approaches to testing goodness of fit have come to be considered 
unsound and potentially misleading by a number of statisticians and scientific 
workers. An alternative perspective on testing adequacy of models is one based 
primarily on rather direct, often graphical, comparisons of data with significant 
aspects of models. Here a crucial role is played by relatively unformalized 
judgments that involve both the subject-matter context and statistical con­
siderations. Bush (1963) has described and illustrated one such perspective on 
testing models. 

The bearing of some of these questions on statistical efficiency of estimation 
of ability will be discussed in Section 19.1. 
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If ep(x) is the distribution of X, then 

ep(x) = J~oo g(x - e)p(e) de. 

The conditional distribution of E for given x is now 

fee I x) = g(x - e)p(e) . 
ep(x) 

The conditional mean of E for given x is thus 

p.(E I x) = _(1 ) Joo eg(x - e)p(e) de. 
ep x -00 

Integrating by parts and using (22.6.2), we obtain 

where 

p.(E I x) = eptx) [ -u2g(x - e)p(e) + u2 f p(e)g~(x - e) de]:: 

2 JOO 
= u() p(e)g~(x - e) de, 

ep x -00 

g~(x - e) == ~g(x - e). 
ae 

(22.6.5) 

(22.6.6) 

(22.6.7) 

(22.6.8) 

(22.6.9) 

The first term in brackets in (22.6.8) vanishes because of the behavior of pee) 
at e = ± o(). The integration by parts is permissible if the last integral in 
(22.6.8) exists; in particular, if g' exists and is bounded. 

Now 

a: g(x - e) = -g~(x - e). (22.6.10) 

Substitute this into (22.6.8), and use (22.6.5) to find 

u 2 a JOO 2 ep'(x) 
p.(E I x) = - ep(x) ax -00 p(e)g(x - e) de = -u ep(x) , (22.6.11) 

where 
d 

ep'(x) == dx ep(x). (22.6.12) 

This last step, again, is permissible so long as g' exists and is bounded. 
The conditional mean of the true score for a given observed score, finally, is 

p.(T I x) = p.(X - E I x) = p.(X I x) - p.(E I x) = x + u 2[ep'(x)/ep(x)]. 
(22.6.13) 

Thus the regression of true score on observed score is a simple function of the 
frequency distribution of the observed score, the slope of this distribution, and 
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the variance of the errors of measurement. If known, this regression can be 
used to estimate any examinee's true score from his observed score. 

Note that if the distribution of X is unimodal, the estimated true score Jl(T I x) 
for any examinee whose observed score is below the mode of the distribution of X 
will be higher than his observed score; the estimated true score for any observed score 
above the mode will be less than the observed score. This effect might be called 
regression toward the mode. It may be summarized roughly by stating that 
extreme observed scores should be somewhat discounted as probably attributable in 
part to extreme errors of measurement. 

If the distribution of observed scores is flat within any interval of X, there 
will be no regression toward the mode for observed scores in this interval. Note, 
however, that if the errors are normally distributed with fixed variance (1'2 > 0, 
and if (22.6.13) is valid, then the distribution of X cannot be rectangular. 
We may prove this by supposing the converse. If the distribution were rec­
tangular, then the regression of true score on observed score would be 
Jl(T I x) = x, by (22.6.13), and would coincide with the regression of observed 
score on true score (3.7.1a). However, two linear regressions can coincide only 
if the two variables (X and T) are perfectly linearly related. This cannot occur 
if (1'2 > O. 

A formula for 6"{[T -Jl(T I x)F I x}, the variance of the errors of prediction 
when predicting T from x, could presumably be derived by an extension of the 
derivation already given. This is left as an exercise for the interested reader. 

In practical work (see Trumpler and Weaver), it is necessary to substitute 
the first differences of the sample grouped frequency distribution for the deriv­
ative required in (22.6.13). To the authors' best knowledge, no one has success­
fully studied the statistical inference problems involved and found a practical 
modification of (22.6.13) that will provide a consistent and, if possible, reason­
ably efficient and unbiased estimator of Jl(T I x). 

The lack of such an estimator is not too serious if, as is probably often true, 
the regression Jl(T I x) is not too nonlinear. In such cases, the linear least­
squares regression of Section 3.7 can be used. 

22.7 The Assumption of Normally Distributed Errors 

Pollard (1953) gives a mathematical condition on cp(x), the frequency distri­
bution of X, that is both sufficient and necessary for the errors to be normally 
distributed with constant variance for fixed T. Since Pollard's condition in­
volves an infinite number of derivatives of cp(x), it does not readily lend itself 
to statistical inference. A similar comment applies to a multivariate extension 
of Pollard's result given by Standish (1956). No adequate alternative practical 
procedures appear to be available. 

Strictly speaking, if the test score X is the number of items answered correctly, 
it is clear that E cannot be normally distributed for fixed T, since in this case X 
is both discrete and bounded. If the test score is neither discrete nor bounded, 
the assumption of normally distributed errors may be plausible. 
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At the end of Chapter 10, we summarized a study by Lord (1960) which 
showed that if the test score is taken as the number of items answered correctly, 
then the errors of measurement studied were not normally distributed, nor 
were they distributed independently of true score. In Chapter 23, we shall 
discuss a possible model for the distribution of the errors of measurement in 
such cases. 

22.8 Conditions for Linear Regression of True Score on Observed Score 

If (22.6.13) gives the regression of true score on observed score, then the con­
dition for linearity (assuming that (12 rf 0) is that the last term be a linear 
function of x; that is, the condition is 

cp'(xl = A + Bx 
cp(x) , (22.8.1) 

where A and B are unknown constants. Integrate both sides to obtain 

log cp(x) = Ax + lBx2 + C, 
or 

cp(x) = exp (lBx 2 + Ax + C). (22.8.2) 

Since cp(x) is a frequency distribution, (22.8.2) shows that the observed score x 
must be normally distributed. Since the errors are normally distributed, in­
dependently of true score, it follows that the true score must be normally 
distributed also. Thus we have 

Theorem 22.8.1. If the errors of measurement are normally distributed inde­
pendently of true score (as assumed in 22.6), then, under the regularity con­
ditions assumed in Section 22.6, the regression of true score on observed score 
will be linear if and only if the true scores are normally distributed. 

If a particular population of examinees has a normal distribution of true scores, 
but a sub population is selected in which this distribution is not normal, then 
the regression of true score on observed score in the subpopulation will be 
nonlinear. 

A general result can be obtained without assuming any particular form for 
the frequency distribution of the errors of measurement. * Kendall and Stuart 
(1961, Section 28.5) have shown that if some variable Y 2 has a linear regression 
on Yb so that tff(Y2 i Y l ) = A + BY b then 

a1/l(Ob O2 ) I = iA + B d1/l(Ol, 0) , 
a02 O2 =0 dOl 

(22.8.3) 

where i == V=I and 1/I(Ob O2 ) is the bivariate cumulant generating function of 
Y l and Y 2 . 

* The remainder of this section assumes some familiarity with characteristic functions. 
The reader may skip to the next section without loss of continuity. 
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This result can be applied to the present problem by starting with the bi­
variate characteristic function of X and T, which may be written 

<P(Ol, ( 2) == t9'exp (iOlX + i02T) = t9'exp [i01(T + E) + i02T] 

= t9'{exp [i(Ol + (2)T] exp (iOlE)} = <PT(OI + (2)<PE(01), (22.8.4) 

where ~(O) and <PE(O) are the characteristic functions of true score and error, 
respectively. Thus, the cumulant generating function for observed score and 
true score can be written 

(22.8.5) 

Differentiate (22.8.5) to obtain 

al/t(Ob (2) = dl/tT(O) I + dl/tE(O) I 
a01 dO 0=0 1 +02 dO 0=0/ 

al/t(Ob (2) = dl/tT(O) I 
a02 dO 0=0 1+02 • 

Insert these results into (22.8.3) to obtain a necessary condition for linearity 
of regression: 

Without loss of generality, we can suppose that a constant has been sub­
tracted from all observed scores so that the mean of X in the population of 
examinees is zero. Thus A = 0 when Y 2 = true score and Y 1 = observed 
score. Also, by (3.7.2), B = p, where p is the test reliability coefficient, which 
we assume to be nonzero. The last displayed equation can now be written 

(1 _ p) #T(O) = p dl/tE(O) . 
dO dO 

(22.8.6) 

Integrate both sides to obtain, finally, 

(22.8.7) 

(Any constants of integration must cancel out, since l/t(0) = 0 for any random 
variable.) Thus, when the errors are distributed independently of true score, a 
necessary condition for true score to have a linear regression on observed score is 
that l/tT(O), the cumulant generating function of the true scores, be a constant multiple 
of l/tE(O), the cumulant generating function of the errors of measurement. 

If the cumulant generating function can be expanded in a power series, then 

dTt(O) I 
dOT 0=0 
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is the rth cumulant. Thus, under regularity conditions, (22.8.7) shows that 

(1 - p)K¥) = PK<;) , r = 2,3, .... (22.8.8) 

Taken together with (22.2.4), this shows that the true-score cumulants after 
the first are the same as the observed-score cumulants, except for the constant 
factor p: 

r = 2,3, .... (22.8.9) 

A special case satisfying (22.8.7), (22.8.8), and (22.8.9) is, of course, the 
case where the true scores and the errors of measurement are both normally 
distributed. Here 

(22.8.10) 

The reader may verify (22.8.8) and (22.8.7) for this special case, remembering 
that P = cri/<ri- and cri- = cri + cr~. 
22.9 Conditions for Linear Multiple Regression of True Score 

on Two or More 'T-Equivalent Observed Scores 

Ferguson (1955, Theorem 5) has proved a theorem that can be specialized for 
present purposes. 

Theorem 22.9.1. Let the random variables X b X 2 , ••• , Xg, ... , X n , n ;::: 2, be 
r-equivalent measurements on a population of examinees, the errors of mea­
surement Xg - T, g = 1,2, ... ,n, being distributed independently of each 
other and of the true score T with zero means and nonzero variances. Then for 
the multiple regression of T on X b ... , X n to be linear, it is necessary and 
sufficient that T, Xl, ... , Xn be jointly normally distributed. 

The proof of the theorem will not be given here. 
It appears from this theorem that strict linear regression of true score on 

observed score is a rather specialized and unusual situation. 

22.10 Conditions for Linear Regression of One Measurement on Another 

Lindley (1947, Section 3.1) has proved a theorem that includes the results of 
Section 22.8 as special cases. Rephrased for present purposes, it is 

Theorem 22.10.1. Given that 

a) true score T 1 has a linear regression on true score T 2 with slope {3, and 

b) the errors of measurement El = Xl - Tl and E2 = X 2 - T2 are dis-
tributed independently of each other and of T 1 and T 2, 

then a necessary and sufficient condition for the regression of observed score Xl 
on observed score X 2 to be linear is that the cumulant generating function of T 2 

be a multiple of the cumulant generating function of E 2. Specifically, this 
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condition is 
(22.10.1) 

where B is the slope of the regression of X 1 on X 2. 

A proof of this result is also given by Kendall and Stuart (1961, Section 29.57). 
Lindley has given several related theorems, including the multivariate 

generalization of Theorem 22.10.1. The interested reader is referred to his 
article and to Ferguson's. 

It appears from this theorem that strict linear regression of one observed 
score on another is a specialized occurrence. However, approximate linear 
regression does seem to hold in practice for many sets of empirical data. 

Exercise 

22.1. Suppose X and Yare essentially T-equivalent. Show that the regression of X 
on Y is linear if and only if the regression of true score on observed score is 
linear for Y. 
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