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Transformations for Estimation of Linear Models

WAYNE A. FULLER and GEORGE E. BATTESE *

with Nested-Error Structure

Two linear models with error structure of the nested type are consid-
ered. Transformations are presented by which uncorrelated errors with
constant variances are obtained. The transformed observations are
differences between the original observations and multiples of aver-
ages of subsets of the observations. The transformations permit the
calculation of the generalized least-squares estimators and their co-
variance matrices by ordinary least-squares regression. Regression-
type estimators are presented for use when the variance components
are unknown. Sufficient conditions are presented under which the esti-
mated generalized least-squares estimator is unbiased and asymptoti-
cally equivalent to the generalized least-squares estimator.

1. INTRODUCTION

For the linear model

Y = Xg + u, (1.1)

where

Xis an (n X p) matrix of fixed constants of rank p;
B is a vector of p unknown parameters;

E(u) =0; and

E(uu’) = V, where V is positive-definite,

1t is well known that the best-linear-unbiased estimator
for B is the generalized least-squares estimator

8 = (X'V1X)"1X'V-1Y 1.2)
which has covariance matrix
cov (8) = (X'V-1X)1. (1.3)

Except for special forms of the covariance matrix V,
the generalized least-squares estimates and their vari-
ances and covariances are not obtained by the ordinary
least-squares regression of Y on X. To obtain the gen-
eralized least-squares estimates by the matrix operations
suggested by (1.2) may not be computationally con-
venient. With a large number of observations on the
variables in a linear model, it is possible that the storage
required by the available programs exceeds that of the
computer facilities.

If, however, a transformation matrix T can be found
such that the transformed errors

u* = Tu (1.4)
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are uncorrelated with constant variances, the generalized
least-squares estimator (1.2) is given by the regression of
the transformed dependent variable TY on the trans-
formed independent variables TX. Further, the statistics
obtained by an ordinary least-squares regression program
are appropriate for hypothesis testing. Numerous ways
are available for constructing the T matrix of (1.4). The
utility of any particular transformation depends on its
computational convenience. Lemma 1 gives a procedure
for constructing the matrix V—! which satisfies the
relationship
V=iVyV-i =1,

With use of the transformation matrix T = Vi, the
transformed errors Tu are uncorrelated with variances
equal to one.

Lemma 1: If V is an (n X n) positive definite sym-
metric matrix with distinct characteristic roots Ay, A, - - -,
A having multiplicity m,, ms, - - -, m,, respectively, where
> i_im; = n,then V can be expressed as V = > 1 MAy,
where the A; are mutually orthogonal, symmetric idem-
potent matrices which satisfy the conditions VA; = \;A;,
1 =1,2, -+, r. The matrix V—} defined by

V= SN A
satisfies the relationship V-VV—} =1,.

Proof: Let B; denote an (n X m;) matrix of m; mutually
orthogonal, normalized characteristic vectors associated
with A; and let the (n X n) matrix A; be defined by
A;=BB,i=1,2 --. r. It follows that VA; = \A;
since B, satisfies the condition VB, = \;B,. The A; are
mutually orthogonal, symmetric idempotent matrices and
the matrix 3 ;_; A, is thus idempotent and has rank, the
sum of the ranks of the A; (e.g., see Theorems 1.68 and
1.69 of [5]). Hence the matrix > ;_; A; is the identity
matrix of order n. Therefore, the matrix Q = > ;_; M:A;
hasinverse Q—! = 3.7_; \; *A.. Since

VO™ = TN VA = TN (NA) = 1,
the matrix 3°;_; \iA; is equal to V. Further,
Vo= TN A
satisfies the condition V-AVV~t = I,.
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Transformations for Linear Models with Nested-Error Structure

For linear models with nested-error structure the de-
composition V = 3_; \;A; is easily obtained. We sug-
gest a transformation matrix that is a multiple of the
matrix V-, The transformation has the advantage that
it can be performed by relatively simple arithmetic
operations.

In most practical problems, the nonzero elements of
the matrix V are unknown and must be estimated from
sample data. If the estimated covariance matrix is
denoted by V, we obtain the values of the estimated,
generalized least-squares estimator

6= XVIx)XVy (1.5)

by the ordinary least-squares regression of TY on TX,
where T is the estimate for the transformation matrix T
obtained from the elements of V.

2. THE ONE-FOLD, NESTED-ERROR MODEL
2.1 Model Presentation

Frequently data arise from the random selection of
“individuals” for which several ‘“measurements” are
made. For example, & sample of women may be selected
and height measurements taken for the individuals over
several years in a study of the relationship between
height and age of adult women. This “nesting”’ pattern,
by which the data are generated, has, in general, a
significant bearing on the statistical model that is ap-
propriate for satisfactory analyses of the data.

In the presentation of the statistical model for the
analysis of observations that arise in a one-fold, nested
structure, we denote the variable under study by the
letter y with two subscripts. The first subscript dis-
tinguishes the ‘“‘individual” in the sample, and the second
subscript distinguishes the ‘‘measurement” for the par-
ticular individual. We assume that ¢ ‘“individuals’” are
selected at random and that n: ‘“measurements” are
made on the 7th individual. We do not require that the
number of measurements be the same for all individuals.
The linear model is expressed as

Y4
Yi; = Zk-l xijkﬂk + Uij,

i=1L--,n; 1=1,---,t (2.1)
and
Uij = V; + € (2.2)
where
y:; denotes the value of the jth measurement for the ith
individual ;
Zijiy k = 1, -+ -, p, denote the levels of the p control variables

at which the observation y;; is obtained (the z;; are assumed
fixed constants) ;

Br, k =1, ---, p, denote the unknown parameters to be esti-
mated ; and

uij, the random error associated with y;;, is assumed the sum of
the random effect associated with the ith sample individual
(v;) and the random effect associated with the jth measure-
ment for the 7th individual in the sample (e;;).

The random errors »; and e.; are assumed indepen-
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dently distributed with zero means and variances ¢2 and
o?, respectively, where o> > 0 and o2 > 0. The co-

variance structure for the random errors u;, defined by
(2.2), is thus expressed by

E(uiuiy) = 03 + aﬁ, if 1=4, j=7
= ¢, if =4, 77 (23
=0, if 44,

Subsamples from primary sampling units and split-
plot experiments are classical examples of situations in
which the error mode] (2.2) may arise. Thus, for these
examples, ¢ is interpreted as the number of primary
sampling units in the sample or the number of whole-
plots in the experiment, and n; is interpreted as the
number of elements subsampled in the ¢th primary
sampling unit or the number of subplots in the 7th whole-
plot. In the split-plot, experimental-design situation, the
number of silbplots in each whole-plot is generally the
same for all whole-plots.

2.2 Transformation for the One-Fold, Nested-Error Model

We suggest the transformation of (2.1) into the regres-
sion equation

Yij — aiffi. = E:—l (Tije — oin)Br + u:' (2.4)

where
ai =1 — [o3/(o% + nis)) ]}

and ¥, Zix, k =1, 2, - - -, p, denote the averages of the
n; y- and z-measurements on the 7th individual. In
Theorem 1 we prove that the errors, u:,-, are uncorrelated
and have variances o>.

This transformation was suggested by Fuller in 1965
and presented in [11, p. 95]. It has been applied in
several agronomic studies {e.g., [2, 127]) and in a nutri-
tional study of individuals over time [4].

Theorem 1: For the linear model (2.1)-(2.3), the
transformed errors, ufj = u;; — aill;, where

(2.4a)

U, = Z;;x Uij/ 1,
are uncorrelated and have variances o2,

Proof: The result can be proved by direct evaluation
of the expectations. An alternative approach is to express
the model in matrix notation and show that the trans-
formed model (2.4) is obtained with use of the results of
Lemma 1. We write the linear model (2.1) as

Y=X341u

where Y = (Yiy Yé; Y Y;)’ Ylt = (yila Yizy * ')y‘-'ﬂi) and
the X and u matrices are constructed similarly. We
assume that the (¥Ny X p) matrix X in (2.5) is a matrix
of fixed constants and has rank p, where N, denotes the
number of observations on the y-variable for the one-fold,
nested-error model (i.e., N1 = 3f; ni).

Given the assumptions on the random errors v; and
e;;, the covariance matrix for the vector u is the block-

(2.5)
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diagonal matrix
vV, 0 .-~ 0
v [0 T 0 (26)
0 0 ... V,
where .
Vi = o, + 6], (2.6a)

and I, denotes the identity matrix of order ni, and Jx,
denotes the (n; X n.) matrix with all elements equal
to one.

It is readily verified that the characteristic roots of
V. are o2 and (o2 + nio2), having multiplicity (n: — 1)
and 1, respectively. Further, V, is equivalently ex-
pressed as

2

1 2 2 1
Vi = o. (I,.,- —_ Jm‘) + (0’, + n.-a.,) _Jﬂi (27)
n; n; )

where [I., — (1/n)Ja,] and (1/n:)J.; are symmetric
idempotent matrices that are mutually orthogonal. From
Lemma 1, or by direct multiplication, we find that the
matrix

Y 1 1 2 2
vl' = In.‘ - Jﬂg‘ T + - Jn.’/(oe + nio'o)% (28)
ng ng

transforms the error vector wu;, associated with the
covariance matrix (2.7), into a vector of errors that are
uncorrelated with variances equal to one. Thus the
matrix T; = ¢.V;? transforms the error vector u; to a
vector of uncorrelated random variables with variances
o>. The matrix T, is equivalently expressed as

2 2 2 1
Tt’ = Ini - {1 - [ae/(ae + niav)]*} ;‘ J'm'- (29)

Thus, by pre-multiplying the one-fold, nested-error model
(2.5) by the block-diagonal matrix

T, 0 “e. 0
-9 T 0 (2.92)

we obtain the transformed model that is expressed
algebraically by equation (2.4).

2.3 Estimation of Variance Components

When the variance components o> and o> are un-
known, the values of the transformation factors «; defined
in (2.4a) must be estimated from estimates of ¢> and o2
The different techniques available for estimation - of
variance components are reviewed by Searle {107, but
no definitive results are available to suggest the “best”
method. To estimate the variance components in our
model, we use the well known ‘fitting-of-constants”
method suggested by Henderson [6] and discussed by
Searle [10, p. 54].
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By regressing the y-deviations, y:;; — #., on the
z-deviations, z., — Zix, £k =1, 2, ---, p, that are not
identically zero, we obtain the unbiased estimator for o2

82 =88/(N1—t—p+\) (2.10)

where &€ denotes the residual sum of squares obtained
from the regression and A, is the number of z-variables
which are a linear combination of the indicator variables
for individuals. By use of the deviations from individual
means, the “individual effects” are removed. If the only
z-variable which is a linear combination of the indicator
variables for individuals is a column of ones, then the
regression is performed on the p — 1 columns of z-devia-
tions Zix — Zix, k =2, - -+, p.

The variance component o> is unbiasedly estimated by

ol X 42
5 = wu — (W — p)é (2.11)
N, — tr [(X’'X)? Z:-=1 nf:i::a';':]
where 4’4 denotes the residual sum of squares from the
regression of Y on X, and %, denotes the (1 X p) vector
having kth element Z,x, k =1, 2, ---, p.
We suggest the non-negative estimator of o2

=& if ¢2>0

2.11
=0 otherwise. ( 2)

The estimators for o2 and o7, given by (2.10) and

(2.11a), are substituted into (2.4a) to obtain estimators
for the transformation factors.

In the classical split-plot experiment (where n; = n
for all 7), the expectations of the split-plot error mean
square and the whole-plot error mean square are o> and
o> + nol, respectively, in our notation (see [8, p. 375]).
This implies that, for data from split-plot experiments,
the transformation factor (2.4a) can be estimated by use
of the split-plot and whole-plot error mean square as
computed from the split-plot, analysis-of-variance table.

2.4 Properties of the Estimated, Generalized
Least-Squares Estimator

The estimated, generalized least-squares estimator
(1.5), obtained by use of the estimators ¢2 and 42, re-
mains unbiased for 8 in a wide range of situations.

Theorem 2: If the errors, u;, in the linear model
(2.5)—(2.6) have fourth moments and are symmetrically
distributed, and if the expectation of (¢2)~! exists, then

E@®) = E{X VX)X V1Y) = g,

Proof: Since u is distributed symmetrically about zero
and the estimators 62 and 4% are even functions of u, it
follows from the result of Kakwani [7] that 8 is unbiased
if its expectation exists. To demonstrate that the expecta-
tion exists, we consider an arbitrary linear combination
of ( — 8). Let n denote any vector of real numbers from
n-dimensional space. We consider the expectation of
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In'X(8 — 8)[. Now
X8 — )| = o' TVHAX(X V1 X)1X' V-lu|
< G V) V1 X (X' V1X)—1X/ V-1 )
< (@' )i V-tu)t

where the last inequality follows from the fact that
V-X(X'V-1X)1 X’ ¥ is a symmetric idempotent matrix.

The minimum and maximum characteristic roots of V
are 62 and ¢2 + npé2, respectively, where ny, is the largest
of the n;, 7 = 1, 2, .-+, . Therefore

s o &3+11L&3* , ,
Tt < () it
g

Since (62 + nré?) is bounded by a multiple of uu, the
multiple depending on the matrix X, and since the
expectation of (¢2)~! exists, and the wu; have fourth
moments, it follows that Eln'X(3 — 8)| is finite and
thus E(8) = 8.

We note that if the errors u.; are normally distributed
and if (Ny — ¢t — p + A1) > 2, then the expectation of
¢2)~1 exists, and hence § is unbiased for 8.

To consider the large-sample properties of the esti-
mated, generalized least-squares estimator, we first set
the problem in a somewhat more general context. We
express the model as

Y. = X.3 + u, (2.12)

where

X, denotes an (n X p) matrix of fixed constants of rank p;
8 is a vector of p unknown parameters;

E(u,) = 0for all n; and ‘

E(uau,) = V,and V! exists for all n.

We define the regularity conditions:

(1) The elements of V, are functions of a g-dimensional vector
of parameters v, such that the elements of the matrices

<]
Yr

Gnr('Y) = 3 v_l('Y); r = ly 2; o q
are continuous functions of v in an open sphere S of +%, the
true value of the parameter vector v;

(2) The sequences of matrices { X»} and {V.} are such that

1 ’
lim = X'V, ' (y) Xa = M(v),
n

n—oo

where M () is a (p X p) matrix of fixed constants such that
M~1(y) exists for all v in S, and

.1,
lim ;L X,.G,.r(v) X, = Hr('Y);

where H,(v) is a matrix whose elements are continuous func-

tionsof y,r=1,2, ---, ¢; and
(3) An estimator, V, = V,(%), for V, = V,(¥?) is available
such that V,; 1(%) exists for all n and ¥ satisfies the condition
¥ =9+ 0,(n9,

Theorem 3: The regularity conditions (1)-(3) for the
linear model (2.12) are sufficient conditions for the

5 >0
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estimator

8. = (X VX)X VY,
to have the same asymptotic distribution as the estimator
Bn = (XAV ' X)XV

Proof: A sketch of the proof is the following:
The estimator 3. can be written

Ba = 8+ XV (D)X ] KV, () U,
By a Taylor’s expansion with remainder about the true
parameter ¥°, we obtain
AN S & e
1 r -1 —1 1 !yl
- (Cxvlen ) (Cxv ao,
n n
q 1 v A
+ Zr:l {(— Xnvn (Y*)Xﬂ) - anﬂf(Y*)u”>
n n
1 -1
- <_ Xnvn (Y*)Xn) (_ annr(Y*)Xn>
n n
1 - /1 . 0
'(_ X,V, (‘Y*)Xn <;L Xnvn (Y*)un ('Yr - 'Yr)
n .

where v* is between 4° and y. By the regularity conditions
(1)-(3), it follows that

(Br — 8) = (B — 8) + O [n ]
and so

V(. — 8) = Vr(B. — 8) + O0,(n?).

Corollary 3: Given the model Y. = X.8 4 u,, where
the elements of u, are independent random variables
with the covariance structure of (2.3), the u,; have finite
fourth moments, ¢! and [X¢-; (n; — 1)J! are both of
order n=%, § > 0, where n = Y :_; ni, X, X, is nonsingular
for all n, and lim o (1/7) X4 X, and lim, ., (1/2)X,V, X,
exist and are positive definite (p X p) matrices; then

B. = (X, V. 1X)XLV MY,
has the same asymptotic distribution as the estimator

Br = (X V' X)XV Y

Proof: The matrix V,, associated with the nested
model, is a function of the two parameters o> and o2 The
matrix V, is block-diagonal with ¢th block

1 2 2 1
Vni = COe (Im' - _Jm'> + (‘Te + n‘v") _J""
g ni

The matrices denoted by G..(y) in condition (1) of
Theorem 3 are block diagonal with the matrices

G (1 2(1 1 ) 1 1 J
nil — — :é) ni n J'm‘ (ag + nio-z)z n niy

i=1,2 ---,¢
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and
1

Guip =~ —————
T (o + mod)?

Jm’: 1"=1)2;"')t

as blocks for G,:(y) and G..(v), respectively.

Clearly, the elements of these matrices are continuous
functions of ¢ > 0 and ¢ > 0 in a sphere containing
the true parameters. Since lim,.. (1/n) Yi_;, n’%/X;
exists by assumption, then condition (2) of Theorem 3
is satisfied. Further, condition (3) of Theorem 3 is satis-
fied since the variance of 42 is of order [f-; (n,— 1)]?
and the variance of ¢2 is of order

max {[Xio1 (n: — 1], 7},

The existence of the fourth moments of the u.; implies
that the variances of ¢2 and 4> exist. The result of

Corollary 3 thus follows from Theorem 3.

3. THE TWO-FOLD, NESTED-ERROR MODEL
3.1 Model Presentation

We extend the model considered in Section 2 to the
case where there is a two-fold nesting structure in the
data. The variable under study, y, thus has three sub-
scripts. The first subscript distinguishes the “individual”’
in the sample, the second subscript distinguishes the
“measurement’ for the particular individual, and the
third subscript distinguishes the ‘“determination” of the
measurements on the individuals. We assume that ¢
“individuals” are chosen at random and n; ‘“‘measure-
ments” are taken on the <th individual, each of these
measurements having K; ‘‘determinations.”” We thus
assume that, for a given individual, the number of
determinations is the same for each measurement. We do
not require that the number of measurements or the
number of determinations be the same for all individuals.
The linear model is expressed as

Yijp = Z::l ZijkmBm + Uik, E= 1, -, Ky

P=1 e mg
i=1--8 @1
and
Uik = Vi + €5 + € (3.2)
where

¥:;x denotes the value of the variable obtained at the kth deter-
mination of the jth measurement on the 7th individual in the
sample;

Zijkm, m = 1, - -+, p, denote the levels of the p control variables

at which the observation y.jx is obtained (the z;jxm are as-
sumed fixed constants) ;

Bm, m =1, .-, p, denote the unknown parameters to be esti-
mated; and

uijx, the random error associated with the observation yij«, is
assumed the sum of the random effects associated with the
ith individual (»:), the jth measurement on the sth individual
(e:7), and the kth determination of the jth measurement on
the ¢th individual (e;;i).

We assume that the random errors v;, e;;, and ey
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are independently distributed with zero means and
variances o2, o2, and o2, respectively, where o2 > 0,
o2 >0, and o> > 0. The covariance structure for the
random errors u;; in the two-fold, nested-error model
(3.1) is thus expressed by

E(uijkui’j’k’) = 03 + 03‘*‘ 02:; if = 7:’, Jj= jl; k=Fk
=2+ if i=4, j=7, kAK
= o2, it 4=4, j=g;
=0, if 457

A classical example of the two-fold, nested-error model
is the split-split-plot experiment. In our notation, t would
represent the number of whole-plots in the experiment,
n (where n; = n for all ) would represent the number of
split-plots per whole-plot, and K (where K; = K for all 1)
would represent the number of split-split-plots per split-
plot in the trials. A second example is subsampling within
primary, secondary, and tertiary sampling units.

3.2 Transformation for the Two-Fold, Nested-Error Model

For the two-fold, nested-error model, we suggest the
transformation

Wi — eriffi;. — o)

P - _ *
= Y mot @ijem — ifijom — 0285 . m)Bm + Ui,

k=1, - Kg j=1-ng i=1--,1 (3.4)
where
ai; = 1 — [6%/(o + Kid) ]} (3.4a)
a = [0/ (o7 + Kisd)

— [0%/ (0% + Kio? + n:Kis2)]t. (3.4b)

Fijy Zij.mym = 1,2, .- p, denote the averages of the
y- and z-determinations for the jth measurement on the
ith individual; and §:.., &i..my,m = 1, 2, - - -, p, denote the
averages of the y- and z-measurements for the ¢th indi-
vidual. In Theorem 4 we prove that the errors, u?,-,,, are
uncorrelated and have variances o>.

Theorem 4: For the linear model (3.1)-(3.3), the
transformed errors, u:k = Uyr — oiflij. — azifls.., where
Uij, = ZkK':l u,-,-k/Ki and ;. = Zjn':l ZkK;l u;,-k/n,-K;, are
uncorrelated and have variances o2

Proof: It can be shown that the transformation (3.4) is
obtained by twice applying the one-fold, nested-error
transformation (2.4). An alternative approach is to
demonstrate that the transformation arises from the use
of Lemma 1. This approach is outlined with the use of
the matrix notation. We express the linear model (3.1) as

Y=Xg+u 3.5)
where

Y= (Y{x Yé) T Yt,),; Y’: = (Yc{l; ;2) ) Yllm ’
Y = (i, Yis2, - - -, Yisx,) and the X and u matrices are
similarly constructed. '
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The number of observations in this linear model,
Y i_, nK;, is denoted N,. As in the one-fold, nested-error
model, we denote Y i_; n: by N1. The covariance matrix
for the vector u in the linear model (3.5) is the block-~
diagonal matrix

V, 0 --- 0
v= |2 Vo 0 (3.6)
0 0 - V.,
where
Vi = oLk, + o Muk; + o3 ) nik; (3.6a)

and I, denotes the identity matrix of order =K,
M.k, denotes the Kronecker-product matrix of I., and
Jx., and J..x; denotes the square matrix of order n.K;
with all elements equal to one.

The covariance matrix V; is equivalently expressed as

2 1
V.' = Oe¢ (In.‘Ki - ;(— Mm"Ki

1

2 o f 1 1
+ (Ue + Kio'e) EMniK.' - RJﬂiKﬁ

b (0} 4 Kt 4 nKio)) —— Jume (37)
niK;
where it can be verified that the three matrices in this
expression are symmetric idempotent matrices that are
mutually orthogonal. The coefficients of the idempotent
matrices in (3.7) are the characteristic roots of V;. From
Lemma 1, the matrix

1
- E MniKi) /Ue

v, = (IMK;
Jn;K.')/(Ui + K.’di)*

+ ( 1 M 1
Ki niKs ’n,iK,-

631

transforms the error vector u; of model (3.5) to one with
errors that are uncorrelated with variances equal to one.
Thus the matrix T; = ¢.V; ! transforms the error vector
u; to variables with variances equal to o> The matrix
T, is equivalently expressed as

1
T: = Luig: — {1 - [“i/(ﬂf + Kiai)]*} EMMK"

— {[os/ (o2 + Kio) ]}
1

— [ov/(or + Kios + n:Kiow) 1H}
n.-K.-

Jm'Ki- (39)

Thus, by pre-multiplying the two-fold, nested-error
model (3.5) by the block-diagonal matrix

’ T1 0 0
T = (_.) Tﬁ . ? (3.9a)
0 0 - T,

we obtain the transformed model that is expressed
algebraically by equation (3.4).

3.3 Estimation of Variance Components

We present the fitting-of-constants estimators for the
variance components in the two-fold, nested-error model.
By regressing the y-deviations, y.x — #i;., on the
z-deviations, Zijkm — Zijm, m = 1,2, -+, p, that are not
identically zero, we obtain the unbiased estimator for o>

(3.10)

where &'t is the residual sum of squares from the regres-
sion and A, is the number of z-variables that have con-
stant values for all determinations of measurements for
individuals.

From the regression of the y-deviations, y:jx — #..., on
the x-deviations, Zijxm — Zi.my m = 1, 2, - - -, p, that are

&% = E'ﬁ/(Ng - N1 - p+ Xm)

. . . . . . . .
+ Toik: / (o: + Kioo + niKio)? (3.8) not lzdentlcally zero, we obtain the unbiased estimator
n:K; for o7
2 é’é—'(Nz'—t—p"*')\l)&zg
G, = — — (3.11)
Ny —tr {[(X — X0.))'(X — Xa.))]™? 2 Z;f;le(f-'j. — %) (%i5. — Xi.)}
where
&’é denotes the residual sum of squares from the regression;
A1 denotes the number of z-variables that have constant values for measurements of individuals;
(X — X(1..;) denotes the [N2 X (p — Ay)] matrix of the values of the independent variables in the regression; and
(X;;. — X:..) denotes the (p — A1) row vector of the non-zero deviations,
%i.m — Zi.m, for the jth measurement on the sth individual,
The estimator for o2 is
PPN 2 t ni 2, 2
2 Wi~ (Ne—p)de — (N — tr [(X'X)! Ticn )1 Ki%i5 X5, 16
G, = (3.12)

N, — tr[(X'X)1 30 n2K?%) X ]
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where

1'd denotes the residual sum of squares from the regression of
Y on X in model (3.5);

X.;. denotes the (1 X p) vector of means of the z-values for the
determinations of the jth measurement for the ith individual ;
and

%... denotes the (1 X p) vector of means of the z-values for the
determinations and measurements on the 7th individual.

In practice, if a negative value is obtained for é2 or 62,
the corresponding variance component is estimated by
Z€ro.

In balanced split-split-plot experiments, the transfor-
mation factors «y; and ass, defined by (3.4a) and (3.4Db),
are functions of expectations of mean squares from
the associated analysis-of-variance table. That is, o3
(62 + Ko2), and (o? + Ko? + nKo>) are the expectations
(in our notation) of the split-split-plot, split-plot, and
whole-plot error mean squares, respectively (see [8, p.
3817). This implies that for data from a traditional split-
split-plot experiment, the transformation factors (3.4a)
and (3.4b) can be estimated directly from the analysis-of-
variance table for the data.

A proof completely analogous to that of Theorem 2 can
be used to show that the estimated, generalized least-
squares estimator for the two-fold nested model is un-
biased under the condition of Theorem 2. Likewise, the
conditions of Corollary 3 are sufficient for this estimator
to have the same limiting distribution as the generalized
least-squares estimator with known variance components.

4. CONCLUSION

The transformations suggested for use with the nested-
error models considered in this article are such that the
variances of the transformed errors are the same as that
of the error term in the final state of “nesting.” This fact
is useful for goodness-of-fit testing in certain research
situations. For example, if the data arising from a split-
plot field experiment are used for the estimation of a
crop-response function, the split-plot and whole-plot
error mean squares from the analysis of variance are used
to estimate the variance components unbiasedly. Under
the hypothesis of a given response function (assumed to
be a linear model), the residual mean square from the
regression with the transformed data estimates the vari-
ance of the split-plot error. An approximate F-test for
goodness-of-fit for the hypothesized response function is
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thus obtained, given that the errors are normally dis-
tributed (e.g., see [2, 127]).

In this article, attention has been confined to trans-
formations useful in the estimation of linear models with
nested-error structure. In recent years the linear model
with the error decomposition u;; = v; + ¢; 4+ e, © = 1,
2, -+, N;7=1,2, ---, T, has been considered for the
combining of cross-section and time-series data in econo-
metries (e.g., [1, 9, 13]). In another paper [3], the
authors discuss the estimation of linear models with this
error structure.

[Received March 1972. Revised January 1973.]
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