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Nonorthogonal Analysis of Variance—Once Again
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In a previous article, Appelbaum and Cramer discussed the relationship be-
tween orthogonal and nonorthogonal analysis of variance (ANova), noting that
the problems traditionally associated with the nonorthogonal anova are easily
resolved by viewing anova as a series of model comparisons. Overall, Spiegel,
and Cohen described another method that they argued estimates the same pa-
rameters and tests the same hypotheses in both the orthogonal and nonorthog-
onal cases. In the current article it is noted that since this is true of all the
methods under consideration, in the context of comparing linear models, a pref-
erence must be based on other grounds. In particular, it is shown that our
method is more powerful when there is no interaction or when there are small
interaction effects. For the interactive case it is noted that their test is a test
of equally weighted marginal means and that although marginal means may be
of interest in some circumstances, the weights may be freely chosen, depending
on the substantive problem. Any tests of significance in the interactive case are

dependent on the weights used.

Considering the bulk of the literature on the
subject, nonorthogonal analysis of variance
(aNova) must seem a complex and paradoxical
area of statistics, This is not so, provided the
problem is seen as one of comparing competing
models of nature and estimating the param-
eters of nature within the context of a model.

We first presented (Appelbaum & Cramer,
1074) a general critique of the substantial
literature that appeared prior to 1972, Our
stern words were directed to the literature as
a whole and not to any one article. We argued
that there is a single method of least squares
but that there are many different tests of
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significance, each of which corresponds to a
comparison of two different linear models.
Overall and Spiegel (1969) discussed three
“methods,” each involving comparisons of
specific linear models. They seemed to favor
their Method 2, which involved what can be
called the tests of A eliminating B, of B
eliminating A, and of AB eliminating A and B.
These tests imply the comparison of the
following :

A eliminating B:

Vii=p+4ai+8i+¢
and

Vij=n+8i+ ¢
B eliminating A:

Vii=wu+ o+ 8+

Kl

and

Vij=ptoaite
AB eliminating A and B
Vij=p+oaitBitvite

and

Vi=p+to+8;+e

In our article we emphasized that in a non-
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orthogonal design one must also consider the
tests of A ignoring B and B ignoring A, that is,
the comparison of the models,

A ignoring B:
Vij=p+4 ai+ ¢

and
Vii=u+ ¢
B ignoring A:

Yz'j = U + {3)1—{_ €
and
Viij=p+ e

We specifically showed how the failure to
consider these tests could lead to incorrect
conclusions. None of the Overall and Spiegel
(1969) “methods” consider examining all of
these tests (i.e., making all of the model
comparisons), and hence, in our view, none
can be considered as complete.

Analysis of the Recommendation Presented
by Overall, Spiegel, and Cohen

More recently, Overall, Spiegel, and Cohen
(1975) have advocated Method 1 over Method
2. Method 1 can be described as testing main
effects eliminating interactions or as comparing
a full interactive model with one in which only
a single main effect term is dropped, but the
interactive term is retained. Describing how
they have arrived at their conclusions, Overall
et al. note that

the strategy that appeared most often to be recom-
mended in applied statistics texts involves basically a
“main effects” model with tests for interaction effects
included as a safeguard against departures from addi-
tivity (Rao, 1965; Snedecor & Cochran, 1967; Winer,
1971). The analysis proposed by Appelbaum and
Cramer (1974) follows this logic. (p. 184)

The argument against this approach, as de-
veloped by Overall et al., rests on a single
principle that we believe is correct and proper
and on a single procedure that we believe is
incorrect.
The principle is

that the method for the analysis of variance of data
from nonorthogonal designs should estimate the same
parameters and test the same hypotheses as can other-
wise be estimated and tested in a balanced analysis

of variance experimental design involving the same
factors. (Overall et al., 1975, p. 184)

This principle is consistent with our views,
since in our (Appelbaum & Cramer, 1974)
article we said, “Having decided to employ
the method of least squares . . . one is left
only with the selection of possible models and
model comparisons. The models sclected are
logically independent of the observed numbers
of observations per cell” (p. 336). Since the
models do not involve the numbers of observa-
tions per cell, it follows that our methods test
the same hypotheses and estimate the same
parameters whether there are equal numbers of
observations or not.

By the same logic it follows that all of
Overall and Spiegel’s (1969) methods test
the same hypotheses and estimate the same
parameters in both the orthogonal and non-
orthogonal cases, once one has specified the
competing models. The choice among different
methods must be based on other criteria. The
procedure that Overall et al. used to demon-
strate the superiority of Method 1 is faulty,
since it involves duplication of observations
to make the design orthogonal. This, of course,
violates the assumption of independence in
ANOVA,

We now examine our reasons for rejecting
the routine use of Overall and Spiegel’s
(1969) Method 1, as it has been advocated.
Tirst, we consider some problems of estima-
tion that were not treated in our earlier article.

Estimation and the Ouverall el al. Crilerion

It is not true, as suggested, that if two
methods estimate the same parameters, they
must yield the same estimates. To estimate a
population mean, we could use the sample
mean or simply use the first observation, dis-
carding the others. Both the sample mean and
the first observation are unbiased estimators
of the population mean, but they will, in
general, yield different estimates. The sample
mean is better, since it will be closer to the
population mean on the average. This pre-
cision of estimates is the crucial distinction
between the methods that Overall et al. (1973)
advocate and the methods that we advocate.

We did not deal with estimation in the non-
orthogonal ANOVA in our earlier article (Appel-
baum & Cramer, 1974), since we did not
believe that there was any disagreement as
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to what was appropriate. We now feel that
this topic does require some attention.

The estimation problem is easily and com-
pletely solved, once one decides on the model
that one believes applies to the real world. The
usual role of significance testing is to deter-
mine, based on the data of the real world,
which model is the most reasonable one from
among a set of competing models. Having made
a decision as to which model obtains, one may
then estimate the parameters of the model,
but estimation may occur only in the context
of a particular model.

One possible model—the two-factor inter-
active model—is

Y;j=u+6\5i+ﬁj+7i;‘+ €. (1)

It is a trivial matter to obtain a set of least
squares estimates of the parameters of this
model. We say “a set” because there are
infinitely many sets that are equivalent, in the
sense that they will yield identical predicted
values of ¥y It is, however, a standard
practice to impose additional constraints on
the model, to obtain a unique set of estimates.
The purpose of the constraining system, how-
ever, is solely computational convenience, It
is obvious that the very best we can do in this
model is to predict the cell means exactly, since
there are no parameters that are unique to any
single observation. Any two models that pre-
dict the cell means exactly must be equivalent.
Tt is also a consequence of the mathematics of
the system that any model that has as many
independent parameters as cells must predict
the cell means exactly.

There exist infinitely many constraining
systems that may be applied to the full inter-
active model, to produce the computational
determinacy desired. The simplest of these is

p=ca=f;=0,
for all 7 and j, leaving the model,
Vij=vi;+ e (2)

Tn this case the least squares estimates of v,
are simply the observed cell mean, ¥;;.

The more conventional constraining system,
however, is

Za;=z_ﬁ,;=Z’Yu=Z'Yij=0. (3)

If the design has a levels of Factor A and &
levels of Factor B, there are then (after the
imposition of the constraints) 14 (¢ — 1)
4+ — 1)+ (e — 1)(b — 1) = abindependent
parameters, which is also the number of inde-
pendent parameters in the model specified
by Equation 2. This equals the number of
cells in the design, and it then follows that
the model constrained in this way must be
equivalent to that in the model specified by
Equation 2. For those familiar with the matrix
approach to the aNova, this result is readily
apparent, since the model matrix for this
constrained design must have ¢ X b columns,

It is also a trivial matter to directly write the
least squares estimates of the parameters of the
interactive model constrained hy Equation 3.
They are

Eaigl Y
|
:<l =

and

< o &
!
~
I
o
<

Vy=Y;—-Y.-Y;+7Y, (4)
where ¥, is the unweighted average of the
cell means, and ¥;, and ¥ ; are the unweighted
averages of the cell means for row 7 and column
4, respectively. Substituting these estimates
into the model specified by Equation 1 gives

I/z'j = U + aAz' + 81+ ﬂ?ij = Yijy

again showing the equivalence of the models
specified by Equations 1 and 2.

We thus see that estimation in the inter-
active model is an easy matter, with the
estimates of the parameters being simple linear
functions of the observed cell means and being
free of the u;;.

In fact there is no gain in talking of esti-
mating parameters in the model specified by
Equation 1, since it is equivalent to the model
specified by Equation 2, which is a cell means
model requiring no constraints. We have
a X b populations (one per cell), and the only
parameters of intercst are their means and
their common variance.

The situation, in general, is not nearly so
simple when there is no interaction, that is,
when estimation proceeds within the main
effects model,

Vi=p+ait 8+ e )
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In general, we would have to solve a set of
simultaneous least squares equations to obtain
estimates of parameters in the model specified
by Equation 3. An exception, however, is in
the orthogonal case, in which the estimates
of u, o, and §8; have the same form as in the
model specified by Equation 4. In the more
general nonorthogonal case, there will again be
infinitely many solutions to the unconstrained
least squares equations, although estimates
of u + a; and u 4- 3, will be unique.

An interesting consequence of lcast squares
estimation is that if the main etfects model is
the correct model, but if one uses the estimates
of u, o;, and B; obtained from the interaction
model, one still obtains unhiased estimates of
V. These estimates of V;; are, however, less
precise; that is, they have larger variances
than do the estimates obtained from the correct
main effects model. For this reason is it de-
sirable to estimate the parameters of the main
effects model when we have accepted that
model as the true one rather than to use the
estimates from the interaction model.

Tests of Significance Following a Nonsignificant
Test of Interaction

We can, of course, never know except in the
probabilistic sense of a statistical test whether
there is truly an interaction present in nature.
We must in the final analysis rely on the results
of statistical tests to direct us to reasonable
models on which to base our estimation pro-
cedure. We must then consider which behavior
is appropriate when the data dictate an inter-
action-free model and what the consequences
of such behavior are. There are, in this respect,
only three cases that need concern us; in all
three we assume that the statistical test of
interaction is nonsignificant, whereas the state
of nature is as indicated.

Case 1: No inleraction in the population and
nonsignificant tesl. The first case we consider
is the case when there is indeed no interaction
present in nature. No empirical demonstration
is needed to verify that if one has the form of
the true linear model, the least squares esti-
mates of the parameters in that model will be
the best unbiased linear estimates. Further-
more, it is obvious that if one fits an interactive
model, when there is in fact no interaction, one
will obtain unbiased estimates that will not be

minimum variance. For this reason, it is a mis-
take to include worthless effects in an anova
model, just as it would be to include worthless
variables (variables that do not improve pre-
diction) in a regression problem. The addi-
tional sampling error causes the main effect
parameters and the estimated cell means to
have larger standard errors than would the
estimates from a main effects model. This point
has been noted in a regression context by
Walls and Weeks (1969) and is exactly what
would occur if Overall and Spiegel’s (1969)
Method 1 were applied in this case. The in-
crease in sampling error may be substantial
and will result in less powerful tests of main
effects.

Case 2: Small inieraction in the population
and nonsignificant lest. The second case is
the situation in which there is a true inter-
action, but its magnitude is too small to be
detected by a conventional test of interaction.
We have previously argued that the main
cffect parameters are not meaningful for the
interactive model but that the predicted cell
means are. The predicted cell means will have
a smaller variance when estimated in the
main effects model than when estimated in the
interactive model, since the variance depends
only on the variance of the dependent variable
and on the design matrix. (X in the usual
matrix approach to aNova.) The predicted cell
means will, however, be biased in this case.
Since minimum variance unbiased estimators
do not exist, the mean square error becomes
relevant for comparison. We must add the
mean squared bias (which will be a function of
the magnitude of the small but nonzero inter-
action terms) to the variance to obtain the
mean square error. This term will he small,
if the interactive effects are small, as would
be the situation under Case 2. Operating under
Case 2, we still estimate the same parameters
and test the same effects in both the orthogonal
and nonorthogonal cases, but we simply
estimate and test with a small amount of bias.
We gain substantially, in that the estimates
will be more precise and the tests will be more
powerful than if we followed Overall and
Spiegel’s (1969) Method 1, which is based on
the interactive model.

To see the difference, let us compare the
variances of the estimated parameters and
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estimated cell means for the data used by
Overall et al. (1975). In Table 1 we have com-
puted the variances of the estimated main
effect parameters and the predicted cell means
for both the main effects model (our procedure)
and the interactive mode! (Overall & Spiegel’s,
1069, Method 1). If X is the matrix of inde-
pendent variables, the variance-covariance
matrix of the estimated parameters is (X'X)~'¢?%,
whereas the variance-covariance matrix of the
predicted cell means is X(X'X)~'X'¢%. The vari-
ances are on the diagonals of these matrices
and do not depend on which model is correct
in nature. Since ¢? serves only as a scale factor,
we have assumed in Table 1 that it is equal
to one. We see that the estimated parameters
of the main effects model have slightly smaller
variances than those of the interactive model,
whereas the corresponding predicted cell means
have substantially smaller variances, when
estimated from the main effects model. The
effect on the predicted cell means is particularly
marked for the cells with a small number of
observations, since the variance of a sample
mean (the predicted value for an interactive
model) is simply ¢%/#.

Case 3: Large interaction in the population
and nonsignificant lest. 'The third case covers
the situation in which a large interaction is
somehow not detected by the interaction test.
In this situation the reverse of Case 2 will occur,
and the mean square errors of the estimated
parameters and cell means will be smaller for
the interactive model. The probability of this
third case occurring is remote, however, for if
the magnitude of the interaction effects is large
and if the sample size is reasonable, the power
of the interaction test is large.

In the case of a nonsignificant interaction
with a high p value (e.g., .2), many investi-
gators would pool the interaction with error.
The gain from this will be slight unless the
error degrees of freedom are small, and only in
this case would we choose to pool.

We conclude, then, that if the true inter-
action is null or small, one should not use the
Method 1 tests, since they will be less powerful
than the ones we have recommended. The
examples we gave in our earlier article also
apply to Method 1 tests. We showed there
how one would be led to falsely conclude that
there was no main effect, when the proper con-

w
(943

Table 1

Variances of Parameter Estimales and Predicted
Cell Means for 2 X 5 Factorial Design

With Unequal Numbers of Observations,
Assuming o = 1

Type of model

Parameters Main effects Interactive

Estimates of paramecters

p 161 169
o 241 244
@y 235 244
B 241 244
B2 224 231

Estimated cell means

7 116 167
Yi 151 333
Vi 158 333
Vi 158 333
Vo 112 167
Yo 154 333
Vi 151 333
Y3 109 167
Vi 112 167

clusion was that there was one main effect of
indeterminate origin. In the case of a large
interaction, we expect a test of reasonable
power to detect the interaction, and we con-
sider that situation below.

On Main Effects, Marginal Lffects, and
Interaction

Overall and Spiegel (1969) have suggested
specific tests of main effects regardless of
whether there is a significant interaction. We
believe that this is based on the mistaken
notion that orthogonality rather than non-
orthogonality is the norm. We believe that a
good deal of the confusion in nonorthogonal
ANOVaA is due to the fact that in the orthogonal
case, tests of different model comparisons yield
numerically identical results. We argue that
even in the orthogonal case, the standard
tests of main effects should not routinely be
used in the presence of an interaction. Indeed,

“we have made in our earlier article specific

recommendations as follows:

1. Begin with the full model including main
effects and interaction effects.

2. Test for a significant interaction; if this
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Table 2
Hustration of Marginal Means
Factor Weights
Ifactor B3, B, w=.9 w=1 w=0
Interactive model
Ay 10 20 15 10 20
A, 20 10 15 20 10

Noninteractive model

Ay 10 20 15 10 20
Ay 30 40 35 30 40

test is significant, no tests of main effects are
appropriate; however, one may wish to test
certain contrasts in the cell means to aid in
interpretation of the results. In making this
second recommendation, we had in mind a
distinction hetween main effects and marginal
effects that we discuss later. We have never dis-
puted the claim that the so-called tests of main
effects in the presence of interaction are valid
tests of something. We question, however,
whether they test hypotheses that are typi-
cally of interest, when there is an interaction,

Additional insight into the nature of this
problem can be gained through a more careful
consideration of the problems of testing and
estimating “main effects” in the presence of
interaction. At this point it is necessary to
introduce a basic logical distinction between
two concepts that have, unfortunately, come
to be held as virtually synonymous—a main
effect and a marginal effect. By a main effect,
we mean the effect of a particular experimental
treatment or state of nature that is the
common and consistent effect of that treat-
ment or state of nature, irrespective of which
other treatments or states of nature it is com-
bined with, By a marginal effect, we mean
simply the effect of the experimental treat-
ment (state of naturc), averaged, in some
sense, over all occurrences of that treatment.
These two concepts are equivalent only in the
noninteractive model. In the case of a model
in which there is an interaction, the two con-

cepts are distinct ; in fact, under the interactive -

model, the concept of a main effect does not
apply, for an interaction implies that there is
no consistent effect of the treatment but
rather that one must consider that treatment

in combination with some other treatment(s)
to assess its effect. This distinction can also be
demonstrated by the concept of a simple row
(or column) effect that is commonly defined
as the difference between a cell mean and its
corresponding row (or column) mean. If, for a
given factor, the simple effect of the several
treatments should be identical for all levels of
other factors, this constant simple effect is the
main effect.

Given then that one is operating with a
model that contains an interaction term, it is,
at best, misleading to speak of main effects, for
one is considering marginal effects. These
marginal effects will be averages of cell means
across rows or columns of the design. There
is no particular reason for using a simple
average rather than a weighted average. If
the model is truly interactive, the weights used
will have a substantial effect on the marginal
effects. Suppose, for example, that the cell
means are like those shown in Table 2 for a
2 X 2 aNova, If we define a marginal A mean as

171’. = 'wf]il + (1 - 74‘)) I;}1".2)

we find that the difference in marginal means
for A will be 0, —10, or 10, depending on
whether w is .5, 1, or 0. For the data from a
noninteractive model shown in Table 2, we
find that the difference in marginal means is
20, regardless of what the weights are.

The tests of main effects proposed by Over-
all et al, (1975) in Mecthod 1 are in fact tests
of equally weighted marginal means for an
interactive model. It can also be shown that
these tests are equivalent to the method of
unweighted squares of means proposed by
Yates (1934) and discussed by Bancroft (1968).
These are tests of the equivalence of row or
column marginal means

Hi, = Z Pvij/b;
J

and

M= Z I—‘ij/a'-
1

These particular marginal means are but one
of many possible sets of marginal means that
can be constructed, and it is by no means
clear that this is the most desirable set to test
in any particular situation (see Appelbaum &
Cramer, 1976).
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We agree that the procedures advocated by
Overall et al. (1975) test the same hypotheses
in both the orthogonal and nonorthogonal
case; further, we agree that they are wvalid
tests of certain hypotheses, but we doubt that
they are hypotheses of particular interest in
either the orthogonal or nonorthogonal case.
We believe that informed statistical analysts
would not routinely perform a test of main
effects in the presence of a significant inter-
action in the orthogonal case; why then in the
nonorthogonal case? They might consider tests
of weighted marginal means, as we have dis-
cussed here and elsewhere (Appelbaum &
Cramer, 1976), in which the weights would
depend on the substantive problem. More
typically we expect that they would be con-
cerned with explaining the interaction through
tests of simple effects within levels of the
interacting effect or through subdividing the
design into interactive and noninteractive
pieces.

Conclusion

In this article we have shown that the
significance testing procedures that we have
previously recommended for the nonorthogonal
ANOvVA are consistent with the basic principle
advocated by Overall et al. (1975), namely,
that in the nonorthogonal case one should
estimate the same parameters and test the same
hypotheses that one would estimate and test
if there were equal numbers of observations in
the cells. Indeed, that principle is implicit in
our original articie (Appelbaum & Cramer,
1974). We have further shown that their
method for achieving the stated goal, if
routinely applied, will not lead to optimal
tests or cstimates. In our discussion of the
relationship between estimates and hypothesis
testing, we have made clear the reasons for
preferring our procedure, since it leads to more
powerful tests and more precise estimates.

It must be recalled that the issues of how to
estimate effects and how to test hypotheses
are distinct. The methods discussed by Overall
et al. and by us are methods for testing hy-
potheses and not for the estimation of effects.
Once one has decided on a model, one uses

least squares to obtain estimates of the param-
eters in that model. Given a tentative model,
one tests hypotheses to determine if a simpler
model is plausible. Of course, given a simpler
model, one may wish to estimate the param-
eters of that model in preference to the more
complex one. This distinction is not one that
we uniquely make. Bock (1975}, for instance,
regards these as distinct processes. He begins
with some initial model, performs tests of
significance to determine if a simpler model is
appropriate, and then estimates the parameters
in the simplest reasonable model. We have
seen no evidence that suggests that the
methods advocated by Overall et al. are pre-
ferable. We continue to maintain, along with
Rao (1965), Snedecor and Cochran (1967),
and Winer (1971), that one should test main
effects, assuming that no interaction is present,
when this is what is suggested by the data
at hand.
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