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SOME PROBLEMS IN THE NONORTHOGONAL
ANALYSIS OF VARIANCE*
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Nonorthogonal analysis of variance has been much misunderstood by psy-
i chologists, and as a result there has been considerable controversy as to the
appropriate methods of analysis. These problems traditionally associated with
the nonorthogonal multifactor analysis of variance are rather easily resolved by
viewing the analysis of variance (either orthogonal or nonorthogonal) as a
series of model comparisons. From this point of view, the analysis of highly
< confounded designs is seen to yield results that correspond to those that a
purely loglcal analysis would suggest. A logical flow of comparisons and de-
cisions is developed for both the two- and three-factor designs that, although

more complicated than procedures previously proposed, seems necessary for

i drawing proper inferences. It is further shown that there is no logical dxffer-
" ence between orthogonal and nonorthogonal analysis of variance.

The nonorthogonal multifactor analysis of
variance is perhaps the most misunderstood
analytic technique available to the behavioral
scientist, save factor analysis. Standard text-
books all but ignore it or bury it in such
confused mathematics as to make it barely
understandable, Recent articles (e.g., Joe,
1971; Overall & Spiegel, 1969; Rawlings,
1972; Werts & Linn, 1971; Williams, 1972)
have attempted to clarify the situation and
set guidelines for the analysis of nonorthog-

¢ onal multifactor experiments; however, these
articles have confused the issue with unneces-
sary proofs, antiquated “approximate” meth-
ods, and the implication that nonorthogonal
; designs are special cases to be avoided at all
" costs. So strong is the belief that there is
something inherently difficult or strange about
the nonorthogonal case that experimenters
will on occasion go to unusual lengths, such
as randomly discarding data from selected
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cells, in order to achieve an orthogonal de-
sign.

This article shows that there is no con-
ceptual difference between orthogonal and
nonorthogonal analysis of variance and that,
indeed, the orthogonal design is a special
case of the more general nonorthogonal de-
sign. By approaching the entire issue of the
analysis of variance as one of model com-
parisons, the special problems encountered
in the nonorthogonal case are rather easily
understood. The closely related problem of
deletion of variables in multiple regression
analysis has been discussed by Cramer
(1972). By treating the problem as one of -
comparisons of linear models, he has resolved
the issue in an obvious manner. A similar ap-
proach with nonorthogonal designs leads to
the same resolution.

The easy access to computer programs that
perform the analysis of variance by a gen-
eral linear model approach® makes possible
the computations for this method of dealing
with nonorthogonal multifactor designs and
eliminates the need for approximate solutions.

A nonorthogonal design refers to any ex-
perimental design in which the numbers of
observations are not equal in each and every

-cell. This definition even encompasses designs

traditionally classified as proportional and in-

3 For example, E. M. Cramer. Revised MANOVA
Program. Chapel Hill: University of North Carolina,
Psychometric Laboratory, 1967.
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cludes designs that are not complete factorial.
Insofar as an experimental design may be
considered a partially complete factorial de-
sign (e.g., randomized blocks, Latin squares,
nested or hierarchical designs, etc.), the prin-
ciples discussed in this article apply.

The term method is used to refer to the
estimation procedure which is assumed to
be the method of least squares. The con-
cepts developed and discussed in this article
apply only to least. squares analyses and
should not be applied to nonexact approaches,
such as the unweighted-means analysis
(Winer, 1971, 445-449), nor to cases that
employ some other method of estimation of
effects. "

An experimental design refers to the
plan of the experiment determined by the
experimenter on the basis of his conception
of some idealized state of nature. The mini-
mum requirements for an experimental design
are the specification of the experimental fac-
tors and the plan for random assignment of
experimental units to treatments, including
both the sampling plan and the determination
of the number of units per treatment. It is
the experimental design that implicitly speci-
fies a set of possible models or idealized
states whose appropriateness the researcher
attempts to assess.

Hypotheses or tests of kypotheses are com-
parisons of various models, Within the an-
alysis of variance, one attempts to assess
the appropriateness of one model in com-
parison to another. To stress this point, sig-
nificance tests are referred to as model com-
parisons. Unfortunately, the standard ap-
proaches to the analysis of variance overlook
this consideration and have led to much un-
‘necessary confusion.

Finally, one must consider those situations
that may produce a nonorthogonal design.
First there is the case where the design is
intentionally planned and executed as non-
orthogonal. Such designs may be preferred
in cases where contrasts of particular cells
are desired or where greater precision of

estimation is required in some cells than in

others. The second case occurs when a de-
sign (orthogonal or nonorthogonal) is not
executed as planned. That is, once the random
assignment of experimental units to treat-
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ments has been made, data are not obtained
on some units. In this case, one of two differ-
ent situations may have occurred and differ-
ent approaches may be required. It may be
that the cause of the loss of experimental
units is a random phenomenon or one unre-
lated to the experimental treatments. Death
of experimental animals, no-show of college
subjects, and the like, often may be viewed
as random phenomena and one is, in effect,
left with a random sample of a random
sample that is itself a random sample. In
this case the methods of nonorthogonal analy-
sis of variance to be discussed apply.

The situation that may cause difficulty is
when the -cause of loss of experimental
units cannot be considered a random phe-
nomenon. This loss may either be related to
the experimental treatments, as when a com-
bination of treatments cause the -death of
some subjects, or logically unrelated to the
experimental treatments, as when one set
of treatment combinations is run Jate in the
afternoon and causes an increase in the no-
show rate. In such a case, there would seem
to be no remedy short of pretending that the
missing observations are random. Perhaps the
definitive statement was made by Cochran
and Cox (1957) when they observed that the
only complete solution to the problem of
missing data is not to have any. The follow-
ing method leads to correct analyses and in-
terpretation of designs that are (a) planned
as nonorthegonal or (b) become nonorthog-
onal due to the random processes of nature.

MobpELs AND THE METHOD OF LEAST SQUARES

Having decided to employ the method of
least squares and having determined the de-
sign of the experiment on the basis of a be-
lief as to the nature of the world (in some
idealized sense), one is left only with the
selection of possible models and model com-
parisons. The models selected are logically
independent of the observed numbers of ob-
servations per cell. Although the analysis will
be affected by the cell frequencies, the experi-
menter is free to choose the numbers of ob-
servations per cell. The models themselves are
not expressed in terms of the number of units
in any subpopulation and hence the cell fre-
quencies can hardly matter in terms of the




NONORTHOGONAL ANALYSIS OF VARIANCE

correctness of the model. But then why all
of the concern about nonorthogonal analysis?
The answer is that the problem of nonorthog-
onal analysis really occurs at the level of
model comparisons and proper interpretation
of the results of such comparisons. The diffi-
culty arises from the methods available to
assess the “correctness’ of the several models
being compared.

In the one-way analysis of variance, it is
clear that the least squares estimates of the
population means are the sample means re-
gardless of #s. If the total number of observa-
tions is held constant, it may easily be shown
that the overall test of significance has maxi-
mum power when there are equal numbers
of observations in cells. The only effect of
varying the distribution of the »; is to vary
the power of the test of significance.

The situation is not nearly so simple when
one moves to the case of factorial experiments.
Consider a two-way analysis of variance (in-
tentionally constructed to represent an ex-
treme case) for which we have observed the
cell means #%; with cell frequencies »; as
given in Table 1. Assume that the estimated
within-cell standard deviation (error) is 15
in each cell (i.e., MSeor = 223). ’

What can one say, given the #y; and ¥,
about the presence of any main effects or
interactions in this experiment? Given the
answer to this question, further consider what
one would suppose to be true of the popula-

TABLE 1

Cerl MEaNs, FREQUENCIES, AND 959, CONFIDENCE
INTERVALS FOR Two-WAY EXAMPLE WITH
MarcinaL MEans COLLAPSED
oVER CLASSIFICATIONS

B -
1 2
Xn=10 Xi=10
1 Nu = 25 NIZ = 2 10
CI:3.97 > 16.03 CI:-11.32 < 31.32
A
X =20 X =20
2| Ny =2 Ny = 25 20

CI:-132+4132 | CI:13.97 +>26.03

10.7 19.3

Note. The confidence intervals on sample means.are based on
the pooled M.S error with 50 degrees of freedom.
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TABLE 2
SoME “REASONABLE” PopuraTioN MEANS
B B B
1] 2 1] 2 1] 2
1{10 ] 10 1110120 110 20
A A — A —f—|—
2120420 2110 | 20 2130 |20

tions? Relatively sophisticated users of an-
alysis of variance often answer these ques-
tions in an inconsistent manner. Many base
their answers to the first question on the
means alone, judging that there is an A effect
but no B effect or interaction. The cbvious
inequality in the numbers of observations per
cell is troubling and the sophisticated re-
spondent cbserves, in response to the second
question, that the main diagonal means are
much more stable than the off-diagonal means.

If one asks the further question, “What
would and should an analysis of wvariance
tell you about the true populations?”, he
is at the heart of the problem of nonor-
thogonal analysis of variance. Any analysis
of variance must give information about the
population means, Unequal numbers of ob-
servations in cells does not alter the character
of this information, although it certainly does
alter the precision of any statements.

Looking at the sample means of Table 1, it
is apparent that if the population means are
the same as these sample means (and this is
the best guess), there is only an A effect
present. These statements must, however,
take into account the sampling wvariabil-
ity of these sample means. Consider for
a moment the 95% confidence intervals
(Table 1) that may be generated about the
four observed sample means. Because the
samples themselves are independent random
samples from four possibly different popula-
tions, the confidence intervals are in the
same sense independent. From these con-
fidence intervals, one may see it is reasonable
that this sample could have come from a
population with any of the following patterns
of means (Table 2). These are but three
among many possible sets, but notice that
the first would be considered as one in which
there was a main effect of A but no B or AB
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effect; the second would be considered as an
example of a main effect for B but no A or
AB effect; whereas the third would be indic-
ative of a situation with interaction and
main effects. The present authors thus be-
lieve that the conclusion one should logically
draw from these sample values is that there
are some effects, but that the data do not
permit a definitive statement as to which,
They further believe that a proper analysis
of variance should lead one to draw such
conclusions. i

An Incorrect Approximate Analysis

Consider an erroneous analysis that many
users may be inclined to perform. This is
an analysis of each factor collapsing over
the other. Although it does have some
intuitive appeal and indeed may be useful
in conjunction with other analyses, it will
in general lead' to incorrect conclusions
about the ' population means when wused
alone. Suppose the design given in Table 1
is collapsed over the B classification leaving
two levels of A with mean values of 10 and
20, as shown in the marginal values of Table
1. A one-way analysis would then lead to the
conclusion that there is a significant main
effect of A (p = .017). If the design is then
collapsed over levels of A, one has the levels
of B with means of 10.7 and 19.3, suggesting
a B effect (p = .042) as well as an A effect.
These analyses would be called “A ignoring
B” and “B ignoring A.” The use of the
phrase A ignoring B is meant to indicate that
in the two-way table the B classification is
“ignored” and the design treated as if it
were only a one-way classification with levels
of A. Observations for a given level of A are
considered - replicates regardless of whether
or not they correspond to the same level of
B. One assumes no B or AB effects. When
there is no B or AB effect, the observations
at the several levels of the collapsed factor
are replicates because the variability between
levels of B is of the same order of magnitude
as the variability within a level of B. If,
however, in ‘a nonorthogonal design there is
a B or an AB effect, the estimated magni-
tude of the A effect (ignoring B) is in general
affected by the number of observations in
the cells and does not represent an unbiased
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estimate of any population value. Only when
there are equal numbers of observations in
the cells is the estimate of the magnitude
of the A effect unaffected by the number of
observations in the presence of a B or AB
effect.

When one estimates the magnitude of
effects, he may safely ignore other effects
in the design only when they are null or
when their estimates are independent. of the
effects in which he is interested. The con-
dition of null effects depends only on the
state of nature; the condition of independence
of estimates depends on the actual design of
the experiment. The conclusions drawn from
this ignoring analysis of Table 1 will be incor-
rect under the (plausible) assumption that
there is only one main effect in the population

-responsible for the results,

For the general nonorthogonal case, a
different method is necessary in order to
estimate treatment effects without bias and
to provide unbiased tests of significance. These
are tests of “A eliminating B” and “B elim-
inating A” with corresponding estimates of
the effects. They take into account and elim-
inate the confounding effects of other fac-
tors when they are present. Thus a test of
A eliminating B removes any confounding
effects of factor B. If there is no B effect or
if the design is orthogonal, there is no con-
founding due to B and nothing to eliminate;
hence, the test will be identical to that of
A ignoring B. The test of A eliminating B
answers the question: Given the possibility
of a B effect, is there evidence for an A effect

.in addition to any B effect that may be pres-

ent? On the other hand, the test of A ignoring
B answers the question: Is there any evidence
for an A effect assuming there is no B effect
or ignoring it if it is present? The estimate
of the A effect corresponding to the test of
A eliminating B is unbiased regardless of the
existence of any B effect or of orthogonality
in the design. It is always the “correct” esti-
mate.

MopeL CoMPARISONS AND TESTS OF EFFECTS

The eliminating method described pre-
viously involves fitting a model allowing for
both A and B effects and then comparing
the fit (i.e., the quality of the model) to that
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of a model omitting one or more of the
effects. For example, consider the following
models that “predict” the response of a sub-
ject in the #j cell of a two-factor design:

1 Vi=p+ait B+ vute

2. Vi=u+t a4+ B + e
3. Vii=u + Bi + e
4. Vii=p+ o + e
5. Y¢j=p +€.

Model 1 is the most complete model for a
two-factor design since it allows for an
interactive effect (vy;). The other models are
obtained from the first by dropping the in-
teraction term and possibly one or both of
the main effects. Those accustomed to only
orthogonal analysis of variance will be in-
clined to regard Model 1 as capable of pro-
viding the parametric estimates needed for
the othier models, but this is not so in gen-
eral. Each model represents a separate least
squares estimation problem and may provide
different estimates of the parameters involved.
Only in the case of orthogonality will the
estimated parameters for the different models
be necessarily the same. Likewise, it is only
for the orthogonal case that the estimated
parameters within a model will be statistically
independent of one another, This is the real
meaning of orthogonality.

The analysis of a two-way factorial, either
orthogonal or nonorthogonal, begins with the
test of interaction. Parsimony dictates a pref-
erence for a main effects model if it is con-
sistent with the data, hence one would
compare a model allowing for main effects
and interaction (Model 1) with one only
allowing for main effects (Model 2). In
a two-factor complete factorial experiment,
this is the usual test of the two-way interac-
tion. If one is able to reject the hypothesis of
null interaction effects, the usual procedure
would be to stop at this point with an inter-
action model. If, however, one is unable to
reject this hypothesis (i.e., conclude that
interaction effects are nonsignificant), one
would proceed to tests of main effects.

When one allows the possibility of both an
A and B effect in the population, one speci-
fies a series of tests involving Model 2. Thus
to test either effect, one must test it in that
model, implying an alternative model in
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which it is absent. To test for an A effect,
Model 2" and Model 3 are compared; to test
for a B effect, Model 2 and Model 4 are com-
pared. In each of these tests, one allows for
the possible existence of the effect not being
tested. In testing A, one is asking the ques-
tion, “Given the possible existence of B in
this model, is A needed?” This is the mean-
ing of the term A eliminating B.

The judgment as to which model to accept
is based on the relative magnitudes of the
sum of squared errors produced by the com-
peting models, and the F test gives a method
for testing whether the models differ in this
respect. This procedure is always correct in
either the orthogonal or nonorthogonal case.
In the orthogonal case, it will produce re-
sults identical to those produced by the or-
dinary computational methods.

Different tests of A and B effects may be
obtained by beginning with different model
assumptions. If it is assumed that there is
no B effect, Model 4 is an appropriate model
and it would be compared to Model 5 in order
to fest the existence of an A effect in Model
4. This test of A ignoring B is not a proper
test, however, unless Model 4 is the correct
model. Similarly, one may test B ignoring A
by comparing Model 3 against Model 5, but
here the test is proper only if Model 3 is ap- .
propriate. In the case of an orthogonal design,
these tests will give us the same results as
those tests involving Model 2, but although
the results are computationally the same (due
to independence of the estimates of the pa-
rameters involved), they are not logically the
same in terms of comparing the same models.

An Example

Let us now apply this method to the data
of Table 1 using the multivariate analysis of
variance program. All the relevant statistical
tests may be summarized in the following
analysis of variance table (Table 3):

There is no evidence for an interaction;
however, the small numbers of observations
in two of the cells makes the power of this
test low. Tests of A eliminating B and B
eliminating A are clearly nonsignificant,
whereas the tests of A ignoring B and B
ignoring A, given previously, are both signifi-
cant. All five of these statistical tests must
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TABLE 3

ANALYSTS OF VARIANCE TABLES ¥oR COMPLETE
ANALYSIS OF DATA IN TABLE 1

Source df ANy MS F P
AB 1 .00 .00 .00 1.000
A eliminating B 1 370.37 370.37 | 1.646 205
B eliminating A 1 .00 .00 .00 1.000
A ignoring B 1 1,349.99 | 1,349.99 | 5.999 017
B ignoring A 1 979.63 979.63 | 4.353 042
Within cells 50 | 11,250.00 225.00

be considered in- order to draw proper con-
clusions about the population means. The

tests of A eliminating B and B eliminating

A do not provide any evidence regarding
the existence of either A or B effects (al-
though they clearly imply that both effects
are not necessary jointly), whereas the tests
of A ignoring B and B ignoring A separately
provide evidence for either effect, depending
on which test is considered. Keeping in mind
the models that are compared, the eliminat-
ing tests indicate that there is no evidence
for one effect in addition to the other. One
must conclude then from this analysis that
there must be some effect, either an A or B
. effect (but one cannot tell which), and there
is clearly no evidence to suppose that both
exist. Because of the substantially dispro-
portionate numbers of observations in cells,
the power of the eliminating tests is rather
low and the effects are highly confounded.
Indeed, this example approaches closely the
completely confounded case in which all ob-
servations would be in the A;B; and A.B»
cells. In the completely confounded case, the
one degree of freedom between cells could be
attributed to either an A effect or a B effect
with no possibility of deciding between them.
The patterns of possible results from the
analysis of a two-factor design with no inter-
action are given in Table 4. Pattern 1 indi-
cates that A and B are both needed in the
model because, given the presence of one, the
other is still significant. Patterns 2 and 3 both
illustrate cases for which a second main effect
is not needed given the inclusion of the other,
but the significant effect must be included
(i.e., from Pattern 2 one would retain the A
effect and from  Pattern 3, the B effect).
Pattern 4 is the case for which no main effects

;
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are included in the final model. These con-
stitute the standard cases and are the only
cases that may arise from an orthogonal
design. The remaining patterns are unique
to the nonorthogonal case. Pattern 5 is the
seriously confounded situation in which only
one effect need be included in the final model,
but the choice of which effect to retain is
indeterminate. Patterns 6 and 7 occur only
in situations in which there is very serious .
confounding in the design. The significant
main effect should be included in the final
model. In these circumstances it is particularly
important to ask why such a seriously con-
founded design was produced.

RECOMMENDED PROCEDURE FOR A Two-Way
NoxorTHOGONAL DESIGN

The present authors suggest the following
procedure be employed in the analysis of a
nonorthogonal two-factor design. This pro-
cedure is for the logical flow of decisions and
conclusions that are made in such an an-
alysis, but it does not dictate the actual
order in which the computations need be
performed. ‘

1. Begin with the full model including
main effects and interaction effects.

2. Test for a significant interaction; if this
test is significant no tests of main effects are
appropriate; however, one may wish to test
certain contrasts in the cell means to aid in
interpretation of the results. If the test is non-
significant, eliminate the v;; terms from the
model and proceed to Step 3 for tests of main
effects.

TABLE 4

PATTERN OF RESULTS: Two-Wav FACTORIAL
WITHOUT INTERACTION

Pattern

12'3'4,567

ns | ns | ns | -ns

ns ( ns { ns { ns

ns s S ns
X X ns 8 ns S

A eliminating B
" B eliminating A

A ignoring B

B ignoring A

ns

MM 0w
Il
M W

Note. s = significant; ns = nonsignificant; x = irrelevant.
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3. Test A eliminating B and B eliminating
A. If both tests are significant, adopt the
model ¥y =p + o+ B; + e If only one of
the two tests is significant, adopt the model
Vii=p+ o+ e (if A eliminating B is the
significant test) or Y;=p+ 8;+e€ (if B
eliminating A is the significant test). If
neither is significant, proceed to Step 4.

4, Test A ignoring B and B ignoring A. If

both are significant, retain either «; or B; but

not both in the final model-—the choice is
indeterminate. Tn this case additional ex-
perimental evidence usually has to be ob-
tained before much can be said about the
meaning of the experiment. If only one of
the two tests is significant, the significant
effect should be retained, but the cautions
referred to in the discussions of Patterns 6
and 7 should be adhered to diligently. If
neither test is significant, no main effects
should be included in the final model, this is,
adopt the model V5 = p + e

ExT1ENsioNs To HicuER ORDER DESIGNS

As a nonorthogonal design becomes more
complex, the basic logical structure remains
the same. In all cases, one is attempting to
find the simplest model that adequately fits
the data by comparing competing models.
For the three-factor model, the process begins
by tentatively adopting the full model,

Vip =p+ ai+ Bi+ ve+ (@B)y
+ (@v)a -+ B+ (@BY)i,

and then eliminating unnecessary terms. First

one would test the third-order interaction,

ABC, eliminating all second-order interactions
and main effects. If the test of the ABC in-
teraction is significant, one would accept the
full model and proceed, if desired, to test
specific contrasts in cell means to aid with
interpretation. If, on the other hand, the
third-order interaction is nonsignificant, one
would drop the (aBy)in term from the model
and proceed to investigate the second-order
interaction terms in order to determine how
many and which terms to include in the
model.

It is convenient to now consider the pro-
cedure for main effects rather than second-
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order interactions. This is because some
of the concepts carry over directly from the
two-factor design and, given certain sym-
metries in the three-factor design, it is pos-
sible to then directly apply these concepts to
tests of interaction terms. It should be em-
phasized that in the actual use of the process,
tests of second-order interaction would always
precede tests of main effects. The notation
A|B,C is used to mean A eliminating B and
C, whereas A|B implies A eliminating B
but ignoring C. In testing for main effects,-
one is trying to determine how many effects
must be included in the model and which
ones they are. The only circumstance under
which it would be necessary to include all
of the main effects is one in which each main
effect is significant, eliminating the other two
(i.e., when the tests A|B,C; B|A,C; and
C|A,B are all significant). If only two of
the three tests are significant, the two signi-
ficant effects would be retained and the
third would be deleted from the model. Thus
if all three of the tests or if two of the
three tests are significant, the conclusions are
quite direct—retain the significant effects.

If only one of these tests is significant, say
A|B,C, the significant term should clearly
be retained; however, it may be necessary
to retain one of the other two effects.
Having decided to keep the A effect, one
must ask if either the B or the C effect
is needed given the A effect, that is, to
test BJA and C|A. If neither of these tests
is significant, then clearly neither effect
need be present given the A effect in the
model. If one of the two is significant, say
C|A, that term, C, should be included in the
final model along with the A term. Should,
however, both be significant, the situation
is ambiguous. Previous.tests have indicated
that all three effects are not needed in the
model and that the A effect must be in the
model; therefore, the choice between B and
C is indeterminate.

The potentially most complicated situation
obtains when none of the three “doubly elim-
inating” tests are significant. It is still pos-
sible that one or two effects should be in-
cluded in the model. In the two-factor design,
it was reasoned that the significance of both
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A|B and BJ|A indicated that both A and B
should be included. In the three-factor design,
there are three such pairs of tests involving
A and B, A and C, and B and C (ie., A|B
and BJA; A|C and C[A; and B|C and C|B).
The joint significance of any one of these
pairs of tests indicates the need to include
the relevant pairs of effects, but only two
such effects may be included, the previous
tests having excluded the possibility of all
three effects being included in the model. If
more than one pair of these tests shows sig-
nificance, one is uncertain as to which pair of
effects to include. Should no pair of effects
be significant, one is left with the possibility
of including only a single effect in the model.
Thus, if any one effect were to appear signi-
ficant (e.g., if the tests of A|B or A|C were
significant), it would be included in the model.
Should none of the single eliminating tests
be significant, one would then examine the
“doubly ignoring” tests, A, B, and C, as
these may still indicate the necessity of in-
cluding a single main effect. If none of these
tests are significant, one would conclude that
no main effects were necessary and would be
left with the model Vi = g + eyn. If but one
of these tests is significant, that effect would
be included in the final model. If two or more
of the doubly ignoring tests are significant,
one is again in an indeterminate situation
and may arbitrarily choose one of the sig-
nificant effects for the final model, but the
choice is completely arbitrary.

The application of the main effect pro-
cedure to two-way interaction is straight-
forward, if one lets ABJAC,BC mean AB
eliminating AC, BC, and all main effects.
There is then the following symmetry in the
three-factor case. Because there are three two-
way interactions and three main effects in a
three-factor model, the patterns of tests for
main effects and for two-way interactions are
exactly the same. Corresponding to tests of
main effects A, B, and C, there are tests of
interaction, AB, AC, and BC. For every
main effect test, say A|B,C, there is a cor-
responding test, AB|AC,BC. Hence the pre-
ceding procedure is first applied to the
three two-way interactions, eliminating all
main effects and other two-way interactions
(ie., ABJAC,BC, AC|AB,BC, and BC|AB,
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AC), and would then be followed with paral-
lel tests as needed. Should the conclusion be
that there are no interactions, the procedure
would then be applied to the main effects.
If there are significant interactions, the fac-
tors involved should be also included as main
effects, Should only one two-way interaction
be included, the question of retaining the
uninvolved main effect should be considered.
To do this, the tests of that effect eliminating
the other two main effects and the significant
interaction should be performed. For example,
if it were. the BC interaction that were sig-
nificant, one should perform the tests A|B,
C,BC in order to determine if the A effect
should be included in addition to the B, C,
and BC effects.

Some Additional Comments

The methods discussed for both the two-
and three-factor cases are based on the as-
sumption that there is no a priori preference
for explaining the data in terms of one fac-
tor above any others. Such a preference may
exist in designs such as randomized blocks
in which one would customarily not even
consider the tests of treatments ignoring
blocks; one assumes that there are block
effects and is willing to consider the presence
of treatment effects only if the test of treat-
ment eliminating blocks is significant. Sim-
ilar considerations may apply in a wide variety
of cases and may simplify the process dis-
cussed here.

Another consideration is the number of
tests involved in the complete procedure.
Some of these tests will be highly correlated
and some will be independent, depending on
the degree and pattern of nonorthogonality.
In the case of lack of knowledge of likely
effects, one may perform preliminary com-
bined tests (such as a test of pooled interac-
tion) prior to doing individual tests. This
would have to be moderated, however, by any
knowledge that would a priori suggest the
existence of specific effects.
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