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 The Gauss-Newton Algorithm for the
 Weighted Least Squares Factor
 Analysis

 SIK YUM LEE

 Department of Mathematics, University Science Centre,
 The Chinese University of Hong Kong, Hong Kong

 A computational method, the Gauss-Newton algorithm, in
 obtaining the Weighted Least Squares estimates of the unknown
 parameters in the factor analytic model is presented. It is
 demonstrated that for both the exploratory and confirmatory
 factor analysis, this algorithm can successfully produce the
 estimates and the covariance matrix estimate of the estimators.
 The partial derivatives required for implementing the algorithm
 are obtained by matrix calculus.

 1. Introduction

 The factor analysis model such as given by Lawley and Maxwell (1963)
 states that a p by 1 vector x has a multivariate normal distribution with
 mean vector a and covariance matrix C = FF'+ D. The matrix F is a p
 by k with k < p and the matrix D is diagonal. One of the main problems
 in factor analysis is to estimate the vector 0, which consists of the unknown
 parameters in F and D. For exploratory factor analysis, the Weighted
 Least Squares and Maximum Likelihood estimators have been obtained
 by Lawley and Maxwell (1963), Jbreskog (1967), Jennrich and Robinson
 (1969), Clarke (1970) and Joreskog and Goldberger (1972). They either
 used the Fletcher-Powell algorithm or the Newton-Raphson algorithm
 to get the estimates. In confirmatory factor analysis, the investigator
 has knowledge about some of the parameters in the model and tries to
 estimate the remaining unknown parameters. Jbreskog (1969) has success-
 fully applied the Fletcher-Powell algorithm to produce the Maximum
 Likelihood estimates. In this paper, we discuss the application of the
 Gauss-Newton algorithm to obtain the Weighted Least Squares estimates.
 The method discussed can be used for both the exploratory and confirma-
 tory factor analysis. In subsequent sections, we shall use the following
 notations and abbreviations:

 Ip the p by p identity matrix,
 X' or XT the transpose of X,
 vec X or X an mn by 1 vector which takes all the elements of the m

 by n matrix X row by row and places them in a vector,
 Xsym an n(n+ 1)/2 by 1 vector which takes the lower triangle
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 elements (including the diagonal elements) of the n by n
 matrix X row by row and places them into a vector,

 Xdg an n by 1 vector whose components are the diagonal
 elements of the n by n matrix X,

 X Y the Hadamard product of matrices X and Y of the same

 order, that is, X* Y= (xijyi),
 X Y the right Kronecker product of matrices X and Y of the

 same order, that is, X@ Y = (xij Y),
 WLS Weighted Least Squares,

 GN Gauss-Newton,
 RMS Root mean squares.

 2. Discussion of WLS Problem and Preliminary Mathematical Results

 Suppose Co= C(6o) is a p by p covariance matrix, which is a function
 of an unknown q by 1 parameter vector Oo. In general, we will regard
 the elements in 0 as mathematical variables. Let Xk, k=1, . .. , n+ 1 be
 independently and multivariate normally distributed with mean vector

 a and covariance matrix C; and S be the sample covariance matrix.
 Then S has the wishart distribution with expectation C and covariance
 matrix 2(C@C)/n. Consider the residual quadratic form

 (Ssym -Csym)' cov (Ssym)Y'(Ssym -Csym)

 By Browne (1974), this quadratic form equals to (n/2) tr {(S - C)Co-1}/2.
 Since Co-' is unknown, we replace it by S-1 and consider the WLS
 function

 Q(O) = tr (lp - CS - 1) 2/2 (2.1)

 By definition, the WLS estimator ?WLS is the vector 0 such that Q(6) is
 minimized provided such a 0 exist. Under mild regularity conditions,
 Brown (1974) and Lee (1977) showed that the WLS estimator process the
 following asymptotic properties:

 (a) The WLS estimator ?wLs is consistent.
 (b) The WLS estimator ?WLS is asymptotically equivalent to the

 Maximum Likelihood estimator.

 (c) The asymptotic distribution of OWLS iS multivariate normal with

 mean vector do and covariance matrix 2n-1V(Co-1)-1, where

 V(Co-1) = ac (Co- @C0'-) aCT
 aO ao 00

 The matrix 2V(Co-l) is the information matrix evaluated at 0o.

 (d) The asymptotic distribution of nQ(bwLs) is x2 with degree of
 freedom 2-lp(p +1)- q.

 104

This content downloaded from 
�������������169.236.236.7 on Thu, 22 Apr 2021 21:04:10 UTC������������� 

All use subject to https://about.jstor.org/terms



 In order to implement the GN algorithm, the first partial order deriva-
 tives of Q(O) with respect to 0 are required. The mathematical pre-
 liminary for deriving these derivatives are presented in the following
 definitions and theorems. The proof of the theorems can be found in
 Lee (1977).

 Definition Given a p by q matrix Y whose elements are differentiable
 functions of elements of an m by n matrix X, the matrix derivative a Y/@X
 is equal to the mn by pq matrix whose (rs, uv) element is given by aYr8I8Xuv,
 for 1 sr p, 1 sS q, 1 <u m and 1 <v n.

 In this paper, unless otherwise stated, we assume that all matrix deriva-
 tives exist. Obviously we have a vec Y/aX = a Y/aX by definition.

 Suppose X is an m by n matrix, we denote Emn = Xa/aX. Emn is a
 mn by mn matrix, whose general element is

 (Emn)n(j-1)+k, rn(j'-l)+k'= 1 ifj=k' and k=('
 0 otherwise

 where 0<j, k'<m, and 0<j', k n.

 Also, we denote Kn = aX/aXdg, Kn is an n by n2 matrix, whose general
 element is

 (K,?)i( 1 ifj=n(i-l)+i
 0 otherwise

 where 0 < i < n.

 Theorem Suppose A is an m by n matrix, B is a p by q matrix, C is an
 n by r matrix, D is a q by s matrix, F is an n by q matrix, and Hi and H2
 are non-singular matrices, then

 (A B)(C@D)=AC@BD (2.2)

 (A @B)'= A' @B' (2.3)

 (A @B) vec F = vec (AFB') (2.4)

 (HI (H-12) = HI-@1 H2' (2.5)

 Theorem (Chain Rule) If the elements of a p by q matrix Z are differen-
 tiable functions of an r by s matrix Y, and the elements of Y are dif-
 ferentiable functions of the elements of an m by n matrix X, then

 az_=ay az 26
 ax axaY (2.6)

 Theorem (Product Rule): Suppose each element of a p by r matrix Y and
 an r by q matrix Z is a differentiable function of the elements of an m by n
 matrix X. Then

 a(YZ) a Y aZ
 ax =-X(IP @Z)+x(Y' @Iq) (2.7)

 105

This content downloaded from 
�������������169.236.236.7 on Thu, 22 Apr 2021 21:04:10 UTC������������� 

All use subject to https://about.jstor.org/terms



 Theorem Let X be a p by p matrix, A and B are constant matrices of
 dimensions q by p and p by r respectively, then

 aAxA,A B (2.8)
 ax

 aX2 =(,P@X)+(X'@lp) (2.9) ax

 and
 a tr X
 aXX= vec Ip (2.10)

 3. GN Algorithm on General WLS Function

 The WLS estimator is determined as the solution of aQ/aO 0. These
 equations cannot be solved algebraically, so that some iterative pro-
 cedure has to be used instead. We first consider the first partial derivatives
 of Q(6) with respect to 0. By (2.6), (2.9), (2.10), (2.2) and (2.4),

 aQ I a tr (Ip - CS-1)2
 aO 2 a(

 1 a(Ip-CS-') a(Ip-CS-1)2 atr(I_-CS-1)2
 2 ae a(Ip-CS-1) a(IPCS-1)2

 -1 ac (lP s-1){l P (lP-cs-1)+(lp-s-lc) lP}ves p

 = -1 aC [{Ip @S1(S - C)SS- }+ {S-}(S - C)S- @Ip}] vec Ip
 2 aO

 I ac
 - 2 vec {S-1(S - C)S-1}

 A- vec {S-1(S-C)S'1} (3.1)
 or

 = -aaC(S s - W -!) (3.2)

 Differentiating aQlaO once more with respect to 0, by (2.7) and (2.8),
 a2Q a ac
 ao ao - (SP S ')4-c)

 {h @Iq((S-1 S-1)(S-C)}

 _a(S-1ES-1)(q _!g) (aCT l)
 ae k

 ac 01 6S1) aCT a2C 1)(S C)}
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 If 6i is the ith approximation of 0 and the matrix a2Q/Ia ao is positive
 definite, then the Newton-Raphson algorithm is defined by

 z a2Q~ -1 aQ
 Oi+ 1= i- toaJ a -

 The second term of (3. 3) consists S - C as a factor. Since S - C will
 be small, particularly near the minitnum, it is dropped in the GN
 algorithm. Thus, from (3.2) and (3.3), the ith iteration of the GN algo-
 rithm is equal to

 0i+1=0i+A0i=0i- Gc- (aQ- (3=4)
 where

 G =ac(S-1 S-1) aCT (3.5)
 ae a O

 This algorithm may fail when it is not modified. A useful modification
 is the "step-halving", which chooses LA6i, AL6/2, . .. , until a step is found
 which reduces Q(O). There are many advantages in the GN algorithm.
 It is usually robust to bad starting values; it requires only the first order
 partial derivatives; it works well in a broad spectrum of problems and
 in comparative studies (e.g. Bard, 1970); and it can handle the problem
 of singularity very well (e.g. Greenstadt, 1967; Jennrich and Sampson,
 1968; Marquardt, 1963).

 After OWLS has been obtained, its covariance matrix, cov (OWLS) iS
 obtained by taking 2/n times the matrix G(OWLS)-'. It has been shown
 by Lee (1977) that under mild regularity conditions,

 ncov (OWLS) - 2V(Co-1) (3.6)

 Hence the GN algorithm automatically yields cov (OWLS), which is a
 consistent estimator of the inverse of the information matrix. Thus, the
 estimator obtained is asymptotically efficient. The standard error esti-
 mates are obtained by taking the square roots of the diagonal elements

 of cos (OWLS). These standard error estimates are important for testing
 hypothesis and setting confidence interval of 6.

 4. GN Algorithm on WLS Factor Analysis

 First we derive expressions for aQlaO and G in (3.4). In factor analysis,
 C = FF'+ D and O = (vec F, Ddg). By (2.7)

 acIc=
 _a aClaDdg_

 -(I @F') +Epk(F' Ip)]
 (4.1)

 Kp
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 Thus, from (3.2) and (4. 1),

 aQ [2 vec {S'(S - C)S-'F'}] (4.2)
 0 1Kp vec {S-'(S - C)S-1}

 Furthermore, from (3.5) and (4. 1),

 -2{(S- @F'S-'F) + Epk(F'S-l @S-'F)} 2(S-1 F'S-1)Kp
 G= ]

 2Kp(S-1 eS-'F) S-I*S-l

 (4.3)

 It is well known that there is indeterminacy in the model, because
 if we replace F by FT, where T is some orthogonal transformation, the
 consequent model is unchanged. In order to remove the indeterminacy,
 we assign fixed values to some parameters. In confirmatory factor
 analysis, we usually have some ideas about the assigned values and
 positions of the fixed parameters in the model. In exploratory factor
 analysis, as suggested by Anderson and Rubin (1956), we can fix the
 upper triangular portion of F, above the element Fii, to be some assigned
 values. Since the fixed parameters are no longer unknown variables, the
 corresponding elements in the gradient vector, and corresponding rows
 and columns in matrix G are deleted.

 We generate the starting values from the sample covariance or correla-
 tion matrix S = (sij), by means of the spectral decomposition. Basically
 let

 p

 S eivivi'
 i=1

 be the spectral decomposition of S, where eil ... ep are the eigen-
 values of S and vi, . .. , vp are the corresponding eigenvectors. For each
 i, let

 Fj livi.
 We take

 Fl=(Fl*, ..., Fk*)
 and

 k

 (Dl)ii = sii -EFi * 2
 j=1

 to be our initial starting values.

 Given these starting values, the procedure of the GN algorithm is:
 start with Fi and Di, set Q(00)= 106, =10-4, and k= 1.

 Step 1: Compute Ck, and Q(Gk).
 Step 2: If Q(Gk) < Q(Ok-l) go to step 3.

 Otherwise, compute AOk-l = LOk-i/2. If RMSZOk < E, go to
 step 6; otherwise, set 6k= Ok-1 + AOk-1, and go to step 1.
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 Step 3: Compute Q/aO I =by (4.2).

 Step 4: If RMS aQ/aO 1 o=01, E, go to step 6.
 Otherwise compute G(Gk) by (4.3).

 Step 5: Compute A6k and 0k+1 = Ok + AGk; update k and return to
 step 1.

 Step 6: Print output.

 5. Examples and Discussions

 The GN algorithm has been implemented and run on several examples
 in the literature. For every example, it works nicely. One of the examples,
 the Holzinger and Swineford's (1939) data is discussed here. These data
 consist of nine mental ability tests; they are visual perception, cubes,
 lozenges, paragraph comprehension, sentelnce completion, word meaning,
 addition, counting dots, and straight-curved capitals. They can be regarded
 as measures of essentially visualization, verbal intelligence and mathe-
 matical ability. Data were obtained on seventh- and eighth-grade children
 from the Grant-White school. The correlation matrix based on 145
 observations is taken directly from J6reskog (1969). This correlation
 matrix and the starting values are presented in Table 1. The algorithm can

 Table I

 (a) The correlation matrix of Holzinger and Swineford's (1939) data

 1 000
 0-318 1 000
 0 436 0-419 1 000
 0335 0243 0 323 1 000
 0304 0157 0 283 0 722 1 000
 0 326 0195 0 350 0714 0685 1 000
 0116 0057 0056 0 203 0 246 0 170 1 000
 0314 0145 0220 0095 0O181 0113 0O585 1.000
 0 489 0 239 0 361 0 309 0 345 0 280 0 408 0 512 1 000

 (b) The starting values for the Holzinger and Swineford data

 F D

 0 628 -0 101 0.000* 0 426
 0 449 0 008 0 611 0 424
 0 608 0 044 0 525 0 353
 0 748 0.000* 0 000* 0 179
 0 744 0 366 -0 341 0 196
 0 730 0 459 -0 223 0 207
 0 455 -0 580 -0 469 0 238
 0 510 -0 712 -0 128 0 217
 0 691 -0 413 0 045 0'351

 * Fixed parameter.
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 produce the solution in 13 iterations; the convergence summary is displaced
 in Table 2. The convergence is quite rapid and the solution can be deter-
 mined to about three decimal places. The final solution and the standard
 error estimates are presented in Tables 3 and 4. J6reskog (1970) analysed

 Table 2

 Convergence of the GN algorithm

 Iteration Function value RMS aQ/aO RMS AO

 1 0.97128 0 4951 0.0584
 2 0*87718 0-4886 00788
 3 0.61982 0-4596 01553
 4 0d13070 0-1446 0-1133
 5 0.06823 0-0244 0 0454
 6 0 06344 0-0073 0*0121
 7 0.06276 0-0032 0-0058
 8 0-06259 0-0016 0-0027
 9 0106254 010008 010014
 10 0-06253 0-0004 0-0008
 11 0 06253 0-0002 010004
 12 0-06253 0-0001 0-0002
 13 0 06253 010000 011001

 Table 3

 The WLS solution of the Holzinger and Swineford data

 F D

 0*377 0-593 0.000* 0*486
 0-240 0-445 -0105 0.693
 0'377 0-569 -0-121 0*497
 0,874 0.000* 0.000* 0-232
 0*830 -0-013 0.111 0-293
 0*823 0.029 -0*016 0-316
 0*217 0 102 0.768 0-342
 0 124 0-445 0 668 0 337
 0-354 0-524 0-368 0-447

 these data by the Maximum Likelihood method, his solution is given in
 Table 5. J6reskog and Goldberger (1972) showed that in exploratory
 factor analysis, the WLS and the Maximum Likelihood estimates are
 very close. Here, we see that for the confirmatory factor analysis, the
 WLS and Maximum Likelihood estimates are still very close to each
 other.
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 Table 4

 The standard error estimates of OWLS for the Holzinger and
 Swineford data

 Std (F) Std (D)

 0-088 0-089 * 0086
 0-089 0-094 0-102 0 100
 0-088 0-091 0.105 0-093
 0-069 * * 0051
 0-071 0-078 0-070 0'053
 0-071 0-075 0'070 0-053
 0-092 0 125 0*101 0 121
 0-093 0-117 0-102 0-094
 0 089 0-098 0-089 0-071

 Table 5

 Joreskog's Maximum Likelihood solution for the Holzinger and
 Swineford's data

 D

 0-39 0.59 0.00* 0*50
 0 24 0 44 -0'07 0*74
 0-38 0-56 -0-08 0-54
 087 0.00* 0.00* 0-24
 0-83 -001 0-12 0-30
 0 82 0 01 -0.01 0 32
 0-22 0-08 0 75 0'39
 0 14 0-42 0'70 0,32
 0136 051 0-39 0'46

 Moreover, the algorithm has been applied to a larger artificial example,
 which consists of a known 20 x 20 diagonal matrix D and a known 20 x 5
 matrix F. Their values are given in Table 6. From these matrices, we ob-
 tained the covariance matrix C = FF'+ D. A sample covariance matrix
 is generated with sample size equal 451.t This sample covariance matrix
 is then analysed with five factors as before. In this example, excluding
 the fixed elements, which are the upper triangular elements of F, we
 are estimating 110 unknown parameters in the model. The algorithm
 converges in 11 iterations, the convergence summary is presented in
 Table 7. The final solutions, which are presented in Table 8, are pretty

 t The sample covariance matrix was obtained from the "WSHRT" subroutine
 in HSCF library in UCLA.
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 Table 6

 The values of F and D for the artificial example

 F D

 1 0 0 0 0 1
 0 1 0 0 0 1
 O 0 1 0 0 1
 O O 0 1 0 1
 O 0 0 0 1 1
 1 0 0 0 0 1
 0 1 0 0 0 1
 O 0 1 0 0 1
 O O 0 1 0 1
 O 0 0 0 1 1
 1 0 0 0 0 1
 0 1 0 0 0 1
 O 0 1 0 0 1
 O 0 0 1 0 1
 o 0 0 0 1 1
 1 0 0 0 0 1
 o 1 0 0 0 1
 O 0 1 0 0 1
 O 0 0 0 0 1
 O 0 0 0 0 1

 Table 7

 Convergence of the GN algorithm on the artificial example

 Iteration Function value RMS aQ/aO RMS AO

 1 1*89919 0'2523 0-1208
 2 1-74748 0 2675 0*0967
 3 1-52040 0*2811 0*1350
 4 1-29562 0*2061 0-2611
 5 0 32278 0-0425 0 1231
 6 0-25115 0-0083 0-0417
 7 0-24672 0-0027 0-0093
 8 024624 0.0011 0-0027
 9 0-24617 0-0004 0*0010
 10 0*24616 0-0002 0*0004
 11 0*24616 0.0000 0-0002

 close to the actual values. For the 110 parameters, Table 9 displays the
 difference between the solution and the actual values in terms of the
 standard error estimates obtained from the GN algorithm.

 We have shown that the GN algorithm is able to produce the WLS
 estimates and the standard error estimates. During each iteration, the
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 Table 8

 The WLS solution of the artificial example

 F D

 1-058 0* 0* 0* O* 0-959
 0 068 1-030 0* 0* 0* 0-989
 0110 -0 070 0-992 0* 0* 1 044
 0-125 0-025 0 043 1-235 0* 0 940

 -0-028 -0 033 0-060 -0 049 1 101 1-026
 0-893 0-010 0-016 -0-143 -0 073 1*144

 -0-021 0-966 -0-051 0-068 0-066 1-003
 0-031 -0 033 0-963 -0 082 -0 092 0-918
 0 199 -0-028 0 057 0 943 0 099 1-030
 0000 -0-006 -0-095 -0-015 0-994 0-999
 1-041 -0-006 -0-034 -0*092 -0-014 0 833
 0-043 1-000 -0-065 0 008 -0-008 0-829
 0 008 0-031 1 090 0 043 -0-064 0-986
 0-072 0 004 0-081 0 987 0 042 1-088
 0-076 0-023 -0 026 -0 040 1-061 1-007
 0-996 -0-005 -0-043 -04100 -0-029 0-893
 0-084 1-038 -0 063 0 014 0-088 0 867
 0-041 0-048 1 091 -0-069 -0-009 0 800

 -0 053 0-015 -0-006 0-066 -0 050 0-928
 0 007 0 044 0-065 0 060 0-013 0-873

 Table 9

 Comparison of the GN solution with the actual values of the
 artificial example l As- @ ai < l @s-Oi I < 2af 2ff < i-@} l

 Number 83 22 5
 Percentage 75-4 20 4-6

 algorithm must compute the gradient vector, the matrix Gi and its inverse.
 Most of the computer time in the algorithm is used to invert the matrix
 Gj; so a good matrix inversion subroutinet is important in this algorithm.
 Using an IBM 360/91 model, in the Holzinger and Swineford example,
 it takes 1P07 s to converge, while in the larger artificial example, it takes
 7 92 seconds to converge.

 tUsing an IBM 360/91 model, our subroutine inverts a 1OOx100 matrix
 within 0 5 s.
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