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A general method for analysis of covariance structures

By K. G. JORESKOG
Educational Testing Service, Princeton, New Jersey

SUMMARY

It is assumed that observations on a set of variables have a multivariate normal distri-
bution with a general parametric form of the mean vector and the variance-covariance
matrix. Any parameter of the model may be fixed, free or constrained to be equal to other
parameters. The free and constrained parameters are estimated by maximum likelihood.
A wide range of models is obtained from the general model by imposing various specifications
on the parametric structure of the general model. Examples are given of areas and problems,
especially in the behavioural sciences, where the method may be useful.

1. GENERAL METHODOLOGY
1:1. The general model

We consider a data matrix X = {z,;} of N observations on p response variables and the
following model. Rows of X are independently distributed, each having a multivariate
normal distribution with the same variance-covariance matrix Z of the form

Z = B(A®A' +¥%)B’ + 072 (1)
and mean vectors given by E(X) = AEP 2)

where A = {a,,} is an N x g matrix of rank g and P = {p;;} is a k x p matrix of rank A, both
being fixed matrices with ¢ < N and b < p; & = {£4}, B = {f}, A = {A,,,,}, the symmetric
matrix @ = {¢,,,}, and the diagonal matrices ¥ = {3;,} and © = {J;;6;} are parameter
matrices. Potthoff & Roy (1964) considered the model (2) without a parametric form of Z.

Thus the general model is one where means, variances and covariances are structured in
terms of other sets of parameters that are to be estimated. We shall allow for any one of the
parameters in E, B, A, @, ¥ and O to be known a priori and for one or more subsets of the
remaining parameters to have identical but unknown values. Thus parameters are of three
kinds: (i) fixed parameters that have been assigned given values; (ii) constrained parameters
that are unknown but equal to one or more other parameters; and (iii) free parameters that
are unknown and not constrained to be equal to any other parameter.

It should be noted that if B is replaced by BTi?, A by T,AT:?, ® byT,®T; and ¥2 by
T,¥?2T; while O is left unchanged, then Z is unaffected. This holds for all nonsingular
matrices T, and T, such that T, W2 T; is diagonal. Thus there is a great deal of indeterminacy
in the general model. Hence, in order to obtain a unique set of parameters and a corres-
ponding unique set of estimates, some additional restrictions must be imposed. In some
cases these restrictions are given in a natural way by the particular application of the model.
In other cases they can be chosen in any convenient way by specifying certain parameters
to be fixed to certain values; see §§2-2-2-6.
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240 K. G. JorRESKoG

1-2. Estimation in the general model

The main problem considered in this paper is the estimation of the free and constrained
parameters of the general model. Since in most cases simple analytical solutions do not
exist, the likelihood function is maximized numerically using a modification of the method
of Fletcher & Powell (1963). This is an efficient iterative method that makes use of deriva-
tives of the likelihood function and the inverse of the information matrix.

The logarithm of the likelihood is

1Y » » iy
logL = —pNlog (2m)—4Nlog|Z[ -5 T 3B 3 (Zas— Mat) 0 (@us = Fas)s

a=li=1j=1

where u,; and 0¥ are elements of E(X) = AEP and X1, respectively. Writing
T= z%r (X~ AEP) (X~ AZP), (3)

we can readily see that maximizing log L is equivalent to minimizing
F =log|Z|+ tr(TZ1). 4)

The function F is regarded as a function of E, B, A, ®, ¥ and @ by remembering that
T is a function of E by (3) and Zis a function of B, A, ®,¥ and O by (1). The derivatives
of F are 0F|0E = —(2[N)A'(X—-AEP)Z-1P’, 0F/oB = 2QBTI, 0F[oA = 2B'QBA®,
oF [0® = 2A'B'QBA — diag(A'B'QBA), 0F [0¥ = 2diag(B’'QB)¥ and 0F |00 = 2 diag(R)0,
where = T4 (Z-T)Z1and I = APA’ +¥2.

The minimization problem is that of minimizing the function F(E, B, A, ®,¥, 0) taking
into account that some parameters may be fixed and some may be constrained to be equal
to some others. Such a problem may be formalized as follows.

Let F(z) = F(2y, ...,7,) be a function with first order derivatives 9F [0z and approximate
second order derivatives ¢2F/(0z 0z'). Let some (k—1) of the 2’s be fixed and denote the re-
maining ! 2’s by y,,..., 4; (I € k). The function F is now considered as a function G(y) of
Y1, ---, Y. Derivatives 9G'/0y and 92G/(dydy’) are obtained from 9F/dz and 92F[(9zdz’) by
omitting rows and columns corresponding to the fixed 2’s. Among ¥,, ..., ¥, let there be some
m distinct arguments denoted z,, ..., z,, (m < I), so that each y; is equal to one and only one
z,, but possibly several y’s equal the same z. Let

= {l (yz = xg):
w 0 otherwise.

The function F, or @, is now a function H(x) of z,, ..., ,, and we have

1
OH [0z, = 3 (9G]oy;) myp,
" (5)
92H (0, 0z,) = P El {02 G/(0y, 0y;)} gy,

Thus, derivatives of H are simple sums of derivatives of G.

The minimization of H(X) is now a straightforward application of the Fletcher and Powell
method. This method makes use of a matrix E, which is evaluated in each iteration. Initially,
E is any positive definite matrix approximating the inverse of 92H/(9x9x’). In subsequent
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Amnalysis of covariance structures 241

iterations E is improved, using the information built up about the function, so that ulti-
mately E converges to an approximation of the inverse of 92H/(9x8x’) at the minimum.
If there are many parameters, the number of iterations may be excessive, but can be con-
siderably decreased by the provision of a good starting point and a good initial estimate
of E. Such an estimate may be obtained from the information matrix

E{0*F|(9z02')} = }NE{(oF [0z)(0F |oz')}

and the use of (5). The elements of the information matrix are rather complicated and are
not given here.

1-3. Standard errors of estimates and confidence intervals

When multiplied by 2/N the final matrix E obtained with the Fletcher and Powell pro-
cedure gives an approximation to the variance-covariance matrix of the estimated para-
meters. Experience with the method, however, has revealed that this approximation is
not sufficiently accurate for most purposes. A better estimate of the variance-covariance
matrix of the estimated parameters may be obtained by computing the information matrix
at the minimum. This could in principle be used to set up large sample confidence regions
for the parameters. In most cases, however, only the diagonal elements, corresponding to
variances of estimates, would normally be of interest. If P is square and nonsingular or if
Z is known, or an independent estimate X is available, exact small sample confidence
intervals can be set up for the parameters in E; see Potthoff & Roy (1964).

1-4. Tests of hypotheses

Let H, be any specific hypothesis concerning the parametric structure of the general
model and let H, be an alternative hypothesis. One can then test H, against H, by means of
the likelihood ratio technique. Let F; be the minimum of F under H, and let F, be the mini-
mum of F under H,. Then F; < Fyand minus two times the logarithm of the likelihood ratio

becomes u = N(Fy—F,). (6)

Under H, this is distributed, in large samples, as a x? distribution with degrees of freedom
equal to the difference in number of parameters estimated under H, and H,.

In general this requires the computation of the solution both under H, and H,. However,
for most of the useful alternatives H,, the solution is known and the value of F; can be com-
puted from some simple sample statistics. Because of its importance in most practical work
one such general alternative is considered here.

Suppose that under H,, E(X) = AEP, where P is square and nonsingular, and that
and Z are unconstrained. Then, under H,, the maximum likelihood estimates of & and

are £ — (A’A)A'XP, (7)
o 1':7 X'{I— A(A’A)A"X. (8)

The test statistic becomes R '
u = N(Fy—log|Z| - p), (9)

with degrees of freedom
d=gp+ip@+1)—m,

where m is the number of independent parameters estimated under H,,.
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242 K. G. JorEsKoG

2. APPLICATIONS
2-1. The special case, g = 1

In this part of the paper several models and problems are considered that may conveniently
be handled by means of the method described in §1. To begin with we shall consider models
where all observation vectors have the same mean vector. This is specified in (2} by letting
A be a column vector with all ones. The parameter matrix Z is then a row vector §’ and the
common mean vector is §'P. If P is square and nonsingular and § is unconstrained, all in-
formation regarding parameters B, A, ®, ¥ and © in Z is provided by the usual sample
variance-covariance matrix S. If, on the other hand, the common mean vector is constrained,
either by means of P or by constraints on §, this information affects the estimation of
parameters in Z and an overall estimation has to be done.

2-2. Analysis of sets of congeneric measurements

Most measurements employed in the behavioural sciences contain sizeable errors of
measurement and any adequate theory or model must take this fact into account. Of
particular importance is the study of congeneric measurements, i.e. those measurements
that are assumed to measure the same thing.

Classical test theory (Lord & Novick, 1968) assumes that a test score z is the sum of a
true score 7 and an error score e, where e and 7 are uncorrelated. A set of test scoreszy, ..., z,
with true scores 74, ..., 7, is said to be congeneric if every pair of true scores 7, and 7; have
unit correlation. Such a set of test scores can be represented as

X=p+PB7+e,

where X’ = (2,, ...,2,), B’ = (61, ..., B,) is a vector of regression coefficients, &’ = (e,, ..., ¢,)
is the vector of error scores, y is the mean vector of X and 7 is a true score, for convenience
scaled to zero mean and unit variance. The elements of X, e and 7 are regarded as random
variables for a population of examinees. Let 6%, ...,0; be the variances of e,,...,e,, re-
spectively, i.e. the error variances. The corresponding true score variances are g, ..., f2.
One important problem is that of estimating these quantities. The variance-covariance

matrix of X is
Z=(p +0% (10)

where @ = diag(6,,...,0,). This is a special case of (1), obtained by specifying B = g,
A=®=1and¥ =0.

Parallel tests and tau-equivalent tests, in the sense of Lord & Novick (1968), are special
cases of congeneric tests. Parallel tests have equal true score variances and equal error

variances, i.e. 2 2 o 2
ﬂl = ... =ﬁp,01 = ... = 01,.

Tau-equivalent tests have equal true score variances but possibly different error variances.
These two models are obtained from (1) by specification of equality of the corresponding
set of parameters. Equality of means may also be assumed. This is specified, for example,
by choosing & = gand P = (1, ..., 1).

The previous model may be generalized to several sets of congeneric test scores. If there
are ¢ sets of such tests, with m,, ..., m, tests respectively, we write X' = (X, ..., X;), where
X,(g = 1, ...,q) is the vector of observed scores for the gth set. Associated with the vector
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Analysis of covariance structures 243

X, there is a true score 7, and vectors p, and B, defined as in the previous paragraph. If the
different true scores 7,, ..., 7, are all mutually uncorrelated each set of tests can be analyzed
separately. In most cases, however, these true scores are correlated with each other and an
overall analysis of the entire set of tests must be made. Let p = m, +... +m,, p = E(X)
and e be the vector of error scores. Furthermore, let v' = {7, ..., 'rq} and let

B, 0 ... O
B - 0o B, ... 0 (11)
0 0 .. B,
Then
x=p+Br+te.

Let I" be the variance-covariance (correlation) matrix of =. Then the variance-covariance
matrix Z of X is
Z = BIB'+02 (12)
The model (12) is obtained from (1) by specifying A = I, ® =T with unities in the
diagonal, and W = 0. The matrix B is specified to have zero values in certain positions as in
(11). Any subset of tests may be assumed to be tau-equivalent or parallel by specifying the
equality of the corresponding £ and 6 parameters.

2-3. Factor analysis

Factor analysis is a widely used technique especially among psychologists and other
behavioural scientists. The basic idea is that for a given set of response variates z,, ..., z,
one wants to find a set of underlying or latent factors f,, ..., f;, fewer in number than the ob-
served variates, that will account for the intercorrelations of the response variates, in the
sense that when the factors are partialled out from the observed variates there no longer
remain any correlations between these. This leads to the model

X =u+A+z, (13)

where E(x) = w, E(f) = 0 and E(z) = 0, z being uncorrelated with f. Let ® = E(ff’) which
may be taken as a correlation matrix and W2 = E/(zz’) which is diagonal. Then the variance-
covariance matrix Z of X becomes

Z = ADA +W¥2 (14)

If (p—Fk)? < p+E, this relationship can be tested statistically, unlike (13) which involves
hypothetical variates and cannot be verified directly. Equation (14) may be obtained from
the general model (1) by specifying B =Iand © = 0.

When % > 1 there is an indeterminacy in (14) arising from the fact that a nonsingular
linear transformation of f changes A and in general also ® but leaves Z unchanged. The
usual way to eliminate this indeterminacy in exploratory factor analysis (see, for example,
Lawley & Maxwell, 1963; Joreskog, 1967; Joreskog & Lawley, 1968) is to choose & = I
and A"¥-1A to be diagonal and to estimate the parametersin A and ¥ subject to these con-
ditions. This leads to an arbitrary set of factors which may then be subjected to a rotation
or a linear transformation to another set of factors which can be given a more meaningful
interpretation.

16 BIM 57
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244 K. G. JorEsKOG

In terms of the general model (1), the indeterminacy in (14) may be eliminated by assign-
ing zero values, or any other values, to k2 elements in A and/or ¥, in such a way that these
assigned values will be destroyed by all nonsingular transformations of the factors except
the identity transformation. There may be an advantage in eliminating the indeterminacy
this way, in that, if the fixed parameters are chosen in a reasonable way, the resulting solu-
tion will be directly interpretable and the subsequent rotation of factors may be avoided.

Specification of parameters a priori may also be used in a confirmatory factor analysis,
where the experimenter has already obtained a certain amount of knowledge about the
variates measured and is in a position to formulate a hypothesis that specifies the factors on
which the variates depend. Such an hypothesis may be specified by assigning values to some
parametersin A, ® and ¥; see, for example, Joreskog & Lawley (1968) and Joreskog (1969).
If the number of fixed parameters in A and @ exceeds k2, the hypothesis represents a re-
striction of the common factor space and a solution obtained under such an hypothesis
cannot be obtained by a rotation of an arbitrary solution such as obtained in an exploratory
analysis. The method of analysis described in § 1 may be used to estimate the free parameters
and to test the hypothesis.

Model (10) is formally equivalent to a factor analytic model with one common factor
and model (12) is equivalent to a factor analytic model with ¢ correlated nonoverlapping
factors. In the latter case the factors are the true scores " = (7, ...,7,) of the tests. These
true scores may themselves satisfy a factor analytic model, i.e.

T=Af+s,

where f is a vector of order k£ of common true score factors, s is a vector of order ¢ of specific
true score factors and A is a matrix of order g x k of factor loadings. Let @ be the variance-
covariance matrix of f and let W2 be a diagonal matrix whose diagonal elements are the vari-
ances of the specific true score factors s. Then I, the variance-covariance matrix of ,
becomes
T'=APA +W2 (15)
Substituting (15) into (12) gives Z as
S = B(A®A'+¥?) B’ + 02 (16)

Model (16) is a special case of (1) by specifying zero values in B as before. To define A and
@ uniquely it is necessary to impose %2 independent conditions on these to eliminate the
indeterminacy due to rotation. Model (16) is a special case of the second order factor analytic
model.

2-4. Estimation of variance components

We give an example of an experimental design that has one random way of classification
and a possibly unbalanced fixed classification. It is possible to deal with all models of this
kind considered by Bock & Bargmann (1966) and many other models. Suppose the data
x,;; are classified according to one random mode v = 1, ..., N, one fixed mode ¢ = 1, 2,3 and
another fixed mode j = 1,2,3 (¢ = 1,2) and j = 1,2 (2 = 3). One model that may be con-

sidered is
xvij = av+bvi+cvj+evij: (17)

where a,, b,;, ¢,; and e,;; are independent random variates with means «, f;, y;and 0, and
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. 2 9 . oy ’

variances a3, 07,, ofj and 0%, respectively. Writing X, = (%,11, T12, Z13: o1, Tz Toess By Tose)
14

u, = (a,,b,, bvz’ bv3s Cy1s Crps 0,3) and

1 1 0 0 1 0 O]
11 00 01 0
1100 0 01
1 01 01 0 O
H= , (18)
1 01 0 01 0
1010001
1001100
. 1 001 0 1 of
we may write (17) as x, = Hu, +e, (19)

where e, is a random error vector of the same form as x,. The mean vector of x, is HE(u,)
and the variance-covariance matrix is

T — HOH' +¥2, (20)

where ® is a diagonal matrix whose diagonal elements are 03, 03, 0%, 0%, 0%, 0%, and 0%,
and ¥? is a diagonal matrix whose elements are the o-i.j. In terms of the general model (1)
and (2), this model may be represented by choosing E = E(u,), P = H’,B =I,A = Hand
© = 0. Matrices ® and W2 are as defined in (20) and the matrix A in (2) is a column vector
with all ones. The general method of analysis yields maximum likelihood estimates of the
fixed effects in E(u,) and of the variance components o3, o}, aﬁj and a3,

In the above example the design matrix H of the experiment was of full column rank.
However, in many cases this is not so and each of the components of u, cannot be separately
estimated. In general, if H is of order p x » and of rank k, one may choose k independent
linear functions, each one linearly dependent on the rows of H and estimate the mean vector
and variance-covariance matrix of these functions; see, for example, Graybill (1961, p. 228).
It is customary to choose linear combinations that are mutually uncorrelated but this is not
necessary in the analysis by our method. Let L be the matrix of coefficients of the chosen
linear functions and let K be any matrix such that H = KL. For example, K may be obtained

from K = HL'(LL")=, (21)
The model may then be reparameterized to full rank by defining u* = Lu. We then have

x = Hu+e = KLu+e = Ku*+e. The mean vector of x is KE(u*) and the variance-co-
variance matrix of X is represented as

S = K&K’ +¥2, (22)

where @ is the variance-covariance matrix of u* and W2 is as before. The general method of
analysis yields estimates of E(u*), ¥2 and ®. The last matrix may be taken to be diagonal,
if desired.
2-5. Analysis of sets of ordered responses
Suppose observations are available on a set of ordered response variates , ..., z,. These
may be repeated measurements on the same sampling unit or any other set of ordered but
correlated responses. Such data are often employed in growth studies. Perhaps, the most

16-2
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comprehensive treatment of the estimation, testing and confidence interval problems in this
context, is that of Potthoff & Roy (1964). Potthoff and Roy use the general model (2) assum-
ing that Z is essentially known, although their hypothesis testing procedure is valid condi-
tional on any given Z. In this section we shall consider models where a structure is imposed
on Z and possibly also on the means and where the problem is to estimate parameters of
the means as well as parameters of the variances and covariances. The emphasis is on estima-
tion rather than hypothesis testing.
Consider the Wiener stochastic process

Ty =+ +...+u, (E=1,...,p), (23)
where u, = E(x;) and u,, ..., u, are independent increments. This may be written in matrix
form as X = p+Mu, (24)
where M is a lower triangular matrix whose nonzero elements are all unity. The variance-
covariance matrix of X is = - M&M/, (25)

where ® is the diagonal matrix whose diagonal elements are the variances of the independent
increments u,, ..., 4,. While the estimation of & is a simple matter in this case, this is no
longer true if the data are fallible so that the variates contain errors of measurement. With
such errors included, (24) becomes

X=p+Mu+te, (26)

where e is a vector of errors of measurement. The variance-covariance matrix of X is
S = M&M' +¥2, (27)

where W2 is the diagonal matrix of error variances, assuming e, ..., e, to be mutually un-
correlated. Mukherjee (1966) developed a method for finding the maximum likelihood
estimates of ® and W2 both for homogeneous and heterogeneous error variances. These
estimates may also be obtained by our method by specifying B =1, A = M and & to be
diagonal,and © = 0.Iferror variances are assumed to be homogeneous one specifies equality
of all diagonal elements of ¥ in addition, in order that ¥ = ¢I.

Next consider a Markov model, namely the first order autoregressive series,

Xy = P+ Ke(@py— o) +u:  (E=2,...,P),

or in matrix form, with u, defined as z; - g,,

X = u+Ku, (28)
with variance-covariance matrix 5 = K&K, (29)
where _
[ 1 0 .. 0
Ky 1 ... 0
K=Kk Ko o 0 . (30)
P. P.
T K; H K3 1
| i=2 i=3 »

If random error terms are added to (28), Z becomes
Z =K&K'+02 (31)
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where ©2 is the diagonal matrix of error variances. This is of the same form as (27) but in
this case K is neither a fixed matrix nor a matrix whose nonfixed elements are free para-
meters. A reparameterization is therefore necessary to fit this model into the form (1).
Let a;=«k,...k; (¢ = 2,...,p) and D, be a diagonal matrix with the first diagonal element
equal to unity and the ith diagonal element equal to o, (¢ = 2, ..., p). Then

K = D, MD;},

where M, as before, is a lower triangular matrix whose nonzero elements are all unity. Let
®, as before, be the diagonal dispersion matrix of u and ®* = D;®D;'. Then

% = D,M&*M'D_+02, (32)

which may be represented by (1) by choosing B as the diagonal matrix D,, A as M, & as
the diagonal matrix ®*, ¥ as 0 and O as 0. It should be noted that there is a one to one
transformation between (ky, ..., Ky, @y, ..., Pp) and (s, ..., @y, BF, ..., Pp).

One disadvantage with the model (32) is that not all parameters are uniquely determined
by Z. An investigation of the identification problem reveals that constants may be added to
or subtracted from the first and the last diagonal elements in @, the effect of which may
be counterbalanced by a certain change in D, and @*. To eliminate this indeterminacy,
two independent conditions have to be imposed but there does not seem to be any natural
way to do so. However, if it is reasonable to assume that error variances are equal for all
variates, which may be the case when all variates are measured in the same units, the model
(32) may be replaced by the more restrictive model

= = D,M&*M'D, + 6, (33)

which does not contain any indeterminacies.

Autoregressive series of higher orders may also be considered, but except in certain special
cases the resulting Z is not of the form (1). Models of this kind for the structure of the vari-
ance-covariance matrix may be used in connexion with various structures on the mean
values. If one variate is measured on p occasionst,, ..., ¢, and there are g independent groups
of observations with n, observations in the sth group, 7, +... +n, = N, one may wish to
consider polynomial growth curves like

E(xt) = M= §30+§31t+ +gshth’ (34)

for the sth group (s = 1, ..., g). Such a model may be represented in the form of (2) by letting
A, Z and P be as follows. The matrix A is of order N x g and has », rows (1,0, ..., 0), n, rows
(0,1,0,...,0), ... and n, rows (O, ..., 0, 1). Further

§10 gll glh
= 520 521 §2h , (35)
ggo ggl ggh
1 1 ... 1
oty .. b,
P=1g ¢ ... 2] (36)
th th
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If this model is used together with (27), for example, one can estimate the parameters in
E, ® and ¥ simultaneously. If desired, one can also estimate these parameters under the
condition that some of the coefficients in the polynomial growth curves have assigned values
or that one or more of them are the same for certain groups.

The above models may be extended to the case when several variates are measured at
different occasions. To consider the simplest case of only two variates, let

B(xy) = EQ+ERt+... +EP (s=1,...,9;4=1,2). (37)

If the variates x;, are ordered so that

(xltp e xltp’ xztlr L) xztp) (38)
corresponds to a row of the data matrix X, then A is as before,
€y &Y ... Y O B ... R
N < - - | (39)
£ &Y .. &R OEY &Y . &R
P* 0
P= ,
o v

where P* is the same as P in (36) and 0 is a zero matrix. The variance-covariance matrix Z
of the random vector in (38) may be assumed, for example, to be of the form

M 0][®, @M 07..,
z‘[o M][cba o [0 M']*"” (#0)

where ®@,, ®, and @, are diagonal matrices of order p. Such a covariance structure results
from
Zyg = Zyp1+ Uyt (41)
if the increments %, are uncorrelated between occasions but correlated within occasions,
2, being the deviation of x;, from the mean. The diagonal elements of @, are the variances of
Uigs - Uy (2 =1, 2) and the diagonal elements of ®; are the covariances between u;, and
Uy (! = 1, ..., ). In this case one can estimate the elements of =, &,, ®,, ®, and ¥ simul-
taneously. If desired, one can test the hypothesis that growth curves are the same for
several groups and for the two variates measured.

2-6. Path analysis and linear structural relationships

Path analysis, due to Wright (1918), is a technique sometimes used to assess the direct
causal contribution of one variable to another in a nonexperimental situation. The problem,
in general, is that of estimating the parameters of a set of linear structural equations, re-
presenting the cause and effect relationships hypothesized by the investigator. Such a
system of equations involves variates of two kinds: independent or cause variables §,, ..., £,
and dependent or effect variables 7, ...,7,. The technique consists of solving the structural
equations for the dependent variables in terms of the independent to obtain the reduced form
of the equations and then estimating the regression of the dependent variables on the in-
dependent from this reduced form. Models of this kind and a variety of estimation techniques
have been extensively studied by econometricians, for example, Wold & Jureen (1953) and
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Wold (1964); biometricians, for example, Turner & Stevens (1959) and references therein ;
and sociologists, for example, Blalock (1964). There seem to be three types of difficulties
associated with these techniques, namely (i) if there are errors of measurement in the in-
dependent variates, these errors will give rise to inconsistent regression estimates; (ii) if
the parameters in the structural equations and the parameters in the reduced form are
not in a one-to-one correspondence, one or more of the parameters of structural equations
may be overidentified or underidentified; and (iii) since the regression technique is applied
to each equation separately, one does not get an overall test of the entire causal structure.
The purpose of this section is to show how some of these models may be analyzed by means
of a covariance-structure approach and how this to a certain extent eliminates the above
difficulties. We shall first give an example and then consider a more general case.

<§1 >
} /

Fig. 1. Path diagram for fictitious problem.

7 &

72 73

Consider the path diagram of Fig. 1, involving true variates &;, £,, £;, 7;, 77, and ;. The
structural equations are

1= Yubi+V12bs Mo = AnTi+Veebos 73 = AaeWa+Vasbs (42)

There are six parameters Yyq, Yia, %oy, Yoz, Aae and Y43 in these equations to be estimated.
The reduced form equations are

7= Yubi+ V1262 + 08,
Mg = Aoy Y1161+ (Xa1V12+ Va2) E2 + 0E5, (43)
N3 = Qgollpy Y11 €1+ Uaa(0er Y12+ Vao) £+ Vasba:

There are nine regression coefficients in these equations, two of which are constrained to be
zero, the remaining seven being functions of the six parameters of the structural equations.
It is readily seen that a,, is overdetermined. If we estimate the regression coefficients in the
reduced form equations by the regression method, assuming £,, £, and £; without error, there
is no guarantee that the estimates 75/, and fap/fs; of oy, are the same.

Defining g = agy, V= 0gp8y;, §=7Y11, €="Y1s, P = Y1a+(Yeo/%er) and k = Y505,
we may easily verify that there is a one-to-one transformation between (cty;, %39, Y11, V125
Y22, Vas) and (4, v, 6, ¢, ¢’ k) and that ay = p, oz, = V/,u', Yu=29 Y12 =6 Y2 = wp—e)

and yg = vk. Let 10 0 0 0 0] 5 e 07

0 4 0000 5 ¢ 0
B=OOVOOO,A=8¢K (44)

000100 100

000010 01 0

0 0 0 0 0 1] 0 0 1
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Now suppose further that 7,, 9,, 75, &;, £, and £; cannot be observed directly, but that
instead .
i=vtnte G=p+E+8 (1=1,23) (45)
are observed, where v, and g, are the means of 4, and z, respectively and ¢, and §; are errors
of measurement. Assuming that errors of measurement are uncorrelated with the true
variates and among themselves, we find from (44) and (45) that the variance-covariance
matrix of y,, ¥, ¥s, Z;, T, and z, is

Z = BA®A'B’ + 02, (46)

where @ is the variance-covariance matrix of £, §, and &,, and ©%is a diagonal matrix con-
taining the six error variances. This is of the form (1) with ¥ = 0 and with certain elements
of A constrained to be equal as in (44). The sample variance-covariance matrix S of y;, ¥,,
Y3, &y, T, and x, provides information for estimating the free parameters in B, A, & and ©.
In large samples the 2 statistic (6) may be used to test the overall goodness of fit of the
causal structure. In this case there are 6 parameters in B and A, 6 in ® and 6 in © to be
estimated, so that the degrees of freedom are 21 —18 = 3.

Now consider a general case. Let § be a random m x 1 vector of true independent variables,
7 be a random % x 1 vector of dependent variables and

- L)

where, as before, v and p are mean vectors and € and 8 are vectors of errors of measurement
being uncorrelated amongthemselves and with the true variates. Let the structural equations
be written as

n = An+TE. (48)
The reduced form becomes, by assuming I — A to be nonsingular,
n = (I-A)7TE, (49)
which may also be written as " (I— A)-T
=[] )

where the matrix on the right-hand side is of order (n + m) x m. In general, there will be some
fixed, usually zero, elements in A and T, the remaining elements being parameters to be
estimated. Suppose there exist two matrices B and A containing fixed, constrained and
free elements to conform with the specification for model (1), such that
(I- A)-ll‘]

(51)

BA=[ I

and such that there is a one-to-one transformation between the parameters in A and I’
and the distinct free elements in B and A. Then (50) can be written

[”'] = BAE. (52)
3
Substituting (52) into (47), we find that the observed variates are given by

yl _[v €

- [a] e f3] )

with variance-covariance matrix of the form (46), where @ is the variance-covariance
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matrix of § and 02 is the diagonal matrix of error variances of € and 8. The free parameters
in B, A, ® and © may be estimated by the method described in §1-1, provided (53) represents
a nontrivial hypothesis, i.e. provided the degrees of freedom are positive. The number of
degrees of freedom is equal to §(m + ) (m +n + 1), the number of variances and covariances
in Z, minus {m(m+ 1), the number of variances and covariances in ®, minus m +», the
number of error variances in @2, minus the number of free distinct parameters in B and A,
or AandTI.

The above approach is limited to such cases where (51), with its specifications, holds. In
those cases this approach clearly eliminates the three types of difficulties listed in the be-
ginning of this section.

This work was supported by the National Science Foundation. A computer program
implementing the method described in this paper has been written by G. Gruvaeus and
M. van Thillo for the IBM 360/65. Copies of the programe are available from the author.
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