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Abstract— We derive and implement a second-order adjoint
method to compute exact gradients and Hessians for a pro-
totypical quantum optimal control problem, that of solving
for the minimal energy applied electric field that drives a
molecule from a given initial state to a desired target state. For
small to moderately sized systems, we demonstrate a vectorized
GPU implementation of a second-order adjoint method that
computes both Hessians and gradients with wall times only
marginally more than those required to compute gradients via
commonly used first-order adjoint methods. Pairing our second-
order adjoint method with a trust region optimizer (a type of
Newton method), we show that it outperforms a first-order
method, requiring significantly fewer iterations and wall time
to find optimal controls for four molecular systems.

I. INTRODUCTION

In quantum optimal control, unless our problem admits a
solution that we can derive by hand, we compute solutions
using numerical optimization. Within the space of gradient-
based optimization methods, there is a broad distinction be-
tween (i) first-order methods that require only first derivatives
of the objective and (ii) second-order methods that require
first and second derivatives. Many if not most numerical
studies in quantum optimal control use first-order methods,
which we take to include quasi-Newton methods that use
gradients to update an approximate (inverse) Hessian. In
this paper, we derive both first- and second-order adjoint
methods for a prototypical quantum optimal control problem.
The second-order adjoint method gives us an algorithm to
compute exact Hessians, which enables use of an exact trust
region solver, a second-order Newton method, to compute
optimal controls. We show that the second-order method
yields more rapid convergence than the first-order method,
both in terms of iteration count and wall clock time.

We consider the dynamics of electrons in molecules
with nuclei held fixed as part of the Born-Oppenheimer
approximation. The resulting dynamics are governed by the
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time-dependent Schrödinger equation (TDSE) with a core
Hamiltonian consisting of a sum of kinetic operators (for the
electrons), electron-nuclear potentials, and electron-electron
potentials. To this core Hamiltonian we add time-dependent
terms that model applied electric fields within the dipole
approximation. In general, for a many-electron system, one
cannot solve the resulting TDSE for the full time-dependent
wave function without making approximations. Here we
employ a method equivalent to full configuration interac-
tion, explained in Section II, through which one can derive
from the TDSE a tractable system of ordinary differential
equations (ODE). This ODE system is generic and arises
whenever one expresses the TDSE’s operators and wave
function in a finite basis.

For a given molecule, we seek the optimal electric field
that one should apply to transfer the molecule from a given
initial state to a desired target state. We relax this problem
slightly and use a cost that combines the squared norm of the
control effort (i.e., the energy of the applied field) with the
squared error between achieved and target states at the final
time. This allows for the possibility that the desired target
is unreachable. The aim in such problems is to reach a final
state that is sufficiently close to the desired target.

Though the mathematical form of our quantum optimal
control problem can be found throughout the literature [2]–
[5], relatively few prior studies use exact Hessians and
Newton-type methods. Among those that do, one strand
incorporates exact Hessians into the GRAPE (gradient ascent
pulse engineering) optimal control algorithm [6], using either
an auxiliary matrix exponential [7]–[9] or exact diagonal-
ization [10] to compute the required second derivatives of
the matrix exponential. Another strand employs Krylov-
Newton methods [3, §6.3], including a matrix-free, semis-
mooth Newton approach in which the whole Hessian matrix
need not be stored [11]. As in these works, we solve a
quantum optimal control problem using an adjoint method
that enforces the equations of motion (as equality constraints)
via time-dependent Lagrange multipliers. Alternatively, one
can enforce these constraints via projection; [12] combines
such an approach with a Hessian-based Newton method.

Our work adds to this literature in two ways. First,
throughout all prior work of which we are aware, the second-
order adjoint method has not been used to derive algorithms
to compute Hessians for quantum optimal control problems.
This is in contrast to optimal control, data assimilation, and
inverse problems in other areas of science, for which second-
order adjoint methods have proven useful, even for large-
scale problems [13]. Second, we implement our second-
order adjoint method in JAX [14], taking advantage of GPU



vectorization. As we show, this leads to near-linear scaling of
Hessian wall clock time as a function of the number of time
steps, mitigating a common concern that Hessians take too
long to compute. All code developed for this paper is avail-
able here: https://github.com/hbhat4000/hessQOC.

II. PROBLEM FORMULATION

For the electron dynamics problem described in Section
I, we apply the CASSCF method [15] with a large enough
active space such that it is equivalent to full configuration in-
teraction (CI), a standard method in computational chemistry
[16]–[18]. For our purposes, full CI yields an orthonormal
basis {ΨCI

q (X)}Nq=1, in terms of which we expand the TDSE
wave function: Ψ(X, t) =

∑N
q=1 aq(t)Ψ

CI
q (X). Here aq(t) is

the q-th component of the coefficient vector a(t). Using this
in the TDSE (in atomic units with ℏ = 1), we obtain

i
d

dt
a(t) =

(
H0 +

3∑
k=1

fk(t)Mk

)
a(t). (1)

Here H0 is the core Hamiltonian matrix, diagonalized by the
CI basis. In the x, y, and z directions, respectively, we have
dipole moment matrices {M1,M2,M3} and applied electric
field strengths f(t) = (f1(t), f2(t), f3(t)). The Mk matrices
express the dipole moment operators in the full CI basis;
in general, Mk does not commute with H0. Because we
have used all nontrivial Slater determinants, the only error
incurred by replacing the TDSE with the finite-dimensional
system (1) is due to the finiteness of our atomic orbital
basis set. As the size of this basis set goes to infinity, we
recover the exact solution of the TDSE with electronic Born-
Oppenheimer Hamiltonian [19].

The field strengths f(t) are the open-loop controls that we
solve for in this work. We can now formulate our problem
in continuous time: given H0, {Mk}3k=1, a cost balance
parameter ρ > 0, a final time T > 0, an initial state α, and
a target state β, solve for f : [0, T ] → R3 that minimizes

C[f ] =
1

2

3∑
k=1

∫ T

0

fk(t)2 dt+
ρ

2
∥a(T )− β∥22 (2)

subject to the equation of motion (1) and initial condition
a(0) = α. Note that we have incorporated the target state
into the cost; unlike a hard constraint of the form “a(T ) =
β,” we allow for the possibility that it may not be possible
to exactly reach β in time T starting from α.

To avoid gradient/Hessian inconsistencies that may arise
in an optimize-then-discretize approach [3, §6.3.3], we take
a discretize-then-optimize approach. Using fixed time step
∆t > 0 such that J∆t = T , we discretize (1) via

Zj = −i

(
H0 +

3∑
k=1

fk(j∆t;θ)Mk

)
∆t (3a)

aj+1 = exp(Zj)aj (3b)

Here aj approximates a(j∆t) and exp denotes the matrix
exponential. We have introduced the model f(j∆t;θ) with

parameters θ ∈ RNp , which we take to be our decision vari-
ables. Aside from sufficient smoothness to compute required
derivatives, we impose no other requirements on this model.
In this work, for a 3× J parameter matrix θ, we set

fk(j∆t;θ) = θk,j . (4)

This yields a model in which we optimize directly over
all individual values of the discrete-time controls fk(j∆t),
equivalent to the piecewise constant model employed in
prior work [8], [10]. This model maximizes flexibility: any
discrete-time control signal f(j∆t;θ) is achievable under
this model. Hence Np = 3J is an upper bound on the number
of model parameters. We explore the maximal model (4) in
several tests below.

In future work, we will demonstrate the use of neural
network models that take t as input and produce as output
f(t;θ). Here θ is a concatenation of all neural network
parameters (e.g., weights and biases). By choosing the net-
work architecture carefully, we can ensure Np = |θ| ≪ 3J ,
potentially making such models attractive when J is large.

Given {H0, {Mk}3k=1, ρ, J,∆t,α,β}, the discrete-time
optimal control problem is to find θ ∈ RNp that minimizes

C (θ) =
1

2

3∑
k=1

J−1∑
j=0

fk(j∆t;θ)2 +
ρ

2
∥aJ − β∥22 (5)

subject to a0 = α and (3) for j = 0, . . . , J − 1.
In this paper, we focus on the two-electron molecules H2

and HeH+ treated using both the STO-3G [16, §3.6.2] and 6-
31G [20] basis sets. For these molecules, full CI in STO-3G
and 6-31G results in problem sizes of N = 4 and N = 16,
respectively. Also, for these molecules, the dipole moment
matrices in the x and y directions vanish; the remaining
control is f3(t) ∈ R.

III. SOLUTION METHODS
A. First-Order Adjoint Method

The method begins with a Lagrangian that incorporates
the discrete-time cost (5) and equations of motion (3):

L (A,Λ,θ) =
1

2

3∑
k=1

J−1∑
j=0

fk
j (θ)

2 +
ρ

2
∥aJ − β∥22

−ℜ
J−1∑
j=0

λ†
j+1(aj+1 − exp(Zj)aj), (6)

where Zj was defined in (3a) and fk
j (θ) = fk(j∆t;θ). Here

A = {aj}Jj=1 and Λ = {λj}Jj=1 denote the collections of
states and costates, respectively. In (6), we set a0 = α. Our
goal is to find a critical point of L , i.e., to satisfy a necessary
condition for the solution of the discrete-time optimal control
problem. Hence we compute gradients of (6) with respect to
A, Λ and θ. As ∇ΛL = 0 will reproduce (3b), we focus on
the remaining two gradients. Treating ak and a∗k as separate
variables, we compute and set ∇ak

L = 0, resulting in

λJ = aJ − β (7a)

λ†
k = λ†

k+1 exp(Zk). (7b)

https://github.com/hbhat4000/hessQOC


Algorithm 1 First-order adjoint method to solve the discrete-
time optimal control problem from Section II
Require: {H0, {Mk}3k=1, ρ, J,∆t,α,β}, θ(0), and m = 0.

1: a0 ← α
2: for j = 0, . . . , J − 1 do
3: Compute and store the decomposition VjDjV

†
j = Zj

4: aj+1 ← Vj exp(Dj)V
†
j aj

5: end for
6: λJ ← aJ − β
7: for k = J − 1, . . . , 1 do
8: λ†

k ← λ†
k+1Vk exp(Dk)V

†
k

9: end for
10: Use the stored eigendecomposition of Zk to compute and store

d(expZ)/dZ •M , evaluated at each Z = Zk.
11: Using {aj}J−1

j=0 , {λj}Jj=1, the derivatives computed in line 10,
and∇θf , compute∇θL via (8). Use∇θL in a gradient-based
optimization method to compute the next iterate θ(m+1).

12: If ∥θ(m+1) − θ(m)∥ < δ or ∥∇θL (θ(m+1))∥ < ϵ, exit; else
m← m+ 1 and return to line 1.

This system determines λ: we start with the final condition
(7a) and iterate (7b) backwards in time for k = J−1, . . . , 1.
Next, we have for k = 0, . . . , J − 1:

∂L

∂θℓ
=

3∑
k=1

J−1∑
j=0

fk
j (θ)

∂fk
j

∂θℓ

−ℜ
J−1∑
j=0

λ†
j+1

[
i∆t

3∑
k=1

d

dZ
exp(Z)

∣∣∣∣
Z=Zj

•Mk
∂fk

j

∂θℓ

]
aj . (8)

We assume that ∇θf can be computed efficiently either by
hand or by automatic differentiation. Prior work has shown
how to compute the directional derivative d(expZ)/dZ •
W for Hermitian or anti-Hermitian matrices Z [7], [10],
[21]. We have our own derivations, omitted due to space
constraints, that result in efficient implementations. For small
to moderately sized Z, we compute exp(Z) by first com-
puting the eigendecomposition Z = V DV †, which yields
exp(Z) = V exp(D)V †. Once we have computed V and D,
we compute d(expZ)/dZ •W with low additional cost. We
summarize the first-order adjoint method with exact gradients
(8) in Algorithm 1.

B. Second-Order Adjoint Method

In order to compute the required Hessian, we take a total
derivative of (8) with respect to θ, resulting in

d

dθm

∂L

∂θℓ
=

3∑
k=1

J−1∑
j=0

fk
j (θ)

∂2fk
j

∂θℓ∂θm
+

∂fk
j

∂θℓ

∂fk
j

∂θm

+ ℜ
J−1∑
j=0

{
dλ†

j+1

dθm

[
i∆t

3∑
k=1

d

dZ
exp(Z)

∣∣∣∣
Z=Zj

•Mk
∂fk

j

∂θℓ

]
aj

+λ†
j+1

[
(∆t)2

3∑
k,n=1

d

dZ
exp(Z)

∣∣∣∣
Z=Zj

•(Mk⊗Mn)
∂fk

j

∂θℓ

∂fn
j

∂θm

]
aj

+ λ†
j+1

[
i∆t

3∑
k=1

d

dZ
exp(Z)

∣∣∣∣
Z=Zj

•Mk
∂2fk

j

∂θℓ∂θm

]
aj

+ λ†
j+1

[
i∆t

3∑
k=1

d

dZ
exp(Z)

∣∣∣∣
Z=Zj

•Mk
∂fk

j

∂θℓ

]
daj

dθm

}
. (9)

Algorithm 2 Second-order adjoint method to solve the
discrete-time optimal control problem from Section II
Require: {H0, {Mk}3k=1, ρ, J,∆t,α,β}, θ(0), and m = 0.

1: a0 ← α
2: for j = 0, . . . , J − 1 do
3: Compute and store the decomposition VjDjV

†
j = Zj

4: aj+1 ← Vj exp(Dj)V
†
j aj

5: end for
6: λJ ← aJ − β
7: for j = J − 1, . . . , 1 do
8: λ†

j ← λ†
j+1Vj exp(Dj)V

†
j

9: end for
10: for j = 0, . . . , J − 1 do
11: Use the eigendecomposition of Zj to compute and store all

derivatives d(expZ)/dZ •Mk and d2(expZ)/dZ2 • (Mk ⊗
Mn), evaluated at Z = Zj .

12: end for
13: for ℓ = 1, . . . , Np do ▷ Parallelize/vectorize over ℓ
14: da0/dθℓ ← 0
15: for j = 0, . . . , J − 1 do
16: daj+1/dθℓ ← Vj exp(Dj)V

†
j daj/dθℓ

17: −i∆t
∑3

k=1
d
dZ

exp(Z)

∣∣∣∣
Z=Zj

•Mk(∂f
k
j /∂θℓ)aj

18: end for
19: end for
20: for ℓ = 1, . . . , Np do ▷ Parallelize/vectorize over ℓ
21: µJ,ℓ ← ρ(daJ/dfℓ)
22: for j = J − 1, . . . , 1 do
23: µ†

j,ℓ ← µ†
j+1,ℓVj exp(Dj)V

†
j

24: −i∆tλ†
j+1

∑3
k=1

d
dZ

exp(Z)

∣∣∣∣
Z=Zj

•Mk(∂f
k
j /∂θℓ)

25: end for
26: end for
27: Using {aj}J−1

j=0 , {λj}Jj=1, {∇θaj}J−1
j=0 , {µj}Jj=1 and deriva-

tives of matrix exponential, compute ∇θL via (8) and
∇θ∇θL via (9); use these in a second-order optimization
method to compute next iterate θ(m+1).

28: If ∥θ(m+1) − θ(m)∥ < δ or ∥∇θL (θ(m+1))∥ < ϵ, exit; else
m← m+ 1 and return to line 1.

We see ∇θf and ∇θ∇θf throughout; we assume both can be
computed efficiently either by hand or by automatic differen-
tiation. In the remaining lines, we see three new objects. One
new object is the second derivative d2(expZ)/dZ2 • (W1 ⊗
W2). As before, we have derived expressions for this that can
be implemented efficiently assuming we have precomputed
Z = V DV †. The remaining new objects in (9) are daj/dθℓ
and µj,ℓ = dλj/dθℓ. To compute these, we begin with the
total derivative of the Lagrangian: L ′

ℓ := dL /dθℓ, which
we regard as a function of A = {aj}Jj=1, Λ = {λj}Jj=1 and
∇θΛ = {µj = ∇θλj}Jj=1. As before, we seek a critical
point of L ′. Note that ∇µk

L ′ = 0 and ∇λk
L ′ = 0 will

reproduce both (3b) and the total derivative of (3b) with
respect to θ. This latter derivative naturally yields lines 13-
19 in Algorithm 2, a scheme to compute daj/dθℓ. We then
focus on variations of L ′ with respect to a; requiring that
δL ′ vanishes for all variations δaj and ∇θδaj , we derive
both the first-order adjoint system (7) and lines 20-26 in
Algorithm 2, a scheme to compute µj,ℓ. For full derivations,
see [22]. In Algorithm 2, we give an end-to-end procedure to
iteratively solve for θ (and thereby solve for f ) using exact
Hessians and gradients.
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Fig. 1. We give a log-log plot of wall clock time results for Algorithms 1
and 2. Here N represents problem size, while J is the number of time steps
required to go from t = 0 to t = T . For each fixed choice of parameters
(N, J), we ran each algorithm 1000 times; we plot the mean (circular dot)
and error bar (plus/minus twice the standard deviation) of these runs. The
results show that both algorithms’ scaling as a function of J is close to
linear—see Section IV-A in the main text for details. The upshot: for the
quantum optimal control problem we studied, Hessians and gradients can
be computed at similar cost to gradients alone.

C. Operational Difference

The first 9 lines of both algorithms are identical. The
differences between the two algorithms are that Alg. 2
requires (i) computation of second derivatives of the matrix
exponential, (ii) two nested loops, from lines 13-19 and lines
20-26, and (iii) computation of the Hessian via (9). Regard-
ing (i), let us assume that if one has already diagonalized
each Zj , then the cost of computing second derivatives of
exp(Z) at Zj is a constant multiple of the cost of computing
first derivatives of exp(Z) at Zj .

As for (ii), in the two nested loops, the inner loops are
very similar, each requiring a total of 4J matrix-vector mul-
tiplications and J matrix-scalar multiplications. The outer
loops over the ℓ variable can be parallelized easily. Here
ℓ goes from 1 to Np, the length of the θ vector, the total
number of parameters in the model. When we examine (iii),
we see that computation of both the Hessian (9) and the
gradient (8) can also be parallelized over the ℓ variable. In the
above, we use parallelize to include either shared-memory
multiprocessing (e.g., via OpenMP) or vectorization. Our
implementations, designed to run on graphical processing
units (GPUs), utilize vectorization via vmap constructs in
JAX [14]. With effective parallelization or vectorization, we
hypothesize that one pass of either Alg. 1 or 2 will have
a wall clock time that is nearly linear (if not linear) in J ,
the total number of time steps required to go from t = 0 to
t = T . Below we will test this empirically.

IV. RESULTS

A. Scaling of Gradient and Hessian Algorithms

With the maximal model (4), the outer double for loops
(over the ℓ variable) in Alg. 2 go up to Np ≥ J . Thus a

naı̈ve implementation of Alg. 2 might be expected to have a
run time that scales quadratically in J . On the other hand,
vectorization of this outer loop (described in Section III-C)
should yield closer-to-linear scaling in J .

We test this on systems with four values of N , the
dimension of the Hamiltonian and dipole moment matrices.
The N = 4 and N = 16 systems correspond to full CI
for the molecule HeH+ in, respectively, the STO-3G and 6-
31G basis sets. For this molecular system, only the dipole
moment matrix in the z direction is nonzero; hence the
control consists of scalars fj = f(j∆t;θ), and θ is simply
a vector of length J . For N = 64 and N = 144, we created
random diagonal core Hamiltonian matrices H0 and random
Hermitian dipole moment matrices M . For all systems, we
take the initial state to be α = [1, 0, . . . , 0] and the target
state to be β = [0, . . . , 0, 1].

For a given molecular system, we fix the number of time
steps J , sample an initial θ(0) with each θ

(0)
j ∼ N (0, 1)

(standard normal), and check the wall clock time to run
each algorithm (in turn) on precisely the same set of inputs
θ(0) and {H0, {Mk}3k=1, ρ, J,∆t,α,β}. We take care to
force JIT compilation of our JAX implementations of both
algorithms before checking wall clock times.

Fig. 1 shows a log-log plot of the means and error bars
(plus/minus two standard deviations) across 1000 trials of
the above experiment, conducted for each J = 2κ with κ =
2, . . . , 10. All tests were conducted on Nvidia A100 (40 GB
RAM) GPU nodes on NCSA’s Delta GPU cluster [23]. The
results indicate that Alg. 2’s wall clock time has nearly linear
scaling. For Alg. 1, the slopes of the OLS (ordinary least
squares) regression lines fit to the log-log data for N =
4, 16, 64, 144 are, respectively, 0.9082, 0.9067, 0.9999, and
1.001; for Alg. 2, the slopes are 0.9871, 0.9938, 0.9975, and
1.006. Slopes m ≈ 1 indicate near-linear scaling.

In prior work that did not use second-order adjoints,
with a parallel CPU implementation (for N = 144), we
learn that “Given the same computing resources, a Hessian
calculation takes approximately ten times longer than a
gradient calculation” [8]. Our results above (esp. for N = 64
and N = 144) show that the wall clock time required to
obtain the Hessian and the gradient (via Alg. 2) is practically
identical to that required to obtain only the gradient (via Alg.
1). This shows the advantages of the second-order adjoint
method and our vectorized GPU implementation.

B. Optimal Control Results

Continuing with the maximal model (4), we consider the
question of whether using gradients and Hessians improves
our ability to solve the optimal control problem, relative
to using gradients alone. We answer this question for both
HeH+ and H2 in each of two basis sets, STO-3G and 6-
31G. As with HeH+ (described above), the control consists
of an applied electric field in the z-direction only; the
dipole moment matrices in the x- and y- directions vanish.
Hence |θ| = J . We retain the same initial and target states
mentioned above: α = [1, 0, . . . , 0] and β = [0, . . . , 0, 1].
For all systems, we use time step ∆t = 0.1, J = 200 steps,



molecule basis set algorithm # iterations wall time final cost final ∥grad∥ ∥target viol∥

H2 STO-3G Alg 1 5748.12 73.4884 12.7697 0.882974 1.604×10−5

Alg 2 1421.67 21.3366 12.7795 6.2616× 10−5 1.57277× 10−5

H2 6-31G Alg 1 5313.17 92.6164 14.5274 1.28098 2.41829× 10−5

Alg 2 1335.56 21.41 14.5221 4.75845× 10−5 2.52149×10−5

HeH+ STO-3G Alg 1 7707.69 92.0181 21.0352 2.38341 3.23744×10−5

Alg 2 2729.95 42.2176 20.8101 5.45808× 10−2 3.22242× 10−5

HeH+ 6-31G Alg 1 6967.62 105.222 16.1364 3.25426 1.93098×10−5

Alg 2 1997.94 31.8765 15.8801 8.06679× 10−3 1.77365× 10−5

TABLE I
MEAN PERFORMANCE OF EACH ALGORITHM ACROSS 1000 TRIALS USING THE MAXIMAL MODEL (4). THE RESULTS SHOW THAT ALG. 2

OUTPERFORMS ALG. 1, CONSISTENTLY REQUIRING FEWER ITERATIONS and LESS WALL CLOCK TIME TO ACHIEVE SOLUTIONS OF THE SAME OR

BETTER QUALITY. FOR DETAILS, SEE SECTION IV-B IN THE MAIN TEXT. FOR EACH MOLECULAR SYSTEM, WE BOLDFACE THE BEST RESULTS.

molecule basis set # iterations wall time final cost final ∥grad∥ ∥target viol∥
H2 STO-3G 5.08 (2.12, 9.88) 4.44 (1.72, 9.06) 1.00 (0.83, 1.17) 5.00×106 (1.62×10−1, 4.11×104) 1.03 (0.83, 1.24)
H2 6-31G 4.95 (1.66, 10.27) 5.46 (1.58, 13.74) 1.03 (0.68, 1.49) 3.53×106 (2.84×10−1, 1.20×105) 1.05 (0.47, 1.98)
HeH+ STO-3G 3.33 (1.67, 6.05) 2.58 (1.31, 4.81) 1.02 (0.81, 1.24) 1.80×107 (2.87×10−1, 1.72×107) 1.03 (0.66, 1.52)
HeH+ 6-31G 4.33 (1.56, 8.80) 4.15 (1.36, 9.14) 1.03 (0.80, 1.29) 1.64×107 (3.83×10−1, 5.85×106) 1.12 (0.71, 1.79)

TABLE II
RATIOS INDICATING THE RELATIVE PERFORMANCE OF ALG. 1 TO ALG. 2 USING THE MAXIMAL MODEL (4). NOTE THAT RATIOS ARE COMPUTED

FIRST (IN EACH OF 1000 TRIALS), AFTER WHICH WE COMPUTE MEANS AND (0.05, 0.95) QUANTILES, REPORTED IN PARENTHESES. FOR DETAILS, SEE

SECTION IV-B IN THE MAIN TEXT. THE RESULTS SHOW THAT USING EXACT HESSIANS ALLOWS FOR MORE RAPID CONVERGENCE TO SOLUTIONS OF

SUBSTANTIALLY THE SAME QUALITY IN TERMS OF FINAL COST AND NORM DISCREPANCY BETWEEN ACHIEVED AND DESIRED TARGETS.
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Fig. 2. From the pool of 1000 maximal model (4) solutions whose statistics were reported in Tables I-II, the plotted solutions achieved the lowest cost.
For each molecular system (choice of molecule plus basis set), we plot both the optimal field strength f(t) and the magnitudes |aj(t)| of the controlled
trajectory. Here J = 200 and ∆t = 0.1. Gray components of the controlled trajectory have initial and target values of 0; colored components’ initial
values differ from their targets.

and cost-balance parameter ρ = 106. We set the termination
criteria tolerances δ and ϵ (in Algorithms 1 and 2) to 10−10.
We also set the maximum number of iterations to be 104.

Each experiment starts by drawing a random initial guess
for θ, with each entry normally distributed with mean zero
and variance one. With this initial guess, we solve the optimal
control problem using Alg. 1; with the same initial guess,
we solve the problem again using Alg. 2. We carried out
this experiment 1000 times, recording data on algorithm
performance and solution quality. Optimization always ter-

minated due to satisfaction of either the δ or ϵ criteria; the
iteration limit was never reached. In both cases, we couple
our algorithms with the trust-region optimizer trust-constr
in the scipy.optimize package [24]. When we use Alg. 1 to
supply only gradients to the trust-region optimizer, it uses
these gradients to compute approximate inverse Hessians
via BFGS updates. When we use Alg. 2, the trust-region
optimizer uses exact gradients and Hessians.

We measure both algorithms’ performance in terms of the
iteration count and wall time required to achieve termination



criteria. We measure solution quality in terms of the final
cost, the final norm of the gradient (final ∥grad∥), and the
final norm difference between achieved and desired targets
(∥target viol∥). For each molecule, basis set, and algorithm,
we present in Table I the mean results across 1000 trials.
The results show that Alg. 2 requires fewer iterations and
less wall clock time to achieve solutions whose quality is
no worse than those achieved by Alg. 1. Based on what
we learned from Fig. 1, the per-iteration cost of Alg. 2 is
nearly identical to that of Alg. 1, so fewer iterations should
imply less wall clock time. In Table I, in each block of two
rows (same molecule, same basis set), we highlight in bold
the best results. Whenever Alg. 1’s result is boldfaced, it is
practically equivalent to Alg. 2’s result.

For each of the 1000 trials, we also compute the ratio of
Alg. 1’s iteration count, wall time, final cost, final ∥grad∥,
and ∥target viol∥ to those of Alg. 2. We report in Table II
the means and, in parentheses, the 0.05 and 0.95 quantiles of
the 1000 computed ratios in each category. Let us illustrate
how to read Table II concretely: for HeH+ in STO-3G, Table
II reports that Alg. 1 will require (on average across 1000
trials) 5.08 times as many iterations than Alg. 2 to achieve
the termination criteria. For this molecular system, there is
an empirical probability of 0.90 that Alg. 1 required between
2.12 and 9.88 times more iterations than Alg. 2 to achieve
the termination criteria.

The means and quantile intervals in Table II confirm that
for most choices of the initialization θ(0), Alg. 2 converges
more rapidly to solutions of substantially the same quality
as Alg. 1. While there do exist bad initializations θ(0) that
lead to Alg. 2 producing a worse final solution than Alg. 1
(in terms of cost and/or ∥target viol∥), this is uncommon. At
least 90% of the time, both algorithms’ final values of cost
and ∥target viol∥ are within an order of magnitude.

For each of our four molecular systems, we use the
final value of the optimized cost to select the best solu-
tion θ obtained across the 1000 trials. In Fig. 2, we plot
these optimal control signals f(t) = f3(t) (left panels)
and the magnitudes |aj(t)| of the corresponding controlled
trajectories (right panels). As we have used the maximal
model (4), what we actually plot here (in the left panels) is
f(j∆t;θ) = θj as a function of j. Without any regularization
to enforce smoothness in time of the control f(t), the
resulting solutions are all smooth, with a visual resemblance
to sums of sinusoids. In all cases, the controlled trajectories
achieve their targets with an error on the order of 10−5.

Consider again the best maximal model solutions produced
by Alg. 2 and plotted in Fig. 2; for each molecular system,
the plotted f(t) and |aj(t)| curves correspond to a particular
θ vector. When we examine the eigenvalues of the Hessians
corresponding to these four theta vectors (one per molecular
system), we find that all eigenvalues are positive. Together
with the near-vanishing gradients for Alg. 2 reported in Table
I, we conclude that with the maximal model (4), our methods
have succeeded in finding locally optimal controls.
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