
MATH 23: Multi-variable Calculus Spring Semester 2026

Lecture 36, Section 6.6c: Surface Integrals

We have been integrating over a single surface so far, the xy-plane.
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Integrating over a domain in the xy-plane.

Now we want our domain to be curved.
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Integrating using a general surface as a domain.

For example, we might want to integrate a quantity (density of pollutants) over a sphere (the Earth).

To do this, we need to:
1) parametrize the surface with r⃗(u, v)
2) Write your integrand with u, v: f(u, v) = f(x(u, v), y(u, v), z(u, v))
3) write dA in terms of u and v.
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Integrating over a domain given by a half-sphere.
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We then have

lim
n→∞,m→∞

n∑
i=1

m∑
j=1

∆Af(xi,j , yi,j , zi,j) =

∫ ∫
S

f(u, v)dA =

∫ ∫
S

f(u, v)||r⃗u × r⃗v||dudv

For example, on Earth, we would use spherical coordinates, with ρ = R fixed. Say we wanted to integrated
f(x, y, z) = z2. The area element is R2 sinϕdϕdθ and we have

< x, y, z >=< R cos θ sinϕ,R sin θ sinϕ,R cosϕ >

So we get the integral ∫ π

0

dϕ

∫ 2π

0

dθR2 cos2 ϕ(R2 sinϕ)

which give 4πR4/3.

Why was the surface area element R2 sinϕ? We can get this from the volume element in spherical coordi-
nates, or by taking ||r⃗θ × r⃗ϕ||.

If we consider the simplest parametrization, x = u, y = v, z = f(u, v), which represents the surface
z = f(x, y), we find:
r⃗u =< 1, 0, fx > and
r⃗v =< 0, 1, fy >

So dA = ||r⃗u × r⃗v||dudv =
√
1 + f2

x + f2
ydudv.

To integrate the function g(x, y, z) over the surface z = f(x, y), we then have∫ u=u1

u=u0

∫ v=v1

v=v0

g(u, v, f(u, v))
√
1 + f2

x + f2
ydudv

Later, we will integrate F⃗ · n⃗, to compute the flux through a surface.
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