MATH 23: Multi-variable Calculus

Spring Semester 2026

Lecture 36, Section 6.6¢c: Surface Integrals

We have been integrating over a single surface so far, the xy-plane.
Last quiz (11) taken today or Tuesday
Practice quiz (12) posted later today -> NOT TO BE TAKEN

Today: Surface integrals

Lecture 36 (and finishing 35)
Homework 36

Office hours: Lucas, 1-3pm, ACS-362B

Integrating over a domain in the zy-plane.

Final exam in 12 days

Now we want our domain to be curved.

Integrating using a general surface as a domain.

Second exam:

Mean: 55.66

Median: 52.75

Slightly up from exam 1

Same deal as exam 1:
Better grade on the final can
replace ONE unit exam

(I will pick the most helpful)

Student evaluations are up
Please take a moment and
be constructive for next time.

For example, we might want to integrate a quantity (density of pollutants) over a sphere (the Earth).

To do this, we need to:

1) parametrize the surface with 7(u, v)

2) Write your integrand with u, v: f(u,v) = f(x(u,v),y(u,v), z(u, v))
3) write dA in terms of u and v.

Integrating over a domain given by a half-sphere.
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We then have

n
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For example, on Earth, we would use spherical coordinates, with p = R fixed. Say we wanted to integrated
f(z,y, z) = 2%. The area element is R? sin ¢pd¢pdf and we have

< x,y,z >=< Rcosfsin ¢, Rsinfsin ¢, R cos ¢ >
So we get the integral
T 27
/ de / dOR? cos® ¢(R? sin ¢)
0 0
which give 47 R*/3.

Why was the surface area element R? sin ¢? We can get this from the volume element in spherical coordi-
nates, or by taking ||7 x 7g||.

If we consider the simplest parametrization, = u, y = v, z = f(u,v), which represents the surface
z = f(x,y), we find:

7w =< 1,0, fr > and

Ty =< 0,1, fy >

So dA = ||ty x Ty||dudv = | /1 + f2 + fidudv.

To integrate the function g(z, y, z) over the surface z = f(z,y), we then have

U=uq V=01
[ stu swon 1+ 2+ fdude
u=ug v=vg

Later, we will integrate F - 77, to compute the flux through a surface.



