MATH 23: Multi-variable Calculus Spring Semester 2026

Lecture 34-35, Section 6.6: Surface parametrization continued

Let’s say you are given a parametrization (v, v). What can you say about the vectors 2 and -2

If you fix v = v, as you do when taking a derivative with respect to u, you get a trace, a curve in space
which is part of the surface 7(u, v). The vector gTZ will be tangent to that curve, and so tangent to the surface.
Similarly, g—j is also tangent to the surface.

Tangent vectors to a parametrized surface.

So if < Ty, Yu, 20 > and < z,, Yy, 2, > are tangent to the surface, how do you find a vector normal to the
surface? By taking the cross product

= Toy X Ty.

and a unit normal would be 7 = 7i/||77|| =

[T X7

Example: Given 7(u,v) =< cosusinv,3sinusinv,3cosv >, with 0 < u < 2w and 0 < v < 7, an ellipsoid,
what is its normal?

Well 7, =< —sinusinv, 3cosusinv, 0 >

and 7, =< cosu cosv, 3sinucosv, —3sinv >

and their cross-product is i =< —9 cos usin® v, —3sin usin v, 3 sin v cosv > So given any u, v, 7(u, v) gives
a point on the surface and 7i gives a normal vector at that point.

Question: What would be the element of surface area along this surface?

Area element of a parametrized surface.

The area of the tangent plane at a point would be
AA = AuAv||Fy X 7|

This is the same approach we used to find the area element of a general change of coordinates, except that
then z = 0 and here z can also depend on u and v.
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So to calculate a surface area, we do:

U=Uu1 V=v1
A:// dA:/ / 17 x 7 ||dvdu
S u=ug v=1g

Example with a sphere, same as the ellipsoid from before, with coefficients of 3 for all coordinates. Then
Py X Ty =< —9 cosusin® v, —9sin usin® v, —9sin v cos v >.
The length of that is 9 sin v, so the surface area of a sphere is

s 27
A= / / 9sinvdudv = 9 - 27(— cosv|]) = 9 - 47 = 47 R?
o Jo

One last example of a parametrisation:

z(u,v) = (34 cosv)cosu
y(u,v) = (34 cosv)sinu
z(u,v) = sinwv

Parametrizing a donut/bagel/ring.

Note that if u = 0, we have (z — 3)?2 + 22 = land y = 0. If u = 7/2 we have (y — 3)? + 22 = 1 withx = 0.
If we fix v, we get circles or varying radii.

The whole thing is a doughnut.



