MATH 23: Multi-variable Calculus Spring Semester 2026

Lecture 32, Section 6.5: Curl and divergence

We have met the curl before, in 2D, and briefly in 3D. It is
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and we saw that % - 33—2 was a circulation density when F' is a velocity field.

Here we give a more systematic way to calculate the curl and we interpret its meaning.
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Introduce the differential operator V or V=< %, 39092 >

We have met it before: grad f = Vf =< %va%va% > f=< %,%,% >.

Now we can use it again:
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The physical meaning of the curl is that it measures how much F pushes a marker to rotate. Recall it is a
circulation density.
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The direction of curlF is the rotation axis , using the right-hand rule, and ||curl F'|| is the angular velocity.

Two special cases to keep in mind: Green’s theorem

fﬁ-d?z// curlF - kdA
D

And if F is conservative, that is F=vV f, then
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Well that is what we checked before (we called it 3 conditions, here it is one).
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Second new operator: Divergence, div F = V - F

The definition is: < %, 3%7 a% > < Fi,Fy F3 >= aFl +5 OFZ + aF“ . It is a scalar, not a vector.

What does this mean? It measures how much of F' is coming out of a point.
1) If div F > 0, then more is coming out than going in.

Divergence as Flow out - Flow in.

2) If div F = 0, then as much as coming in as in going out.
3) If div F < 0, more is coming in than going out.

We will see why in §6.8.

So at a point (xg, yo, 20) if Fisa velocity field, then:

1) ﬁ(mo, Yo, 20) is how fast it moves.

2) curl F'/||curl F|| is the axis about which it rotates.

3) ||curl F|| is how fast it rotates.
4) div F = going out - coming in.

One application: § F - ftds = how much is coming out of C. We have F=<F, F>

Using Green’s theorem to compute a flux.

O =(t) =< a(t), y(t) >
(1) = L2 02 5o fids =< y/ (1), —a' (1) >.
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So we have F - fids = (F1y' — Fox')dt =< —Fy, F1 > - <2,y > dt. So we get

fﬁ.ﬁds=f< —Fy, Fy > - —dt // (am 3F2>d,4 //divﬁdA
D

cool huh?



