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SUMMARY

The LBLT factorization of Bunch for solving linear systems involving a symmetric indefinite
tridiagonal matrix 7" is a stable, efficient method. It computes a unit lower triangular matrix L and a
block 1 x 1 and 2 x 2 matrix B such that T = LBLT. Choosing the pivot size requires knowing a priori
the largest element o of T in magnitude. In some applications, it is required to factor 7" as it is formed
without necessarily knowing o. In this paper, we present a modification of the Bunch algorithm that
can satisfy this requirement. We demonstrate that this modification exhibits the same bound on the
growth factor as the Bunch algorithm and is likewise normwise backward stable. Copyright (© 2000
John Wiley & Sons, Ltd.

KEY WORDS: symmetric indefinite factorization, tridiagonal matrices, normwise backward stability

1. INTRODUCTION

Linear systems involving symmetric tridiagonal matrices can be solved in various ways.
Gaussian elimination with partial pivoting is a stable method for solving the linear system
Tx = b, where T € R"*" is symmetric and tridiagonal and = and b € R". However, this
method does not take advantage of the symmetry property or sparsity structure of 7'. If T is
positive definite, the Cholesky factorization T = RR”, where R € R"*" is lower triangular, can
be easily computed, and the linear system can be solved via the triangular systems RTy = b
and Rz =y, with y € R™. A slightly more efficient method is to use the LDL” factorization of
T, where T = LDLT for some unit lower triangular matrix L and some diagonal matrix D with
positive entries. However, both of these factorizations are unstable or may not exist when T is
not positive definite. The block LDLT, also known as LBL", factorizations with the various
pivoting strategies (e.g., [2, 4, 5]) are stable methods for solving linear systems with symmetric
indefinite matrices. These methods compute the factorization PTTP = LBLT, where P is a
permutation matrix, L is unit lower triangular, and B is block diagonal with 1 x 1 and 2 x 2
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2 J. R. BUNCH AND R. F. MARCIA

blocks. The row and column interchanges can create fill-in, thereby destroying the sparsity
structure of 7" in the Schur complement. The LBL™ factorization of Bunch [3] for tridiagonal
matrices does not permute any row or column and preserves the tridiagonal structure in the
Schur complement. This method does not suffer from the disadvantages of the other methods:
it does not create fill-in and is shown to be normwise backward stable [8]. It is also easily
implemented. This paper focuses on a variation of the Bunch pivoting strategy for the LBLT
factorization of symmetric indefinite tridiagonal matrices.

In the LBLT factorization of Bunch, a 1 x 1 pivot is chosen if the leading (1,1) element is
sufficiently large relative to the sub-diagonal (1,2) element (see Algorithm 2.1). This pivoting
strategy involves determining the largest element in magnitude in the matrix 7. Thus, the
full matrix must be known a priori. Whereas the LDL™ factorization can be computed as T'
is formed, i.e., only the k-th diagonal and sub-diagonal elements are needed at the k-th step
of the factorization, the LBL” factorization of Bunch for indefinite matrices requires that
the whole matrix be known initially. In some applications, it is desired to form the LBLT
factorization as T is formed. For example, when the Lanczos method is applied to solve a
linear system involving a symmetric indefinite matrix, one must be able to factor the resulting
indefinite tridiagonal matrix T} at each iteration k. In this situation, the LBLT factorization
of Bunch cannot be applied.

In this paper, we present an alternative pivoting strategy that is closely related to the Bunch
pivoting strategy. We show that the block structure of both pivoting strategies are similar and
that both algorithms exhibit the same bound on the growth factor. We demonstrate that an
LBLT factorization using this alternative pivoting strategy is normwise backward stable using
arguments similar to Higham’s proof [8] of the stability of the Bunch LBLT factorization. The
paper is organized as follows. In Section 2, we discuss the Bunch pivoting strategy and some of
its properties. In Section 3, we introduce an alternative pivoting strategy and present a proof
of its stability. We summarize the paper in Section 4.

Notation. We will denote the size of the pivot for the Bunch and alternative pivoting strategy
by sp and s 4, respectively. For an exact value x, we denote the corresponding computed value
by Z.

2. THE PIVOTING STRATEGY OF BUNCH

Let T' € R™*™ be a symmetric tridiagonal matrix with a;,4 = 1,...,n, on the diagonal and
Bj,j = 2,...,n, on the off-diagonal:

a1 Bo 0o .- 0
B2 oz B3 :
=10 8 a = 0
ST . B
L 0 . 0 671 oy |
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A PIVOTING STRATEGY FOR SYMMETRIC TRIDIAGONAL MATRICES 3

Denote the largest element of T in magnitude by o, and partition 7" as

n—s T21 T22

The computation of the LBLT factorization involves choosing the dimension (s = 1 or 2) of
the pivot By at each stage. If Bj is singular for both choices of s, then a; = 0 and 8y = 0,
which implies that T5; = 0. Therefore the first row and column of T are in diagonal form, and
the algorithm can proceed to the following stage. Thus By can be assumed to be nonsingular.

Then I
T I 0 By 0 I By 'Ts; )
TnBy' I || 0 Too—=TuB{'TH] | 0 I, |
Let S = Thy — TngfszTl € R(=5)x(n=3) he the Schur complement of By in T. If s = 1,
then Th; = f2e1, where the unit vector e; € R*~!, and
S = T22 — (ﬂ%/al)elelT.
T

The rank-one matrix ejej is nonzero only in the (1, 1) entry. Thus, S differs from T3 only in
the leading entry, which is given by

G2 =g — (B3 /a1) = Afay,

where A = ajog — 63, which is the determinant of the leading 2 x 2 block of T'. If s = 2, then
the matrix Ty; € R(™=2*2 can be written as Ty, = f3ejed with the unit vectors e; € R"~2
and ey € R2. Then

_ 2
S = T22 — %(ﬂgeleg) |:_%z gf:| (/83626,{) = T22 o (O‘lAﬂi’)) ele?-

Again, S differs from T3 only in the (1,1) entry, which is given by
as = as — (a13/A).

In both choices of pivot size, the Schur complement differs from 755 only in the (1,1) entry,
and, therefore, its tridiagonal structure is preserved. Thus, the LBL” factorization can then
be applied recursively.

The algorithm for determining the size sg of the pivot B; using the Bunch pivoting strategy
at each stage can be described sufficiently in the first stage of the factorization.

Algorithm 2.1. (Bunch’s pivoting strategy).
o = max{|a,|,|5;|: i,j = 2: n}
a=(V5-1)/2~0.62
if |a1|o > a3

end
The constant « is a root of the equation a® + o — 1 = 0 and is chosen to equate the

maximal element growth for both pivot sizes. A recursive application of Algorithm 2.1 yields

Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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4 J. R. BUNCH AND R. F. MARCIA

a factorization T = LBLT, where L is unit lower triangular and B is block diagonal with 1 x 1
and 2 x 2 blocks. Using Algorithm 2.1, we have the following properties for the Bunch pivoting
strategy.

Property 1. If sp = 2, then the determinant A of the By satisfies A < (o —1)33 < 0. Thus,
Al > (1-a)s3.

This property implies that Algorithm 2.1 will choose a 2 x 2 pivot only when its determinant
is bounded away from zero.

Property 2. The growth factor p,, of the LBL™ factorization with the Bunch pivoting strategy
satisfies

1
P < 5(x/5+ 3) ~ 2.62.

Although the growth factor is bounded, it does not imply that the LBL7 factorization is stable
the way it does for Gaussian elimination (see [7]).

3. ALTERNATIVE PIVOTING STRATEGY

A new pivoting strategy for symmetric tridiagonal matrices was motivated by the need to
form the factors without having the full matrix. In other words, it is desired to factor T as its
elements are computed. Although stable, efficient, and easily implemented, Bunch’s pivoting
strategy cannot be used for such a factorization because the largest element o in T must be
known a priori.

8.1. Algorithm

The pivot size at each step is chosen by minimizing the entry values in magnitude in the matrix
L. Let L1 = Ty By' in Equation (2). If a 1 x 1 pivot is used, then the (1,1) element of L,
is Ba/ay. If a 2 x 2 pivot is used, then the (1,1) and (1,2) elements of Ly are —f203/A and
a1 03/ A respectively. With elements of L; for a 2 x 2 pivot scaled by the constant « from the
Bunch pivoting strategy, a 1 x 1 pivot is chosen if

18] max o { 82083 |ou B3] } ’

< , 3
o] A 14 )

and a 2 x 2 pivot is chosen otherwise. The choice of pivot size is summarized as follows:

Algorithm 3.1. (Alternative pivoting strategy).
a=(v5-1)/2~0.62
A=oay — 33
if |A] < ala B3] or |24 < ala?Bs]

sa=1
else
spa=2
end
Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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A PIVOTING STRATEGY FOR SYMMETRIC TRIDIAGONAL MATRICES 5

Intuitively, Algorithm 3.1 chooses a 1 x 1 pivot if «; is sufficiently large relative to the
determinant of the 2 x 2 pivot, i.e., a 1 x 1 pivot is chosen if a 2 x 2 pivot is relatively
closer to being singular than «; is to zero. Like the Bunch pivoting strategy, Algorithm 3.1
avoids small (1,1) pivots and nearly singular 2 x 2 pivots. Scaling by « in (3) provides two
properties that relate the two pivoting strategies.

Lemma 3. If s4 = 1, then sg = 1.

Proof. If |a;| > |32/, then

latlo > a1 |* > |Ba]? = 3o/
Thus sp = 1. Otherwise, if |oq| < [B2f, then [Fl[|aifBs| < |oufs]. If s4 = 1 with
|24 < ala?Bs], then

af
|A] < o | ==F5| < alaifs].
B2
Thus |A| < a|ayfs] if s4 = 1. Now,
afar||Bs] = |A] = |araz — B3] > 55 — |aa ||l

Thus,
B35 < loal(alBs| + |oz]) < |on]o(a+1).

Since 1/(av+ 1) = «, then |az|o > o/33. Therefore, sp = 1. [

This lemma implies that whenever our pivoting strategy chooses a 1 x 1 pivot, the Bunch
pivoting strategy chooses a 1 x 1 pivot as well. Lemma 3 also implies that if the Bunch pivoting
strategy chooses a 2 x 2 block, the proposed pivoting strategy will choose a 2 x 2 block. The
converse of Lemma 3 is not true, however, since for ay = as = 2, B2 = 1, and (3 = 0, the
pivot size for Algorithm 3.1 is s4 = 2 while sg = 1.

In the case where pivots of different sizes are chosen, i.e., sy = 2 and s = 1, we have the
following lemma. Let s’3 be the pivot size in the subsequent step in the Bunch algorithm.

Lemma 4. If sy =2 and sg = 1, then s’y = 1.

Proof. Since s4 = 2, then |A| > a|agfs]. Recall that the Schur complement S differs from Ty
in (1) only in the (1,1) position and that the entry in that position is g = A/ay. Thus

|5[2|O = |A/OZ1|J 2 Oé|63|0' Z Ozﬁ§

Thus, s, =1. 0

These two lemmas imply that the block structure of B4, the block-diagonal matrix from
using the alternative pivoting strategy, and Bpg, the block-diagonal matrix from using the
Bunch pivoting strategy, are indeed similar. (In particular, there exists a unit lower triangular
matrix L such that By = L BBBLE.) The difference arises only when the Bunch pivoting
strategy chooses two 1 x 1 blocks and Algorithm 3.1 chooses one 2 x 2 block. The Schur
complement resulting from two 1 x 1 pivots is identical to the Schur complement resulting
from one 2 x 2 pivot [5].

Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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6 J. R. BUNCH AND R. F. MARCIA

8.2. Growth factor

We have seen that the Schur complement S differs from T only in the (1,1) element. Thus
we need only examine the possible element growth in this position.
If s4 = 1, then sp = 1 by Lemma 3 and therefore, |35 /1| < o/a. Thus

2
|d2|: ag—& SO’-‘FE
o (0%
If s4 =2, then |A| > a]a;i (3| and
_ o103 4
— | a — < Z
|OZ3| [} A <o+ o

The (1,1) element does not affect the bounds on subsequent Schur complement (1, 1) elements,
and therefore the growth is not cumulative. Thus, the growth factor p,, for this pivoting strategy
satisfies ®

max; j i |S; 1

pn:M <1+ = =2+a~262,
max; ; | T; ] a

which is the same bound on the growth factor as for the Bunch pivoting strategy. It can be
shown that this bound on the growth factor is tight, just as it is in the Bunch algorithm.

8.8. Error Analysis

The error analysis presented in this section is similar to those of Higham in [7] and [8]. In this
section, we introduce a method for solving 2 x 2 linear systems to show that a general result
from [7] for an LBL” factorization is applicable to Algorithm 3.1. The usual model of floating
point arithmetic

fl(z opy) = (zopy)(L+0), [0 <u, op =+x/

is used, where u is the unit roundoff. The constant

nu

T 1—nu’

Tn

is defined with the assumption that nu < 1. Note that for ¢ > 1, ¢y, < ven.
Higham proves the following general result in [7]. Absolute values of matrices and inequalities
between matrices are to be interpreted componentwise.

Theorem 5. [Higham] Let block LDL™ factorization with any pivoting strategy be applied to
a symmetric matrix A € R"*" to yield the computed factorization PAPT =~ LBLT, where P
is a permutation matrix and B has diagonal blocks of dimensions 1 or 2. Let & be the computed
solution to Ax = b obtained using the factorization. Assume that for all linear systems Ey = f
involving 2 x 2 pivots E the computed solution § satisfies

(E+ AE))=f, |AE| < (cu+ O(u?))|E|, (4)
where c is a constant. Then

P(A+ AA)PT = LBLT, (A+ AAy)i =0,

Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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A PIVOTING STRATEGY FOR SYMMETRIC TRIDIAGONAL MATRICES 7

where
A4 < p(mu (14] + PTILIBILTIP) + 0(?), i=1,2,

with p a linear polynomial.

If the matrix A in Theorem 5 has a fixed bandwidth (i.e., independent of n), then the
polynomial p(n) is of degree zero. In the case of the proposed pivoting strategy, since T is
tridiagonal, p(n) can be set to some constant ¢. Also, since row and column interchanges are
not used in the LBLT factorization, the permutation matrix P = I. We now discuss how
Condition (4) is satisfied. For simplicity of notation, we let £ = B; of size s = 2 in the
partition of T in (1).

Given a 2 x 2 block By, we solve the system By = f using the following algorithm:

Algorithm 3.2. (Solving the 2 x 2 systems in Algorithm 3.1).
if [araz| > o3
Use By = L1 D, LT to solve By = f.
else
Use explicit inverse.
end

The following theorem shows that using Algorithm 3.2, Condition (4) is satisfied.

Theorem 6. If a 2 x 2 linear system Ey = b is solved using Algorithm 3.2, then the computed
solution § satisfies Condition (4).

Proof. If || > ]33], then sp = 1 when the Bunch pivoting strategy is applied to solve the
2 x 2 system. Thus the LDL” factorization is stable even if |a1| < |Ba]. For a 2 x 2 system,
the backward error result

(E+AE)j=f, |AE|< (Tu+O(u?))|L1]|Ds]|Ly] ()

can be easily shown using a proof similar to ([9], Theorem 9.4). Since |Li||D1||L1| =
|L1||D1||LT| + O(u), then AE must satisfy the inequality in (5) with the exact factors on
the right hand side. Now

|L1[| Dy ||LT | =

foa 5] r] B
2 2| < < (V5+2)|E|.
8o {2} + |ae - £ ‘{Iﬁal (2 41) Jayl| S (V22

Thus, if |agas| > «|B3] and Algorithm 3.2 is used to solve Ey = b, then Condition (4) holds
with ¢ = 7(v/5 + 2).

To show Condition (4) holds using an explicit inverse when |ajas| < «|B3], we give an
argument similar to that in [7]. Solving the linear system Ey = b using an explicit inverse

formula for E gives
(6%)

22
1
y= o |, (6)
IeX <O‘1 Ja2 1) -1 By
B2 B2 2
Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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8 J. R. BUNCH AND R. F. MARCIA

as done in LAPACK [1] and LINPACK [6]. A potential source of instability for this formula

is the term
a1 Q2
=(=—=-==-1), 7
H (52 B2 ) Q

whose computed value might be arbitrarily small. Thus, we must show that the relative error
in 4 is bounded away from 0. Using the notation 6, and d4 as in [7], we have

Lo«
fi==2 2214 60y) — (1464), [04] <7a
> P2
Now, since |ayaz| < aB3],
|aras|
- K a,
g
and (7) implies that |u| > 1 — «. Thus
N |y g l+a
| — fi §74< 72 +1) <mula+1) <y T-a 1] < 5yalpl.
2

Let Z be the 2 x 2 matrix in (6). Then y = (B21) ~1 Zb. Thus we have the backward error result
§=(Bop) " (Z+ AZ)b, |AZ| < y50|Z].
Thus b — Ej = —E((B2p1) "1 AZ)b so that

|b— Eg| < ys0|E||[E™[|b]
< 5ol EIIEHIE|lyl-

Now, )
G e
1 2 aq 2
BBl < < J
=) | laol  esael [ 15l sl
L | B2 653
[ |a |
N BTN | l R
S 2
(1—a) 2@ a+1 |B] |as|
LB
[ o
|| Dl el Dl 2!
_ 2
T (1= ajo
(1-a) 2| |g |2| + (a+1)|8s] 2|ag| + (o + 1)|as|
L 2
_ 3+a [ (Bl
A=) | B ool
< 10|E].
Thus
b — E9| < vs00 Elly| < 500/ E[([9] + O(u)).
Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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A PIVOTING STRATEGY FOR SYMMETRIC TRIDIAGONAL MATRICES 9

By the Oettli-Prager Theorem [10], ([8] Theorem 7.3),
(E+ AE)j=0b, |AE| < ys00|E|+ O(u?).
O
We have demonstrated that Condition (4) is satisfied when Algorithm 3.2 is used to solve

linear systems involving 2 x 2 pivots. Therefore, Theorem 5 holds for an LBLT factorization
using Algorithm 3.1 as a pivoting strategy.

3.4. Normwise analysis

To show the stability of the LBLT factorization using Algorithm 3.1, we must show that
|L||B||LT] is suitably bounded by T in some norm. Since |L||B||LT| = |L||B||LT| + O(u), it is
sufficient to bound the product |L||B||LT| of the exact factors. We write

I B, | I |L%
LIIB|ILT| = 21
ILIBIIL] {|L2u <LS][ LBS|}[ L%

_ { |B1 |§31||L51 . ]
|La1||Bi|  |Laa||B1llL2| + [Ls||Bs| L]

Let F = |Lot||B1|. If s4 = 1, then F € R ! with ||[F|lec = |2 < 0. If s4 = 2, then
F € R=2%2 which is all zeros except for the first row given by

Pm@||mmq jeal [Pz Pmm@| W%ﬂ+MMﬁﬂ
|4 |4 Bo|  |asl A 4 Al
Thus

_ 2]a1B203] | |5

A A Al
Since s4 = 2, |A| > «a|ai 53], and therefore

2 lonanBs] |30
[Fllw < =|B2] + + (8)
& |A] |A]
2 1 2
< 213, + Ljagl+ 121
« ! alaq |

If |ai|o > afBZ, ie., sp = 1, then

2 1 1
[Flloc < —[fB2 + ~|as| + —0
o e a
< (da+5)o.
Otherwise, sp = 2, and therefore |ajas| < af2. By Property 1, |A| > (1 — )35, Thus from

(8),

N

2 alB36s| | 1635
F < =
2 o 1
< =Bl + 85| + |35
« l1-a l1-a
< (da+5)o.
Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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10 J. R. BUNCH AND R. F. MARCIA

Therefore, for both pivot sizes, || F|ls < 80.
Now let G = |La1||B1||L}|. If s4 = 1, then ||Gl|loo = (5/]a1]|. By Lemma 3, sp = 1 and
|ai|o > af3. Therefore, ||G|loo < /. If s4 = 2, then |A| > a|a1 5] and

3la1 3333 n lafan 33|

(Gl = Bl Jatear
3|ﬂgﬂ3| |O£1042ﬂ3|
< oAl Yl ®)
31B3] | lag]
a?lay|  a?’

If |ai|o > afBZ, ie., sp = 1, then

51, Jel

Glleo <
|| HOO_Oé2|Oél| ag

3 o
Otherwise, sp = 2. Using Property 1, i.e., |A| > (1 — )83, and the inequality |A| > alas B3],
we get from (9),

313355 n laaafs| 3
alA aldAl T a(l —a)
Thus, for both pivot sizes, ||G||o < 160. Note that the bounds for ||F|o and |G|/« are the
same as those in Higham’s analysis in [8].
Now the matrices Lg and Bg are the LBLT factors of the Schur complement S of By in T
Now every Schur complement satisfies

1Slar < pullTlar,

[Glloe <

1
|B3| + g‘aﬂ < (7Ta+ 11)o.

where
lAllar = HZlE}X|aij|~

From Section 3.2, the growth factor for this pivoting strategy satisfies p,, < 2.62. Using the
bounds for ||F||e, ||G|ls, and [|S||« recursively, we obtain the bound

IZNBILT llar < 16 x 2.62]|T|ar < 42| T|s-

The following result summarizes the stability of the LBL” factorization using the pivoting
strategy in Algorithm 3.1.

Theorem 7. Let LBL” factorization with the pivoting strategy of Algorithm 3.1 be applied
to a symmetric tridiagonal matrix T' € R"*™ to yield the computed factorization T = LBLT
and let & be the computed solution to Tz = b obtained using the factorization. Assume that
all linear systems Ey = f involving 2 x 2 pivots E are solved using Algorithm 3.2. Then

T+ ATy = LBLT, (T + ATy)i = b,

where
AT < cul| Ty +O(w?), i=1,2,

where c is a constant.

Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
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4. CONCLUSION

We presented a normwise backward stable LBLT factorization based on the Bunch algorithm
for factoring a symmetric tridiagonal matrix T" and solving a linear system 7Tz = b. Lemmas
3 and 4 showed that the proposed strategy for choosing the size of the pivots and the Bunch
pivoting strategy are related. We showed that the strategies have the same bound on the
growth factor, and using arguments similar to Higham’s in [8] to demonstrate the stability of
the Bunch factorization, we demonstrated the stability of the proposed algorithm as well. The
key difference between the two strategies, however, is that the proposed algorithm does not
need the largest entry in magnitude of the matrix to determine the pivot size.
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