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Overview
In this supplemental material, we provide the detailed analysis of the proposed method in Section 1. The specific formulas for the derivatives (14) of
the manuscript are presented in Section 2. Section 3 demonstrates the effectiveness of the proposed method to improve the performance of existing deblurring
approaches. We present more experimental results of the proposed algorithm
against the state-of-the-art methods in Section 4.

1

Further Analysis of the Proposed Method

The flexibility of learning the shrinkage function. Compared with learning the penalty function, learning the corresponding shrinkage function is more
flexible. The learned shrinkage functions (see Figure 4(b) of the manuscript)
involve both monotonic functions and non-monotonic functions, which cannot
be obtained by learning the penalty functions [7]. To further understand the
learned shrinkage function, we derive the corresponding penalty function by integrating the inverse function of the learned shrinkage function according to [9].
However, some learned non-monotonic shrinkage functions (e.g., the 2nd column in Figure 4(b) of the manuscript) do not have the inverse functions. Their
associated penalty functions cannot be easily obtained. Thus we only derive a
few penalty functions to facilitate our understanding. For the learned shrinkage
functions in Figure 1(a) and (c), the corresponding penalty functions are plotted
in Figure 1(b) and (d), respectively. The function shapes in Figure 1(b) and (d)
resemble those of the truncated `2 norm-based functions, which are effective to
reduce the influence of outliers. For outlier pixels, whose values are relatively
large, the corresponding penalty for their data term is close to a constant or
minimized. Then the image prior plays a major role in the image restoration.
This indicates that most outliers will be smoothed. This property enables our
method to handle outliers.
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Fig. 1. The flexibility of learning the shrinkage function (solution). (a) and (c) are
two learned shrinkage functions. (b) and (d) are the approximated penalty functions
corresponding to (a) and (c), respectively

Similar results can also be obtained from our analysis in Section 5 of the
manuscript, which is discussed from the perspective of the shrinkage functions.
However, Figure 1 shows that seemingly simple shrinkage functions have complex
non-linear penalty functions. If we directly learn the penalty function and the
learned penalty function is like Figure 1(b) or (d), we need to solve a complicated
optimization problem (e.g., (6) of the manuscript), which will be difficult and
time-consuming to compute. In addition, the proposed method can learn nonmonotonic shrinkage functions that cannot be derived from learning the penalty
functions. Thus, it is more flexible and efficient to directly learn the shrinkage
functions.
Effects of learning filters for the data term. In the proposed method, we
model the residue image in both the raw data space and the filtered data space
to better capture the property of the noise distribution [6]. Figure 2(a) shows
some learned filters. We quantitatively evaluate the effect of learning filters on
the image restoration. For fair comparisons, we remove the filters from the data
term (i.e., Nf = 0 in (4) of the manuscript). Figure 2(b)-(e) show that the
method only exploiting the information of the residue image in the raw data
space (i.e., Our-NF) generates the deblurred result with severe ringing artifacts.
In contrast, the method with the learned filters generates a clearer image with
finer textures.
To further evaluate the effectiveness of learning linear filters, we evaluate the
effect of the learned filters and the commonly used 1st and 2nd derivative filters
on 200 images with Gaussian noise. Table 1 shows that the method with our
learned filters performs better.
Table 1. The effectiveness of learning linear filters

Avg. PSNRs

1st

2nd

Ours

26.07

25.95

26.47

300
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8 filters of size 3x3

3

8 filters of size 3x3

(a) Some learned filters

(b) Blurred

(c) Ours-NF

(d) Ours

(e) GroundTruth

Fig. 2. Effects of learning filters for the data term. The method with learned filers
generates clearer images with finer details

Running time. Table 5 of the manuscript shows the running time of the
proposed method and some state-of-the-art methods. With the similar halfquadratic optimization scheme, CSF [7] needs two update steps in each iteration
with the fixed `2 norm-based data term and the learned image prior. TVL1 [11]
requires three update steps with the fixed `1 norm-based data term and image
prior. While the proposed method has to update four steps (i.e., (6)-(9) of the
manuscript) for learning the more flexible data term with the `1 norm-based
image prior. Therefore, with the same iterations, the runtime of the proposed
method is a little longer than CSF and TVL1. However, our method runs faster
than Cho et al. [1] as Cho is based on the EM algorithm and the iteratively
reweighted least squares method. Given the complexity of outlier handling, our
algorithm is a relatively fast algorithm among the outlier handling methods and
performs much better than all the other methods.
Robustness of the proposed method on inaccurate blur kernels. We evaluate the proposed algorithm on real-world images with unknown noise where
the blur kernels are estimated by [2, 5] (Figure 3 of the manuscript). The proposed algorithm generates clearer images with fewer artifacts than the state-ofthe-art methods.
To further examine the robustness of our algorithm on inaccurate kernels, we
retrain a new model with a mix of ground truth (GT) and estimated kernels (obtained by the blind deblurring method [5]). Then the learned model is evaluated
on the 32 blurred images from [4] with impulse noise. We use kernel similarity
(KS) to measure the accuracy of kernels. We respectively use GT kernels (KS=1), GT kernels corrupted by Gaussian noise (KS> 0.9), and estimated kernels
by the blind deblurring method [2] (KS< 0.9) to restore the blurred images. As
shown in Table 2, our algorithm leads to higher PSNR/SSIM values than the
state-of-the-art methods. As expected, less accurate kernels lead to degraded
performance, but the proposed algorithm still performs favorably against other
methods.

4

J. Dong, J. Pan, D. Sun, Z. Su, and M. Yang
Table 2. Robustness of the proposed method on inaccurate blur kernels
PSNR/SSIM

TVL1 [26]

GT kernels
GT kernels with Gaussian noise
Kernels by [10]

Cho [1]

30.95/0.8485
22.60/0.6236
20.73/0.5114

Ours

31.13/0.8506 31.83/0.8602
21.73/0.6308 23.23/0.6410
21.11/0.5279 21.23/0.5300

Comparisons with baselines that use explicit-form solutions. In Tables 1-4 of the manuscript, we compare the proposed algorithm with two baseline methods (i.e., TVL2 and TVL1), which use the same image prior and are
combined with `2 and `1 norm-based data terms. The proposed algorithm has
consistent higher PSNR/SSIM values than the baseline methods.
We further compare our learned data term with `2 /`1 norm-based data terms
under the proposed framework i.e., we learn other parameters while fixing the
shrinkage functions to be the analytical solutions of the `2 /`1 norm-based data
terms. Table 3 shows the PSNR/SSIM results. Learning the data term performs
favorably against the methods with fixed `2 /`1 norm-based data terms.
Table 3. Comparison results of our learned data term with `2 /`1 norm-based data
terms under the proposed framework
PSNR/SSIM

`2 norm-based data term

Gaussian noise (5%)
Impulse noise (5%)

23.57/0.6277
21.80/0.4308

`1 norm-based data term
23.39/0.5926
26.62/0.7042

Ours
23.73/0.6576
28.47/0.8828

Limitations. The proposed algorithm is less effective for blurred images whose
main structures are severely saturated, as shown in Figure 3.

2

Derivations

All the following derivations can be calculated efficiently and the Matlab code
will be made available to the public. All convolution related computations use the

(a) Blurred image

(b) Our result

Fig. 3. One failure example
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same circular boundary conditions, in order to reduce the adverse effect of the
image boundary as [7]. Since the computation only needs matrix calculus and the
principal method is similar to the method [7], we omit the redundant derivation
and directly present the derivatives of lt needed in (14) of the manuscript w.r.t.
specific model parameters.
First, since the parameters λt and βt are supposed to be positive and directly
learning λt and βt may lead to negative values, we instead use λt = exp(λ̄t ) and
βt = exp(β̄t ). Then, λ̄t and β̄t can be learned via their partial derivatives


∂lt
>
B
= λt (Fh ĉt )> (uth − Fh lB
t ) + (Fv ĉt ) (utv − Fv lt ) ,
∂ λ̄t
(1)

Nf
X

∂lt
>
= βt
(Fti Kĉt ) Fti b − vti − Fti KlB
t ,
∂ β̄t
i=1

where ĉt = ζt−1 T>

h

∂L(lt ,lgt )
∂lt

i>

and lB
t is the uncropped deblurred image.

The derivative of lt w.r.t. each weight πt0,j and πti,j , (i = 1, . . . , Nf ) can be
computed as
∂lt
∂φ0 (b − Kl̃t−1 , πt0 )
= −(Kĉt )>
,
∂πt0,j
∂πt0,j
∂lt
∂φi (Fti (b − Kl̃t−1 ), πti )
= −β(Fti Kĉt )>
,
∂πti,j
∂πti,j

(2)

where l̃t−1 denotes the processed image with the boundary handling operation
in the iteration t − 1.
Then in order to constrain the solution space, we follow the method [7] and
Bf¯
, where B is the filter basis. Therefore, the derivative of lt w.r.t.
have fi = kB
f¯k
each filter coefficient f¯ti , (i = 1, . . . , Nf ) is




∂lt
− vti
= βt [Kĉt ]C Fti b − KlB
t
¯
∂ fti

h

i
0
+ [b − KlB
(Fti Kĉt )]>
t ]C − [b − Kl̃t−1 ]C · φπti Fti b − Kl̃t−1

B
kBf¯ti k




>
− βt [ Fti b − KlB
− vti
Fti Kĉt
t



h

i

 f > B
0
+ (Fti Kĉt )> Fti b − KlB
− φπti Fti b − Kl̃t−1 Fti b − Kl̃t−1 ] ti¯ .
t
kBfti k
(3)

In addition to learning the parameters stage by stage, the parameters of all
T stages can also be jointly trained by minimizing
J(Ω1,...,T ) =

S
X

{s}

{s}

L(lT (ΩT ), lgt ),

(4)

s=1

where only the loss of the final inference lT is contained. We need to compute
not only the gradient of lT w.r.t. ΩT , which can be obtained by (14) of the
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manuscript, but also the gradient of lT w.r.t. Ωt (t = 1, . . . , T − 1). We take
t = T − 1 as an example. The gradient of lT w.r.t. ΩT −1 is given as


∂L(lT , lgt ) ∂lT
∂ξT −1
∂ζT −1 B
∂L(lT , lgt )
>
=
= ĉT −1
−
l
,
(5)
∂ΩT −1
∂lT
∂ΩT −1
∂ΩT −1
∂ΩT −1 T −1
PNf > > 0
> > >
> 0
where ĉT −1 = ζT−1
i=1 K FT i φi (FT i (b−
−1 T P E (K φ0 (b−Kl̃T −1 )KĉT +β
Kl̃T −1 )FT i K> ĉT )). We note that (5) has the similar form to (14) of the manuscript except for the concrete value of ĉ. The gradient of lT w.r.t. the parameters of
the former stages can be computed in the similar manner. However, due to the
non-convexity and complexity of the objective function, the joint training with
the parameters obtained from the greedy training as the initialization cannot
considerably improve the performance (i.e., at most 0.1 dB improvement).

3

Extensions of the Proposed Method

To understand the role of the data term, we have used a standard total variation
prior for the latent image. It is straightforward to combine the proposed data
term with different image priors. The discriminative learning algorithm for the
general image prior family is analogous to that in the manuscript for the total
variation prior.
In the case of EPLL [12], we modify (8) of the manuscript and obtain
γ
ui = argmin kQi l − ui k22 − log p(ui ),
2
ui

(6)

where Qi is used to extract the i-th patch from the image and p(ui ) models the
corresponding image prior of the i-th patch, as mentioned in [12].
Then the optimization (9) in the manuscript will be replaced by
Nf

Xβ
X λγ
τ
l = argmin kb − Kl − zk22 +
kFi (b − Kl) − vi k22 +
kQi l − ui k22
2
2
2
l
i=1
i
= [AE ]

−1

(7)

[BE ],

PNf > >
P >
>
where AE = K> K + βτ i=1
K Fi Fi K + λγ
i Qi Qi and BE = K (b − z) +
τ
P
P
N
β
λγ
f
> >
>
i=1 K Fi (Fi b − vi ) + τ
i Qi ui .
τ
Figure 4 shows that the original EPLL method is less effective for images with
impulse noise, since it is combined with an `2 norm-based data term. However,
the method with the proposed framework can effectively remove the impulse
noise and generate clearer images as shown in Figure 4(c). Furthermore, using
the expressive EPLL prior better recovers fine details than the TV prior, such
as the koala’s fur. More results shown in Figure 4 demonstrate that the method
with the proposed framework is able to handle the blurred images with outliers.
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(a) Blurred

(b) EPLL [12]

(c) EPLL+Ours

(d) Ours

7

(e) GT

Fig. 4. The effectiveness of the proposed method to improve EPLL for images with
significant impulse noise. Using the more expressive EPLL prior better recovers fine
details than the TV prior
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More Experimental Results

In this section, we provide more visual comparisons with the state-of-the-art
deblurring methods.

(a) Blurred (1%)

(b) TVL2 [3]

(c) EPLL [12]

(d) MLP [8]

(e) CSF [7]

(f) TVL1 [11]

(g) Cho [1]

(h) Ours

(h) Blurred (5%)

(i) TVL2 [3]

(j) EPLL [12]

(k) MLP [8]

(l) CSF [7]

(m) TVL1 [11]

(n) Cho [1]

(o) Ours

Fig. 5. The proposed method performs comparably with the state-of-the-art methods
on images with Gaussian noise. (a) and (h) are blurred images corrupted with 1% and
5% Gaussian noise, respectively

Learning Data Terms for Non-blind Deblurring

9

(a) Blurred

(b) TVL2 [3]

(c) EPLL [12]

(d) CSF [7]

(e) TVL1 [11]

(f) Cho [1]

(g) Ours

(h) GroundTruth

Fig. 6. The effectiveness of the proposed method on images with impulse noise. The
blurred image (a) is corrupted with 5% impulse noise. The proposed method can generate much clearer images with finer details, such as the stripe of the zebra
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(a) Blurred

(b) TVL2 [3]

(c) EPLL [12]

(d) CSF [7]

(e) TVL1 [11]

(f) Cho [1]

(g) Ours

(h) GroundTruth

Fig. 7. The effectiveness of the proposed method on images with impulse noise. The
blurred image (a) is corrupted with 3% impulse noise. The proposed method can generate much clearer images with finer details, such as the bear’s fur
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(a) Blurred

(b) TVL2 [3]

(c) EPLL [12]

(d) CSF [7]

(e) TVL1 [11]

(f) Cho [1]

(g) Ours

(h) GroundTruth

Fig. 8. The effectiveness of the proposed method on images with impulse noise. The
blurred image (a) is corrupted with 1% impulse noise. The proposed method can generate much clearer images with finer details, such as the chicks’ feathers and eyes
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(a) Blurred

(b) TVL2 [3]

(c) EPLL [12]

(d) CSF [7]

(e) TVL1 [11]

(f) Cho [1]

(g) Ours

(h) GroundTruth

Fig. 9. The effectiveness of the proposed method on images with impulse noise. The
blurred image (a) is corrupted with 4% impulse noise. The proposed method can generate much clearer images with finer details, such as the texture of the turtle
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(a) Blurred

(b) TVL2 [3]

(c) EPLL [12]

(d) CSF [7]

(e) TVL1 [11]

(f) Cho [1]

(g) Ours

(h) GroundTruth

Fig. 10. The effectiveness of the proposed method on images with impulse noise. The
blurred image (a) is corrupted with 2% impulse noise. The proposed method can generate much clearer images with finer details, such as the characters on the clock
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(a) Blurred

(b) TVL2 [3]

(c) EPLL [12]

(d) CSF [7]

(e) TVL1 [11]

(f) Cho [1]

(g) Ours

(h) GroundTruth

Fig. 11. The effectiveness of the proposed method on images with impulse noise. The
blurred image (a) is corrupted with 2% impulse noise. The proposed method can generate much clearer images with finer details
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(a) Blurred (2%)

(b) TVL2 [3]

(c) EPLL [12]

(d) MLP [8]

e) CSF [7]

(f) TVL1 [11]

(g) Cho [1]

(h) Ours

Fig. 12. The effectiveness of the proposed method on images with mixed noise. The
blurred image (a) is corrupted with 2% Gaussian noise and 2% impulse noise. The
proposed method performs favorably against the state-of-the-art methods

(a) Blurred

(b) TVL1 [11]

(c) Whyte [10]

(d) Cho [1]

(e) Ours

Fig. 13. The effectiveness of the proposed method on images with saturated pixels.
The proposed method performs favorably against the state-of-the-art methods
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(a) Blurred

(b) Whyte [10]

(c) Cho [1]

(d) Ours

Fig. 14. The effectiveness of the proposed method on real captured images with unknown noise. The proposed method performs favorably against the state-of-the-art
methods
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(a) Blurred

(b) TVL1 [11]

(c) Cho [1]

(d) Ours

(e) Blurred

(f) CSF [7]

(g) Cho [1]

(h) Ours
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Fig. 15. The effectiveness of the proposed method on real captured images with unknown noise. The proposed method performs favorably against the state-of-the-art
methods
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