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1 Introduction

e Goal: describe the basic concepts & main state-of-the-art algorithms for continuous opti-
mization.

e The optimization problem:

{ ¢i(x) =0, €& equality constraints (scalar)

min f(x) s.t. ¢i(x) >0, 1 €7 inequality constraints (scalar)

XGR”’

x: variables (vector); f(x): objective function (scalar).
Feasible region: set of points satisfying all constraints.
max f = —min —f.

72 — 29 <0
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e Ex. |(fig. 1.1): min (z; — 2)* 4 (25 — 1)° s.t. { T+ a0 < 2.

e Ex.: transportation problem (LP)

>y <a; Vi (capacity of factory 1)
min Zcijxij s.t. > iTij >bj Vi (demand of shop j)
ij zi; >0 Vi,j (nonnegative production)

c;j: shipping cost; x;;: amount of product shipped from factory 7 to shop j.

e Ex.: LSQ problem: fit a parametric model (e.g. line, polynomial, neural net...) to a data [Ex. 2.1
set.

e Optimization algorithms are iterative: build sequence of points that converges to the solu-
tion. Needs good initial point (often by prior knowledge).

e Focus on many-variable problems (but will illustrate in 2D).
e Desiderata for algorithms:

— Robustness: perform well on wide variety of problems in their class, for any starting
point;



— Efficiency: little computer time or storage;

— Accuracy: identify solution precisely (within the limits of fixed-point arithmetic).
They conflict with each other.

e General comment about optimization (Fletcher): “fascinating blend of theory and compu-
tation, heuristics and rigour”.

— No universal algorithm: a given algorithm works well with a given class of problems.

— Necessary to adapt a method to the problem at hand (by experimenting).

— Not choosing an appropriate algorithm — solution found very slowly or not at all.
e Not covered in the Nocedal-Wright book, or in this course:

— Discrete optimization (integer programming): the variables are discrete. Ex.: integer
transportation problem, traveling salesman problem.

« Harder to solve than continuous opt (in the latter we can predict the objective
function value at nearby points).

* Too many solutions to count them.

x Rounding typically gives very bad solutions.

x Highly specialized techniques for each problem type.

Ref: Papadimitriou & Steiglitz.

— Network opt: shortest paths, max flow, min cost flow, assignments & matchings, MST,
dynamic programming, graph partitioning. . .
Ref: Ahuja, Magnanti & Orlin.

— Non-smooth opt: discontinuous derivatives, e.g. Li-norm.
Ref: Fletcher.

— Stochastic opt: the model is specified with uncertainty, e.g. x < b where b could be
given by a probability density function.

— Global opt: find the global minimum, not just a local one. Very difficult.
Some heuristics: simulated annealing, genetic algorithms, evolutionary computation.

— Multiobjective opt: one approach is to transform it to a single objective = linear
combinations of objectives.

EM algorithm (Expectation-Maximization): specialized technique for maximum like-
lihood estimation of probabilistic models.
Ref: McLachlan & Peel; many books on statistics or machine learning.

— Calculus of variations: stationary point of a functional (= function of functions).

— Convex optimization: we’ll see some of this.

Ref: Boyd & Vandenberghe.

— Modeling: the setup of the opt problem, i.e. the process of identifying objective, vari-
ables and constraints for a given problem. Very important but application-dependent.
Ref: Dantzig; Ahuja et al.

e Course contents: derivative-based methods for continuous optimization (see syllabus).
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Fundamentals of unconstrained optimization

Problem: min f(x), x € R™.

Conditions for a local minimum X* (cf. case n = 1)

Global minimizer: f(x*) < f(x) ¥x € R". [E1: Wl

Local minimizer: 3 neighborhood N of x*: f(x*) < f(x) Vx € N.
Strict (or strong) global minimizer: f(x*) < f(x) Vx € N\ {x*}. (Ex. f(z) =2 vs f(@) = (z—2)1)

Isolated local minimizer: IN of x* such that x* is the only local min. in N. (Ex. f(z) =
a* cos L + 224 with f(0) = 0 and z* =0.) All isolated local min. are strict.

First-order necessary conditions (Th. 2.2): x* local min, f cont. diff. in an open neighbor-
hood of x* = Vf(X*) = 0 (Pf.: by contradiction: if Vf(x*) # 0 then f decreases along the gradient direction.)

(Not sufficient condition, ex: f(z) = z3.)

Stationary point: V f(x*) = 0.

Second-order necessary conditions (Th. 2.3): x* is local min, f twice cont. diff. in an open
neighborhood of x* = Vf(x*) = 0 and V?f(x*) is psd. (Pf: by contradiction: if V2f(x*) is not psd

then f decreases along the direction where V2 is not psd.)

Second-order sufficient conditions (Th. 2.4): V2f cont. in an open neighborhood of x*,
Vf(X*) = 0, VQf(X*) pd = x* Is a strict local minimizer of f (Pf.: Taylor-expand f around x*.)

(Not necessary condition, ex.: f(z) = % at z* = 0.)

The key for the conditions is that V, V? exist and are continuous. The smoothness of f allows
us to predict approximately the landscape around a point x.

Convex optimization

SCR"isaconvex setif x,y € S = ax+ (1 —a)y € S, Va € [0, 1].

f:S CR" — R is a convex function if its domain § is convex and f(ax + (1 — a)y) <
af(x)+(1—-a)f(y),Vael0,1], vx,y €S.

Convex opt problem: — objective function is convex
— equality constraints are linear

— inequality constraints are concave

Ex.: linear programming (LP).

Easier to solve because every local min is a global min.

e 'Th. 2.5:

— f convex = any local min is also global.

— f convex and differentiable = any stationary point is a global min.

(Pf.: by contradiction, assume z with f(z) < f(x*), study the segment x*z.)



Algorithm overview

e Algorithms look for a stationary point starting from a point xo (arbitrary or user-supplied)
= sequence of iterates {x;}7°, that terminates when no more progress can be made, or it
seems that a solution has been approximated with sufficient accuracy.

e Stopping criterion: can’t use ||x; — x*|| or |f(xx) — f(x*)|. Instead, in practice (given a
small € > 0):

— IVfxe)ll <e
— |lxe = x| <€ or [lxp — x| < €llxp1]
— [f(xx) = f(xr1)| < eor |[f(x) — f(xp—1)| < ef(xh-1)

and also set a limit on k.

e We choose x;,1 given information about f at x; (and possibly earlier iterates) so that
f(Xk+1) < f(xg) (descent).

¥ - L]
A
o Move x;, — Xi41: two fundamental strategies, line search and trust region. ——Zk . ?$“
2 e N U
— Line search strategy }//
1. Choose a direction py g 2

2. Search along py from xy, for x;1 with f(xg11) < f(xx), i.e., approzimately solve
the 1D minimization problem: min,~¢ f(xx + apy) where oo = step length.

— Trust region strategy

1. Construct a model function my, (typ. quadratic) that is similar to (but simpler
than) f around xy.

2. Search for x;1 with my(xg11) < m(xy) inside a small trust region (typ. a ball)
around Xy, i.e., approzimately solve the n-D minimization problem: min, my(x; + p)
s.t. xXx + p € trust region.

3. If xx,1 does not produce enough decay in f, shrink the region.

e In both strategies, the subproblem (step 2) is easier to solve with the real problem. Why
not solve the subproblem exactly?
— Good: derives maximum benefit from p; or my; but
— Bad: expensive (many iterations over a/) and unnecessary towards the real problem

(min f over all R™).

e Both strategies differ in the order in which they choose the direction and the distance of
the move:

— Line search: fix direction, choose distance.

— Trust region: fix maximum distance, choose direction and actual distance.



Scaling (“units” of the variables)

e A problem is poorly scaled if changes to x in a certain direction produce much larger
variations in the value of f than do changes to x in another direction. Some algorithms
(e.g. steepest descent) are sensitive to poor scaling while others (e.g. Newton’s method) are
not. Generally, scale-invariant algorithms are more robust to poor problem formulations.

Ex. f(z) = 10922 + 22|(fig. 2.7).

e Related, but not the same as ill-conditioning.

Ex. f(x) = $xT (1 1) x - (359 x

Review: fundamentals of unconstrained optimization
Assuming the derivatives V f(x*), V2 f(x*) exist and are continuous in a neighborhood of x*:

Vf(x*)=0 (first order)

V2f(x*) psd (second order) (necessary condition).

e x* is a local minimizer = {

o Vf(x*)=0, V2f(x*) pd = x* is a strict local minimizer (sufficient condition).

pd: strict local minimizer
nd: strict local maximizer
e Stationary point: Vf(x*) = 0; V2 f(x*) not definite (pos & neg eigenvalues): saddle point
psd: may be non-strict local minimizer
nsd: may be non-strict local maximizer




3 Line search methods

[teration: xj.1 = X + Pk, where oy is the step length (how far to move along py), ax > 0; pg
is the search direction.
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Descent direction: p.V fi, = ||px|| [V fi|l cos 0 < 0 (angle < I with —V fi). Guarantees that f
can be reduced along py (for a sufficiently smooth step):

f(xr+apr) = f(xx)+apiVfi +O(a?) (Taylor’s th.)
< f(xx) for all sufficiently small o > 0

e The steepest descent direction, i.e., the direction along which f decreases most rapidly, is
pr = —Vfi. Pf: for any p, oz f(xx + ap) = f(xx) + ap? Vfi + O(a?) so the rate of
change in f along p at x; is p? V fi (the directional derivative) = ||p|| ||V fx|| cos§. Then
min, p” V fi s.t. ||p|| = 1 is achieved when cosf = —1, i.e., p= =V fi/ |V [l
This direction is L to the contours of f Pf.: take x + p on the same contour line as x. Then, by Taylor’s th.:

_ T 1 7o _ _1p"V*f(x+ep)P
f(x+p)=f(x)+p Vf(x)+ PV f(x+ep)p, €€ (0,1) = cos £(p, Vf(x)) = 5 plIVGOl Tei=o

but ||p|| — 0 along the contour line means p/ ||p|| is parallel to its tangent at x.

e The Newton direction is p, = —V? [, 'V f,. This corresponds to assuming f is locally
quadratic and jumping directly to its minimum. Pf.: by Taylor’s th.:

1
fxr+p)~ fr + P Vi + §pTv2fkp = mi(p)

which is minimized (take derivatives wrt p) by the Newton direction if V2 f is pd. (O what
happens if assuming f is locally linear (order 1)?)

In a line search the Newton direction has a natural step length of 1.

e For most algorithms, p, = —B,_'V f;, where B, is symmetric nonsingular:

fig. 2.5
fig. 2.6




— steepest descent: B, =1
— Newton’s method: By, = V2f(x;)
— Quasi-Newton method: By, =~ V2 f(xy)

If By, is pd then py, is a descent direction: pLV f, = —VfIB,'Vfi < 0.

Here, we deal with how to choose the step length given the search direction pg. Desirable
properties: guaranteed global convergence and rapid rate of convergence.

Step length

Time/accuracy trade-off: want to choose ay to give a substantial reduction in f but not to spend
much time on it.

e Exact line search (global or local min): ay: mingso ¢(a) = f(xx + apg). Too expensive:
many evaluations of f, V f to find ay, even with moderate precision. (0 Angle (py, Vfri1) = ?)

e Inexact line search: a typical l.s. algorithm will try a sequence of o values and stop when
certain conditions hold.

We want easily verifiable theoretical conditions on the step length that allow to prove convergence
of an optimization algorithm.

e Reduction in f: f(xx + axpr) < f(xx) — not enough, can converge before reaching the
minimizer.

Wolfe conditions
O f(xx + arpr) < f(xk) + cLonV il pi;
O Vf(xk+ awpe) Pe > Vil pr.
where 0 < ¢; < ¢3 < 1. Call ¢(a) = f(xx + apy), then ¢'(a) = V f(xx + ap)? pr-

O Sufficient decrease (Armijo condition) is equivalent to ¢(0) — ¢(xx) > ar(—c1¢'(0)).
Rejects too small decreases. The reduction is proportional both to step length a; and
directional derivative V fIpy. In practice, ¢; is very small, e.g. ¢; = 107,

It is satisfied for any sufficiently small & = not enough, need to rule out unacceptably
small steps.

O Curvature condition is equivalent to —¢'(xy) < —c2¢'(0).
Rejects too negative slopes. Reason: if the slope at a, ¢/(«), is strongly negative, it’s likely
we can reduce f significantly by moving further.
0.9 if py is chosen by a Newton or quasi-Newton method

In practice, ¢, = _ ] ) )
0.1 if py is chosen by a nonlinear conjugate method.

We will concentrate on the Wolfe conditions in general, and assume they always hold when the
L.s. is used as part of an optimization algorithm (allows convergence proofs).



Lemma 3.1: there always exist step lengths that satisfy the Wolfe (also the strong Wolfe) condi-
tions if f is smooth and bounded below. (Pf.: mean value th.; see figure below.)

P(a) = f(xk + apk)
la) = fy — (—aVipa = fi — (—a¢'(0)a

(b &) font peint whare

| | .

M“ o
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Other useful conditions

e Strong Wolfe conditions: O + O |V f(xi + appr)'pr| < 2|V /fIpr|. We don’t allow
¢'(au,) to be too positive, so we exclude points that are far from stationary points of ¢.

e (oldstein conditions:

(a) )
f(xe) + (1 =)V ipr < flxi+ arpr) < f(xi) + caxVfipe, 0<c<i

(a) controls step from below, [ is the first Wolfe condition.
Disadvantage: may exclude all minimizers of ¢. (J do the Wolfe conditions exclude minimizers? )
Sufficient decrease and backtracking

Start with largish step size and decrease it (times p < 1) until it meets the sufficient decrease
condition OJ (Algorithm 3.1).

It’s a heuristic approach to avoid a more careful l.s. that satisfies the Wolfe cond.

It always terminates because [J is satisfied by sufficiently small a.

Works well in practice because the accepted «y, is near (times p) the previous «, which was
rejected for being too long.

The initial step length @ is 1 for Newton and quasi-Newton methods.



Step-length selection algorithms

e They take a starting value of o and generate a sequence {«;} that satisfies the Wolfe cond.
Usually they use interpolation, e.g. approximate ¢(«) as a cubic poly.

e There are also derivative-free methods (e.g. the golden section search) but they are less
efficient and can’t benefit from the Wolfe cond. (to prove global convergence).

o We'll just use backtracking for simplicity.

Convergence of line search methods

e Global convergence: ||V fr|| — 0, i.e., convergence to a stationary point for any starting
—00

point x4. To converge to a minimizer we need more information, e.g. the Hessian.

e We give a theorem for the search direction py to obtain global convergence, focusing on

o T
the angle 8 between p; and the steepest descent direction —V fi: cos 8 = %, and

assuming the Wolfe cond. Similar theorems exist for strong Wolfe, Goldstein con

e Important theorem, e.g. shows that the steepest descent method is globally convergent; for
other algorithms, it describes how far p; can deviate from the steepest descent direction
and still give rise to a globally convergent iteration.

e Th. 3.2 (Zoutendijk).| Consider an iterative method x,41 = xj, + aypy with starting
point x, where p; is a descent direction and oy satisfies the Wolfe conditions. Sup-
pose f is bounded below in R™ and cont. diff. in an open set N containing the level
set L = {x: f(x) < f(x0)}, and that V[ is Lipschitz continuous on N (& 3L > 0 :
||Vf(X) - Vf(f()” <L HX - }N(H VX, X € N, weaker than bounded gradient). Then

2 - 112 si10 e (Proof: O + L lower bound ay;
g cos” O ||V fil]” < o0 (Zoutendijk’s condition) D upper boundd for: teloscope)
k>0

Zoutendijk’s condition implies cos? 8y, ||V fx||> — 0. Thus if cos), > & > 0 Vk for fixed &
then ||V fx]] — 0 (global convergence).

e Examples:

— Steepest descent method: pr = —V fr, = cosf = 1 = global convergence. Intuitive [fig. 3.7
method, but very slow in difficult problems.
— Newton-like method: p, = —B,;1ka with By symmetric, pd and with bounded

condition number: |By[| [|B;"|| £ M V& (O illcond. = V£ Newton dir.) Then cos 6, >
(Pf.: exe. 3.5) = global convergence.

In other words, if By, are pd (which is required for descent directions), have bounded
c.n. and the step lengths satisfy the Wolfe conditions = global convergence. This
includes steepest descent, some Newton and quasi-Newton methods.

e For some methods (e.g. conjugate gradients) we may have directions that are almost LV fj
when the Hessian is ill-conditioned. It is still possible to show global convergence by
assuming that we take a steepest descent step from time to time. “Turning” the directions
toward —V fi so that cos#, < J for some preselected § > 0 is generally a bad idea: it slows



down the method (difficult to choose a good ) and also destroys the invariance properties
of quasi-Newton methods.

Fast convergence can sometimes conflict with global convergence, e.g. steepest descent is
globally convergent but quite slow; Newton’s method converges very fast when near a
solution but away from the solution its steps may not even be descent (indeed, it may be
looking for a maximizer!). The challenge is to design algorithms will both fast and global
convergence.

Rate of convergence

Steepest descent: pr = —V fi.
Th. 3.4: assume f is twice cont. diff. and that the iterates generated by the steepest descent
method with exact line searches converge to a point x* where the Hessian V?f(x*) is pd.

Then f(xx11) — f(x*) < 72(f(xx) — f(x*)), where r = :\\Zlg\& =5, 0 <\ <o <A, are

the eigenvalues of V?f(x*) and k = \,,/)\; its condition number.

(Pf.: near the min., f is approx. quadratic.) (For quadratic functions (with matrix Q): [[xk4+1 — x*[|q < 7 [Ixk — x*[|q where
Ixlg = x"Qx and § [|lx —x*||g = f(x) = f(x*).)
Thus the convergence rate is linear, with two extremes:

— Very well conditioned Hessian: \; = \,; very fast, since the steepest descent direction
approximately points to the minimizer.

— Ill-conditioned Hessian: \; < \,; very slow, zigzagging behaviour. This is the typical
situation in practice.

Newton’s method: py = —V2fk_1ka.

Th. 3.5: assume f twice diff. and V2 f Lipschitz cont. in a neighborhood of a solution x* at
the which second-order sufficient cond. hold. Consider the iterates x;41 = x;, — V2f, 'V fe.
Then, if x is sufficiently close to x*: (xx) — x*, (||Vfi|l) — 0 both quadratically.

(Pf.: upper bound ||xj, + pi — x*|| by a constant X ||xj, — x*||? using Taylor + Lipschitz.)

That is, near the solution, where the Hessian is pd, the convergence rate is quadratic if we
always take ap = 1 (no line search at all). The theorem does not apply if the Hessian is
not pd (away from the solution); practical Newton methods avoid this.

Quasi-Newton methods: py = —B,;IVf;C with By symmetric pd.
Th. 3.7: assume f is twice cont. diff. and that the iterates x; 1 = x; — B,;Ika converge to
a point x* at the which second-order sufficient cond. hold. Then (x;) — x* superlinearly

_U2 f(x*

Thus, the convergence rate is superlinear if the matrices By become increasingly accurate
approximations of the Hessian along the search directions py, and near the solution the
step length oy, is always 1, i.e., Xx4+1 = Xi + pr. In practice, we must always try aw = 1 in
the line search and accept it if it satisfies the Wolfe cond.

Newton’s method with Hessian modification

Newton step: solution of the n x n linear system V2 f(x;)py = —V f(x}).

Near a minimizer the Hessian is pd = quadratic convergence (with unit steps aj = 1).
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e Away from a minimizer the Hessian may not be pd or may be ’ .

close to singular = pY may be an ascent direction, or too long. / \
A too long direction may not be good even if it is a descent di- =~y -\ -7
rection, because it violates the spirit of Newton’s method (which | 3B
relies on a quadratic approximation valid near the current iter-

ate); thus it may require many iterations in the line search.

N
Y

Long

Modified Newton method: modify the Hessian to make it sufficiently pd.

e We solve (by factorizing Byg, e.g. Cholesky) the system Bypr = —V f(x)) where B, =
V?f(x;) + E; (modified Hessian) such that By, is sufficiently pd. Then we use py (which
is a descent direction because By is pd) in a line search with Wolfe conditions.

e Global convergence (||V fi| — 0) by Zoutendijk’s condition if x(By) = || By || B, || < M
(which can be proven for several types of modifications).

e Quadratic convergence near the minimizer, where the Hessian is pd, if E; = 0 there.

Diagonal Hessian modification: E; = AI with A > 0 large enough that By is sufficiently pd.
A =max(0,5 — Amin(V2f(xx))) for § > 0.

e We want A as small as possible to preserve Hessian information along the positive curvature
directions; but if A is too small, By is nearly singular and the step too long.

e The method behaves like pure Newton for pd Hessian and A = 0, like steepest descent for
A — 00, and finds some descent direction for intermediate .

‘f | lei"'-!t‘.‘» N Chrcecno X ﬂ:l
Yo ' ' e 86 o - e

st wawee

/

s Some Aesal Abudom {e fe <

Other types of Hessian modification exist, but there is no consensus about which one is best:

e Direct modification of the eigenvalues (needs SVD of the Hessian). 1t A = QAQT (spectral th.)
then AA = Qdiag (max(0,5 — \;)) QT is the correction with minimum Frobenius norm s.t. Amin (A + AA) > 6.

e Modified Cholesky factorization (add terms to diagonal on the fly).

11



Review: line search (l.s.) methods

search direction pj given by optimization method

o Tteration Xy 1 = Xk + akpy { l.s. = determine step length ay

e We want: steepest descent dir. : -V fi
Newton dir. : —V2fk_1ka.
Quasi-Newton dir. : —B?ka
(B pd = descent dir.)

— Descent direction: p}. V fr = ||px|| ||V fx|| cos0x < 0

— Inexact l.s.: approx. solution of min, o f(xx + appx) (faster convergence of the overall algorithm).
Even if the l.s. is inexact, if ay, satisfies certain conditions at each k then the overall algorithm has
global convergence.

Ex.: the Wolfe conditions (others exist), most crucially the sufficient decrease in f. A simple l.s.
algorithm that often (not always) satisfies the Wolfe cond. is backtracking (better ones exist).

e Global convergence (to a stationary point): ||V fi|| — 0.
Zoutendijk’s th.: descent dir + Wolfe + mild cond. on f = >, . cos® by, IV f&ll? < oc.
Corollary: cosf > 6§ > 0 Vk = global convergence. But we often want cos 0, ~ 0!
Ex.: steepest descent and some Newton-like methods have global convergence.

e Convergence rate:

An—A1
An+A1

— Quasi-Newton: superlinear under certain conditions.

— Steepest descent: linear, r = ( )2; slow for ill-conditioned problems.

— Newton: quadratic near the solution.

e Modified Hessian Newton’s method: By = V2 f(x;) + AI (diagonal modif., others exist) s.t. By, suffic. pd.
A = 0: pure Newton step; A — oco: steepest descent direction (with step — 0).
Descent direction with moderate length away from minimizer, pure Newton’s method near minimizer.
Global, quadratic convergence if k(By) < M and l.s. with Wolfe cond.

12




4 Trust region methods

[teration: Xj,1 = Xy + Pk, where p is the approximate minimizer of the model my(p) in a region
around xj (the trust region); if py does not produce a sufficient decrease in f, we shrink the
region and try again.

e The trust region 18 typlcally a ball B(Xk, A) Other region shapes may also be used: elliptical (to adapt to

ill-conditioned Hessians) and box-shaped (with linear constraints.)

e Each time we decrease A after failure of a candidate iterate, the step from x; is shorter
and usually points in a different direction.

) too small: good model, but can only take a small step, so slow convergence
e Trade-off in A:
too large: bad model, we may have to reduce A and repeat.

In practice, we increase A if previous steps showed the model reliable. fig. 4.1

o Linear model: my(p) = [r + Vfipst. ||pl| <Ay = pr = —Ak%, i.e., steepest descent
with step length Q. given by Ak (HO news). (D what is the approx. error for the linear model?)

e Quadratic model: my(p) = fr. + Vfip+ %pTka where By, is symmetric but need not be
O(|lp||*) if By = V2fy, trust-region Newton method
O(||p|]*) otherwise.

In both cases, the model is accurate for small ||p||, which guarantees we can always find a
good step for sufficiently small A. (O what happens if p;, < 0 but [|pg|| < A with an arbitrary my,?)

psd. The approximation error is

Two issues remain: how to choose A7 How to find p?

Je—f(xk+Pr) __  actual reduction

Choice of the trust-region radius A; Define the ratio p, = (0] (py) = redicted roduction”

e Predicted reduction > 0 always (since p = 0 is in the region).
o [f actual reduction < 0 the new objective value is larger, so reject the step.

~ 1: good agreement between f and the model my, so expand A if ||px|| = A
(otherwise, don’t interfere)
> 0 but not close to 1: keep Ay

close to 0 or negative: shrink Ag.
Algorithm 4.1]

® Pk

The optimization subproblem

) 1
min mi(p) = fr + Vip+ §pTBkP st [Ipll < A

o If By is pd and ||B,;1V ka < Aj the solution is the unconstrained minimizer pf =
—B, 'V fi. (full step).

e Otherwise, we compute an approzimate solution (finding an exact one is too costly).

13



Approximate solution of the optimization subproblem The Cauchy point p{ is the
minimizer along pr = —Vm(0) = —gg, which lies either at —%gk (boundary) or at —Tk%gk
with 0 < 7 < 1 (interior). Thus, it is steepest descent with a certain step size, and gives a
baseline solution. Several methods improve over the Cauchy point. One approach is based on
the following characterization of the exact solution:

Th. 4.1. p* is a global solution of the trust-region problem minjpj<a m(p) = f + gl'p+ %pTBp

iff p* is feasible and 9\ > 0 such that:

1. (B+A)p*=—-g

2 A(A =[P ) =0 (ies A=0or [Ip] = A)

3. B+ Al is psd.

Algorithm:

1. Try A =0, solve Bp* = —g and see if ||p*|| < A (full step).

2. If ||p*|| > A, define p(\) = —(B + M)~ 'g for A sufficiently large that B + I is pd and
seek a smaller value A > 0 such that [|[p(A)|| = A (1D root-finding for \; iterative solution
factorizing the matrix B 4+ AI).

B = QAQT (spectral th with Ay >+ > A1) = p(\) = —(B+AD 'g = — X7, $25q; = [pOV)* = Ty ((;‘;fg)g‘ 1t
al'g # 0, find \* > —\; using Newton’s method for root finding on r(\) = i - HP(IMH (since HP(I)\)H ~ (A + A1) /constant).
One can show this is equivalent to[Alg. 4.3, which uses Cholesky factorizations (limit to ~ 3 steps).

Note:

e Using B + Al instead of B in the model transforms the problem into miny, m(p) + 3 Ipll*,
and so for large A > 0 the minimizer is strictly inside the region. As we decrease \ the
minimizer moves to the region boundary and the theorem holds for that \.

e If A > 0 then the direction is antiparallel to the model gradient and so the region is tangent
to the model contour at the solution: \p* = —g — Bp* = —Vm(p*).

e This is useful for Newton’s method and is the basis of the Levenberg-Marquardt algorithm

for nonlinear least-squares problems.

Other approaches:

Dogleg method: find minimizer along two-leg path 0 — p{ — p2.

Two-dimensional subspace minimization: on the span of the dogleg path.

Global and local convergence

Under certain assumptions, these approximate algorithms have global convergence to a
stationary pOiIlt 1Th 4.6). Essentially, they must ensure a sufficient decrease my(0) < my(pg) at each step; the

Cauchy point already achieves such as decrease.

If using B, = V2f;, and if the region becomes eventually inactive and we always take the
full step, the convergence is quadratic (the method becomes Newton’s method).
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Review: trust-region methods

o [teration xy41 = X1 + Pk

— Ppr = approx. minimizer of model my, of f in trust region: minjp <a, M (P)-
— P does not produce sufficient decrease = region too big, shrink it and try again.

fe—f(xktPr) <

Insufficient decrease < pi, = e (0) =1k (pa) S

e Quadratic model: my(p) = fi + Vfip+ %pTka. B} need not be psd.
Cauchy point: minimizer of my within the trust region along the steepest descent direction.
The exact, global minimizer of m;, within the trust region ||p|| < Ay satisfies certain conditions (th. 4.1)
that can be used to find an approximate solution. Simpler methods exist (dogleg, 2D subspace min.).

e Global convergence under mild conditions if sufficient decrease; quadratic rate if By, = V2 f; and if the
region becomes eventually inactive and we always take the full step.

e Mainly used for Newton and Levenberg-Marquardt methods.
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5 Conjugate gradient methods
e Linear conjugate gradient method: solves a large linear system of equations.
e Nonlinear conjugate gradient method: adaptation of linear CG for nonlinear optimization.

Key features: requires no matrix storage, faster than steepest descent.
Assume in all this chapter that A is an n X n symmetric pd matrix, ¢(x) = %XTAX — b’x and

Vo(x) = Ax — b = r(x) (residual).

' iy Idea:
L " S e steepest descent (1 or oo iterations): VA
(A} \ L e coordinate descent (n or co iterations):
-1 vr é/ e Newton’s method (1 iteration): —
\/ e CG (n iterations): -

1

The linear conjugate gradient method

Iterative method for solving the two equivalent problems (i.e., both have the same, unique
solution x*):

1
Linear system Ax = b <= Optimization problem min ¢(x) = §XTAX —b'x.

e A set of nonzero vectors {po, p1,...,pi} is conjugate wrt A iff p/ Ap; =0 Vi # j.
Conjugacy = linear independence (Pt.: left-multiply 3" o;p; times pT A.)
Note {A1/2po, AV2py A1/2pl} are orthogonal.

e [Th. 5.1: we can minimize ¢ in n steps at most by successively minimizing ¢ along the n
vectors in a conjugate set.

Conjgugate direction method: given a starting point xo € R™ and a set of conjugate directions
rl'py
p} Apy,

{Po, ..., Pn_1}, generate the sequence {x;} with x;. 1 = x} + axpy, where o = —

(D denominator # 0?) (exact line search) (Proof: x* =x0 + E:.lz_ol oiPi-)
e Intuitive idea:
— A diagonal: quadratic function ¢ can be minimized along the coordinate directions [fig. 5.1

eq,...,e, in n iterations.

— A not diagonal: the coordinate directions don’t minimize ¢ in n iterations; but the [fig. 5.2
variable change x = S™!x with S = (py p1 ... Pn_1) diagonalizes A: gg(f() = ¢(Sx) =
%)A(T(STAS))A( — (STb)T}A( (D why is S invertible?)
coordinate search in X < conjugate direction search in x.

e [Th. 5.2 (expanding subspace minimization): for the conjugate directions method:

—rlp;=0fori=0,...,k—1 (the current residual is L to all previous search directions)

(Intuition: if ry = V¢(xx) had a nonzero projection along p;, it would not be a minimum.)

— Xy, is the minimizer of ¢ over the set xq + span {po, - .., Pr_1}-

That is, the method minimizes ¢ piecewise, one direction at a time.
(Proof: induction plus the fact ry41 = ry + apApy (implied by ry, = Ax — b and x,41 = X, + ;Pk)-)
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e How to obtain conjugate directions? Many ways, e.g. using the eigenvectors of A or
transforming a set of l.i. vectors into conjugate directions with a procedure similar to
Gram-Schmidt. But these are computationally expensive!

e The conjugate gradient method generates conjugate direction py by using only the previous
one, Pr—1:

— pi is a Le. of =Vo(x) and pg_; s.t. being conjugate to px_1 = pr = —Tx + OkPr_1

— We start with the steepest descent direction: py = —V(x¢) = —ry.

Algorithm 5.1 (CG; preliminary version): given Xo:
rg < VQS(X()> = AX[) — b7 Po < —To, k—0 Start with steepest descent dir. from xo
while I 7é 0 r; = 0 means we are done, which may happen before n steps
T
ry
Q. < _nglf;k’ Xpg+1 < Xg + OLPE Exact line search
e = Axk—l—l —-b New residual
r{+1Apk _ N . .
ﬁk+1 — pTApr Pr+1 = —Tip1 + ﬁk—i—lpk New I.s. direction pyy1 is conjugate to pg, Pr—1,---,P0
k
k—k+1
end

To prove the algorithm works, we need to prove it builds a conjugate direction set.

e [Th. 5.3: suppose that the kth iterate of the CG method is not the solution x*. Then:

—rlr;=0fori =0,...,k —1 (the gradients at all iterates are | to each other.)

— span{rg,...,rx} = span{po,...,Pr} = span {ro, Arg, ... ,Akro} = Krylov subspace
of degree k for ry. (So {ry} orthogonal basis, {py} basis.)

(Intuitive explanation: compute ry,py for k = 1,2 using ry41 = ri + APk, Pk+1 = —Tit1 + Br+1Pk-)
— piAp;=0fori=0,...,k—1 (conjugate wrt A.)
u uen " nver in at most n .
Thus the sequence {x;} converges to x* in at most n steps

Important: the theorem needs that the first direction be the steepest descent dir.

(Proof: rgri = pgApi =0 follow for ¢ = k — 1 by construction and for ¢ < k — 1 by induction.)
e We can simplify a bit the algorithm using the following results:

— Pk+1 = —Tpp1 + ﬁk—l—lpk (construction of the kth direction)

— Tpy) =T+ OzkApk (definition of ry and xj4+1)
—rip;i=rlr;=0fori < kith 52&53)

riry el

T Thtt _ [ren ] :
= r —r arA — At = Bk in algorithm 5.2
p{Apk Hpk||2A7 k+1 k + EAPk, ﬁk—i-l rfrk ||rkH2 g

e Space complexity: O(n) since it computes x,r,p at k + 1 given the values at k: no matrix
storage.

= O

e Time complexity: the bottleneck is the matrix-vector product Apy, which is O(n?) (maybe
less if A has structure) = in n steps, O(n?), similar to other methods for solving linear
systems (e.g. Gauss factorization).
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e Advantages: no matrix storage; does not alter A; does not introduce fill (for a sparse
matrix A); fast convergence.

e Disadvantages: sensitive to roundoff errors.

It is recommended for large systems.

Rate of convergence

e Here we don’t mean the asymptotic rate (k — oo) because CG converges in at most n
steps for a quadratic function. But CG can get very close to the solution in quite less than
n steps, depending on the eigenvalue structure of A:

— [Th. 5.4t if A has only r distinct eigenvalues, CG converges in at most r steps.
— If the eigenvalues of A occur in 7 distinct clusters, CG will approximately solve the
problem in 7 steps..

e Two bounds (using [|x||% = x”Ax), useful to estimate the convergence rate in advance if
we know something about the eigenvalues of A:

—[Th. 5.5 ||x41 — x| 3 < (A""C_M)2 [0 — x*||% if A has eigenvalues A, < --- < A

An—k+A1 n-

— ||xi — x| 4 < 2(%)k |xo —x*|| 5 if k= ’/\\—’1‘ is the c.n. (this bound is very coarse).

Recall for steepest descent we had a similar expression but with Z—j& instead of ﬁﬁ

e Preconditioning: change of variables X = Cx so that the new matrix A = C"TAC™! has
a clustered spectrum or a small condition number (thus faster convergence). Besides being
effective in this sense, a good preconditioner C should take little storage and allow an
inexpensive solution of Cx = X. Finding good preconditioners C depends on the problem
(the structure of A), e.g. good ones exist when A results from a discretized PDE.

Nonlinear conjugate gradient methods

We adapt the linear CG (which minimizes a quadratic function ¢) for a nonlinear function f.

ay is determined by an inexact line search

The Fletcher-Reeves method
ry — Vf

‘Algorithm 5.4¢ given x:

Evaluate fo < f(x0), Vfo < Vf(x0)

Po < —Vifo, k<0

while Vf, #£ 0
Xp11 < Xk + appr with inexact 1.s. for oy
Evaluate V fi. 4

VLV i
FR k+1 YV JE+ FR
/Blg+1 — VfEka y Pk+1 _vfk+l + ﬁk+1pk

k—k+1
end
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e Uses no matrix operations, requires only f and V f.

e Line search for ay: we need each direction pri1 = —V frp1 + BitaPr to be a descent
. 2
direction, i.e., VL 1pri1 = — |V finall” + B VAL pr < 0.

— Exact l.s.: ay is a local minimizer along p, = Vf,;fﬂpk =0 = pgs is descent.

— Inexact l.s.: pgy1 is descent if ay, satisfies the strong Wolfe conditions (lemma 5.6)

f(xk + axpr) < f(xx) + aarVfipe
|V f (x5 + crpr) "Pr| < 02 |V [ DA

where 0 < ¢; < ¢ < % (note we required a looser 0 < ¢; < ¢y < 1 in ch. 3).

The Polak-Ribiere method

. . VL (Y frp1=V e
e Differs in the parameter 3, defined as 5,1 = f"“‘(‘vj;k]; fi)
k

e For strongly convex quadratic functions and exact ls. fi® = gFR = IS = g, for linear

CG (since the successive gradients are mutually L).

e For nonlinear functions in general, with inexact l.s., PR is empirically more robust and
efficient than FR.

e The strong Wolfe conditions don’t guarantee that py is a descent direction.

. . . VL (Y —V /i
e Other variants similar to PR: Hestenes-Stiefel 3%, = (kaﬁ.liljyflk)T;:) (derived by requiring

~ L= V g l?
pZJrlepk = 0 for the average Hessian G = fol V2 f(xp, + tarpr) dt), ﬂkJrl = Wﬁl—l‘%’ etc.

Restarts Restarting the iteration every n steps (by setting 8, = 0, i.e., taking a steepest
descent step) periodically refreshes the algorithm and works well in practice. It leads to n-step

l[3s4n =]
_ [l =3I ' . ' '
quadratic and so after a restart we will have (approximately) the linear CG method (which
requires pg = steepest descent).

For large n (when CG is most useful) restarts may never occur, since an approximate solution

may be found in less than n steps.

quadratic convergence: < M:; intuitively because near the minimum, f is approx.

Global convergence

e With restarts and the strong Wolfe conditions, the algorithms (FR, PR) have global con-
vergence since they include as a subsequence the steepest descent method (which is globally
convergent with the Wolfe conditions).

e Without restarts:

— FR has global convergence with the strong Wolfe conditions above.

— PR does not have global convergence, even though in practice it is better.

e In general, the theory on the rate of convergence of CG is complex and assumes exact 1.s.
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Review: conjugate gradient methods
e Linear CG: A, x, sym. pd: solves Ax = b < min ¢(x) = éXTAX —bTx.

— {Po;--.,Pn-1} conjugate wrt A < p?rAp; =0 Vij, p; # 0 Vi.

— Finds the solution in at most n steps, each an exact line search along a conjugate direction: x;41 =

T
X) + QpPry O = =, T = Vo(xi) = Axy, — b.

Pi Aps
— At each step, xj is the minimizer over the set x¢ + span{po, ..., Pk—1}; Fx+1 = 'x + arApy; and
rgpi = rgri =0Vi<k.
— Conjugate direction py is obtained from the previous one and the current gradient: py = —rp +
BrPr—1 With S = r%k%#
— Initial direction is the steepest descent direction py = —V¢(xp).

e Space complexity O(n), time complexity O(n?).
But often (e.g. when the eigenvalues of A are clustered, or A has low c.n.) it gets very close to the solution
in r < n steps, so O(rn?).

e Nonlinear CG: solves min f(x) where f is nonlinear in general.

— Fletcher-Reeves: rp = Vf(xk), ap is determined by an inexact l.s. satisfying the strong Wolfe
Vf)?+1 ka+1

VIEY fi
Has global convergence, but to work well in practice it needs restarts (i.e., set 8 = 0 every n steps).

conditions, ﬂkF.fl =

T —
~ Polak-Ribitre: like FR but gfT = TSl =V,
k

Works better than FR in practice, even though it has no global convergence.

e In summary: better method than steepest descent, very useful for large n (little storage).
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6 Quasi-Newton methods

e Like Newton’s method but using a certain B, instead of the Hessian.
Like steepest descent and conjugate gradients, they require only the gradient.
By measuring the changes in gradients over iterations, they construct an approximation By
to the Hessian whose accuracy improves gradually and results in superlinear convergence.

e Quadratic model of the objective function (correct to first order):

1
mi(p) = fe + Viip+ épTBkP
where By is symmetric pd and is updated at every iteration.
e Search direction given by the minimizer of my,, pr = —B; 'V fi (which is descent”).

e Line search x;,1 = X) + axpr with step length chosen to satisfy the Wolfe conditions.

The secant equation
Secant equation: B 18, = yr where s = X 1—Xg andy, = Vfi. 11—V fi.

e It can be derived: e ,w

— From Taylor’s th.: V2fii1 (Xps1 — Xx) & Vfrar1 — Vi (exact if f is quadratic).

— Or by requiring the gradients of the quadratic model my,, to agree with those of f
at xpy1 and xi:

Vmy1 = V[ at xpiq: by construction
Vi = V[ at x: Vg1 (—ouwpr) = V i1 — apBriapr = V fi.

e It implicitly requires that s'y;, = s/ Bgs, > 0 (a curvature condition). If f is strongly
convex, this is guaranteed (because sTy; > 0 for any two points xj, and x11; proof: exe. 6.1). Otherwise, it is
guaranteed if the line search verifies the 2°¢ Wolfe condition V f (x5 +a.pr) ' Pr > 2V fL Py,
0< Coy < 1 (proof: 274 Wolfe < Vf]a_lsk > CQkaTsk & ygs;C > (c2 — 1)akakTpk > 0).

The secant equation provides only n constraints for (;L) dof in By, so it has many solutions.
We choose the solution closest to the current matriz By: ming |B — Byl s.t. B symmetric pd,
Bs;, = y,.. Different choices of norm are possible; one that allows an easy solution and gives rise to
scale invariance is the weighted Frobenius norm ||A ||y = [W2AW 2 | (where || A3 = i a5)-
W is any matrix satisfying Wy = s, (thus the norm is adimensional, i.e., the solution doesn’t
depend on the units of the problem).

The DFP method (Davidon-Fletcher-Powell)

If we choose W1 = fol V2f(xi + Taupy) dr (the average Hessian) then the minimizer is unique
and is the following rank—2 update:

H,y,y ! Hy, SpSE
H =H, — k k Pf.: SMW formul
k41 k yTHyyy, + yTsi ( ormula)

- { Bir = (I—3yus{)Bu(l — sy l) +myny with o = S s> omon

Where H, = B, '. Using By, directly requires solving p, = —B; 'V fi, which is O(n?), while
using Hy, gives us p, = —H,V fi, which is O(n?).
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The BFGS method (Broyden-Fletcher-Goldfarb-Shanno)

We apply the conditions to Hy, = B;il rather than By, q:

H,, , = arg m&n |H — Hy|| s.t. H symmetric pd, Hy; = s

with the same norm as before, where Ws;, = y,. For W = the average Hessian we obtain:

Hi = (I pesry? ) Hi(I— pryrsy) + pesesi with pp = —7—
BFGS: ByspsI By, viyE Yiese
B =By — =g 37 (P£: SMW formula)

We have: Hy pd = Hjy 1 pd (proof: z27H, 1z > 0if z # 0). We take the initial matrix as Hy = I for
lack of better knowledge.

e For quadratic f and if an exact line search is performed, then DFP, BFGS, SR1 converge to
the exact minimizer in n steps and H,, = V2f~1. (0 Why do many methods work well with quad. f?)

e BFGS is the best quasi-Newton method. With an adequate line search (e.g. Wolfe con-
ditions), BFGS has effective self-correcting properties (and DFP is not so effective): a
poor approximation to the Hessian will be improved in a few steps, thus being stable wrt
roundoff error.

Algorithm 6.1] (BFGS): given starting point xg, convergence tolerance € > 0:

Hy—1 k<0

while ||V f|| > €
Pr < —Hkak search direction
Xk+1 < Xg + OxPk line search with Wolfe cond.
Sk < Xk4+1 — Xk, Y vkarl - ka,, Hk+1 — BFGS update update inverse Hessian
k—Fk+1

end

e Always try oy = 1 first in the line search (this step will always be accepted eventually).
Empirically, good values for ¢, ¢y in the Wolfe conditions are ¢; = 107%, ¢, = 0.9.

e Cost per iteration:

— Space: O(n?) matrix storage. For large problems, techniques exist to modify the
method to take less space, though converging more slowly (see ch. 7).
— Time: O(n?) matrix x vector, outer products.
e Global convergence if By, have a bounded condition number + Wolfe conditions (see ch. 3);

but in practice this assumption may not hold. There aren’t truly global convergence results,
though the methods are very robust in practice.

e Local convergence: if BFGS converges, then its order is superlinear under mild conditions.

‘ Newton ‘ Quasi-Newton
Convergence rate quadratic superlinear
Cost per iteration (time) | O(n?) linear system O(n?)
V2 f required yes no
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The SR1 method (symmetric rank-1)

By requiring By, = By, + ovv! where 0 = 41 and v is a nonzero vector, and substituting in
the secant eq., we obtain:

— (y&r—Brsk) (yx—Brsi)”
Bi1 =By + (y:—kBksIZ)TS]Z :

. (se—Hyyw) (s —Hpyr)T
HkJrl o Hk - (sk—Hpyr)Tyr

SR1:

Generates very good Hessian approximations, often better than BFGS’s (indeed BFGS only produces pd
By), but:

e Does not necessarily preserve pd = use in trust-region (not l.s.) framework.

e May not satisfy the secant equation y; = Byi1Sk, sy = Hrp1y if (yx — Bksk)Tsk =0=
skipping the update if the denominator is small works well in practice:
if [sT (y& — Busi)| < rllsill [lyx — Besk|| then By = By, else Byyy = SR1 [use r ~ 1078].

The Broyden class

Bip1 = (1 — 6p)BRITS + ¢ BRIT for ¢ € R.
e generalizes BEFGS, DFP and SR1
e symmetric
e preserves pd for ¢, € [0, 1]

e satisfies the secant equation.
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Review: quasi-Newton methods

e Newton’s method with an approximate Hessian:

Quadratic model of objective function f: my(p) = fi + VfI'p + 3" Bip.

— Search direction is the minimizer of my: pg = —B,:1ka.

Inexact line search with Wolfe conditions; always try a; = 1 first.

— By is symmetric pd (for DFP/BFGS) and is updated at each k given the current and previous
gradients, so that it approximates V2 f.

o Idea: V2 fri1 (Xxps1 — Xk) = Vi1 — Vi (by Taylor’s th.).

Sk Yk
Secant equation: Byyisi = yi; implies Vg1 = Vf at xp, Xp41-

e DFP method (Davidon-Fletcher-Powell): By satisfies the secant equation and is closest to By (in a
precise sense) = rank-2 update

Hyy,yl HY  spsi
YIHRyk yEsk

Hip (=B ),) =Hi — = pr = —HyVf}, in O(n?).

e BFGS method (Broyden-Fletcher-Goldfarb-Shanno): Hyyq (= B,;l_l) satisfies the secant eq. and is closest
to Hy, (in a precise sense) = rank-2 update

Hii1 = (I — peseyi )Hi(I— pryxsi) + prsisy, with pp = Ton
k Ok

Use Hy = I. Best quasi-Newton method, self-correcting properties.
e SR1 method (symmetric rank-1): rank-1 update, Hy 1 not necessarily pd so use with trust region:
(s — Hyye) sk — Hiyy)”

H., = Hy +
r g (st — Hpyw) Ty

e Global convergence: no general results, though the methods are robust in practice.

e Convergence rate: superlinear.

| Newton | Quasi-Newton
Convergence rate Quadratic Superlinear
time O(n?) O(n?)
space O(n?) O(n?)
Hessian required yes no

Cost per iteration {
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7 Large-scale unconstrained optimization

e Large problems (today): 103-10° variables.

e In large problems, the following can have a prohibitive cost: factorizing the Hessian (solving
for the Newton step), or even computing the Hessian or multiplying times it or storing
it (note quasi-Newton algorithms generate dense approximate Hessians even if the true
Hessian is sparse).

e In these cases we can use the following:

— Nonlinear CG is applicable without modification, though not very fast.
— Sparse Hessian: efficient algorithms (in time and memory) exist to factorize it.

— This chapter: inexact Newton methods (Newton-CG), limited-memory quasi-Newton

methods (L-BFGS).

Inexact Newton methods

Newton step: solution of the n x n linear system V2f(x3) pr = —V f(xz).
e Expensive: computing the Hessian is a major task, O(n?), and solving the system is O(n?).
e Not robust: far from a minimizer, need to ensure py is descent.

Newton-CG method: solve the system approximately with the linear CG method (efficient),
terminating if negative curvature is encountered (robustness); can be implemented as line search
or trust region.

Inexact Newton steps Terminate the iterative solver (e.g. CG) when the residual ry =
V2 f(xp)pr+ Vf(xz) (where py is the inexact Newton step) is small wrt the gradient (to achieve
invariance wrt scalings of f): |rx| < m ||V f(xk)||, where (n;) is the forcing sequence. Under
mild conditions, if the initial xg is sufficiently near a minimizer x* and eventually we always try
the full step ag, = 1, we have:

e Th. 7.1: if 0 < mx < n < 1 Vk then x; — x*.
ne — 0 : superlinear, e.g. n, = min(0.5, \/||V f(xx)]|)

me = O(|Vf(xg)]]) :  quadratic, e.g. np = min(0.5, ||V f(xx)|])-
But the smaller 7, the more iterations of CG we need.

e [Th. 7.2: rate of convergence {

(D How many Newton-CG iterations and how many CG steps in total does this require if f is strongly convex quadratic?)

How do we get sufficiently near a minimizer?

Newton-CG method We solve the system with the CG method to an accuracy determined
by the forcing sequence, but terminating if negative curvature is encountered (pj Apx < 0). If
the very first direction is of negative curvature, use the steepest descent direction instead. Then,
we use the resulting direction:
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e For a line search (inexact, with appropriate conditions: Wolfe, Goldstein, or Armijo back-
tracking line search).
pd Hessian: pure (inexact) Newton direction
The method behaves like: < nd Hessian: steepest descent
not definite Hessian: finds some descent direction.
Problem (as in the modified Hessian Newton’s method): if the Hessian is nearly singular,
the Newton-CG direction can be very long.
Hessian-free Newton methods: the Hessian-vector product V2 f;, v can be obtained (exactly or approximately) without com-

puting the Hessian, see ch. 8.

e In a trust-region way: limit the line search to a region of size A;.

Limited-memory quasi-Newton methods

Useful for large problems with costly or nonsparse Hessian.

They keep simple, compact approximations of the Hessian based on a few n—vectors (rather
than an n x n matrix).

e Linear convergence but fast rate.

Focus on L-BFGS, which uses curvature information from only the most recent iterations.

Limited-memory BFGS (L-BFGS) BFGS review:
® Step: Xg41 = X — akavfk Vk: —I— pkyksg
e Update: Hy 1 = VIH, Vy + pisisi with ¢ p, = 1/y[ sk
——

dense so we can’t use or store S = X1 — Xy, Ve — ka_H — ka
L-BFGS: store modified version of Hj, implicitly, by storing m < n of the vector pairs {s;,y;}.
e Product HyV f; = sum of inner products involving V f and the pairs {s;,y;}.

After the new iterate is computed, replace oldest pair with newest one.

Modest values of m (~ 3-20) work ok in practice; best m is problem-dependent.

Slow convergence in ill-conditioned problems.

Update, in detail:

— Iteration k: xy, {s;,y;} fori=Fk—m,....k— 1.

— Hj = eq. (7.19) by recursively expanding the update and assuming an initial Hessian
approximation HY, from which the product H;V f;, can be computed ‘(algorithm 7.4)‘
in O(m) vector-vector products, plus the matrix-vector product by H} = choose it

(say) diagonal, in particular HY = I with ~;, = eq. (7.20) helps the direction pj to
be well scaled and so the step length a; = 1 is mostly accepted.

— Use Ls. with (strong) Wolfe conditions to make BFGS stable.
— The first m — 1 iterates are as in BFGS.
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Algorithm 7.5 (L-BFGS): given xq:

Choose m > 0; k<0

repeat
Choose HY e.g.leq. (7.20)
Py, < —HiV [y algorithm 7.4
Xp41 < Xp + QpPk |.s. with Wolfe conditions

Discard {Sk_m,Yr-m} if £ >m
Store pair s < Xg11 — Xk, Y& <— V. frr1 — Vi
k—k+1

until convergence

Relationship with CG methods

e Limited-memory methods historically evolved as improvements of CG methods.

. Vi (V1 =V
o CG-Hestenes-Stiefel: we have (from s, = aypy, A5, = % Pt = =Vt + 815 pr)
VIL.y . . SLy L
kr1Yk . kY
Pr+1 = —V /i1 + — 7. Pr— —Hp 1 Vi with Hpy =T-— 7
Yi Pk Y. Sk

which resembles quasi-Newton iterates, but I:Ik+1 is neither symmetric nor pd.

e The following memoryless BFGS is symmetric, pd and satisfies the secant eq. Hy1 1y = si:

skyr N SkSt BFGS update with H;, =1
Hy., = (1- 29k ) (p_ Y5 ) | Sish _ _ )
Yi Sk Y& Sk Yi Sk L-BFGS with m =1 and H) =L

And, with exact Ls. (VL pr = 0 Vk): prs1 = —Hgy1V frsr = CG-HS = CG-PR.

General limited-memory updating In general, we can represent the quasi-Newton approx-
imation to the Hessian By, and inverse Hessian Hy (BFGS, SR1) as an outer-product form:

1
B, =—1+
Yk

—~— ~ ——

n 2m X 2m 2m X n

This could be used in a trust-region method or in a constrained optimization method. Efficient
since updating By, costs O(mn + m?) and matrix-vector products Byv cost O(mn + m?).

Sparse quasi-Newton updates

e Assume we know the sparsity pattern €2 of the true Hessian and demand that the quasi-
Newton approximation By to it have that same pattern:

min [|B — Billz = > (Bij— (Bi)iy)*st. Bsy =y, B=B", Bjj=0for (i,j) ¢ Q.
(i,5)eQ
Solution By given by solving an n x n linsys with the same sparsity pattern, but is not
necessarily pd.
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Then, use By, within trust-region method.
Smaller storage. And, perhaps more accurate approximation? Unfortunately:

— update not scale invariant under linear transformations

— disappointing practical performance; seemingly, bad model for B; and so poor ap-
proximation.

Partially separable functions

Separable function (e.g. f(x) = fi(z1,3) + f2(xa, 24, 76) + fa(z5)) = independent optimizations.

Partially separable function = sum of element functions, each dependent on a few variables
= gparse gradient, Hessian for each function; it is efficient to maintain quasi-Newton
approximations to each element function. Essentially, we work on a lower-dimensional
space for each function.

f(x) = Z $i(Ux) = Vf(x) =Y U/Vei(Ux), V2f(x) =Y UV’ (Ux)U;

K3 3

— Vf(x) ~B=) U/BjU;

where U; = compactifying matrix (sparse) of m; x n and By = m; X m; quasi-Newton
approx. of V2¢;. Then, use within trust-region method: Byp, = —V f5, which can be solved
by linear CG with low-dim operations using U; and By (avoiding explicitly constructing
By). Seelexample in page 187!

Review: large-scale unconstrained optimization

Avoid factorizing or even computing the (approximate) Hessian in Bypr = —V f.
Nonlinear CG (ch. 5), linear convergence, not very fast.

If sparse Hessian or partially separable function, take advantage of it (e.g. separable low-dim quasi-Newton
approximations for each element function).

Inexact Newton methods:

— Newton-CG solves the Newton direction system approximately with linear CG, terminating when
either a sufficiently accurate direction is found (using a forcing sequence) or when negative curvature
is found (ensures descent direction).

— Convergence rate: linear, superlinear or quadratic depending on the forcing sequence.

— Hessian-free if computing V2 f v products without computing V2 f (ch. 8).
Limited-memory quasi-Newton methods:

— L-BFGS implicitly constructs approximate Hessians based on m < n outer products constructed
using the last m pairs {s;,y;}.

— Obtained by unfolding the BFGS formula for Hy 1, over the previous m iterations.

Linear convergence but generally faster than nonlinear CG.

— The memoryless L-BFGS (m = 1) is similar to nonlinear CG methods.
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8 Calculating derivatives

Approximate or automatic techniques to compute the gradient, Hessian or Jacobian if difficult
by hand.

Finite-difference derivative approximations

Gradient of f:R" — R, from Taylor’s th.:

f(x+ee;) — f(x)
Of _ ] fx+cer) — flx—ece,)

+ O(e), <« Forward difference, n + 1 function evaluations

+ O(¢®)  « Central difference, 2n function evaluations.

Ox; . 2€ ——
e truncation
Approzimate the deriv. with this error

Needs careful choice of e: as small as possible but not too close to the machine precision (to
avoid roundoff errors). As a rule of thumb, € ~ uz with error ~ uz for forward diff. and € ~ u3
with error ~ u3 for central diff., where u (= 10726 in double precision) is the unit roundoff.

Pf.: assume ||V2f|| < L and |f| < Ly in the region of interest. Then g—;(x) = w + 0 with |d¢] < %6. But the machine

2ulL ¢ . .
- L which is

representation of f at any x has a relative error |[comp(f(x)) — f(x)| < uLy. Thus, the error is bounded by ée +
4L ju
L

minimal for €2 = or € ~ y/u (and error ~ /u). Similar derivation for the central diff.

Hessian of f: O (n?) function evaluations:

0% f (x) = f(x+ ee; +ee;) — f(x+ee;) — f(x + eej) + f(x)
O0x;0z; *) = €2

+ O(e).
The roundoff error accumulates badly in this formula.

Jacobian-vector product J(x)p where r: R" — R™ and J,,«, is the Jacobian of r:

Jx)p = rx+ epe) —rx) + O(e) (by Taylor’s th.)
Vfx+ep) = V()

V2f(x)e; = VIx Eeé) —V/X) + O(e) (column i of the Hessian).

Vif(x)p = + O(e) (in particular for r = Vf)

Using the expression for V2f(x) p in Newton-CG gives rise to a Hessian-free Newton method

(ch. 7).

e [f the Jacobian or Hessian is sparse, it is possible to reduce the number of function evalu-
ations by cleverly choosing the perturbation vector p (graph-coloring problem).

e Computationally, the finite-difference approximation of V f, etc. can cost more than com-
puting them from their analytical expression (ex.: quadratic f), though this depends on f.

e Numerical gradients are also useful to check whether the expression for a gradient calculated
by hand is correct.
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Exact derivatives by automatic differentiation

e Build a computational graph of f using intermediate variables.

e Apply the chain rule: Vih(y(x)) =, 2 By Oh 7y (x) where R® — R™ — R.

y h
Emwt.ﬂt - My, oong Xgq ok e linde
Ty T Noexp N M“‘t‘:’a}' e :#:

- X ; Q FRagl x
fexy= “'1"}‘;: e = @ . :;\ B -

'm . 27y N RV
V3 = 1 Vs + 3% Vy = 2y Uxs « g Uxy / V’lt;* 21 Vi< w“‘s(‘r :

LA_,_J* dirgitley

e Computes the exact value of f, Vf or V2f p recursively.
Cost (time and space) depends on the structure of f.

e Done automatically by a software tool.
e Disadvantage: simplification of expressions, reuse of operations; e.g. differentiate tan x — x,

ln(w 1) 1

z+1/7 14e—a%"

Exact derivatives by symbolic differentiation

Produce an algebraic expression for the gradient, etc. Packages: Mathematica, Maple. . .

Review: Calculating derivatives
o Finite-difference approximation with perturbation e for the gradient, Hessian or Jacobian:
— Specific finite difference scheme obtained from Taylor’s th.
— e large truncation error if too large, large roundoff error if too small.

— Vf, V2f cost O(n) and O(n?) different evaluations of f, respectively; less if sparsity.

e Exact derivatives by automatic differentiation: a software tool applies the chain rule recursively. The cost
depends on the structure of f.

e Exact derivatives by symbolic differentiation with Mathematica, Maple, etc.
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9 Derivative-free optimization

Evaluating V f in practice is sometimes impossible, e.g.:

e f(x) can be the result of an experimental measurement or a simulation (so analytic form
of f unknown).

e Even if known, coding V f may be time-consuming or impractical.
Approaches:

e Approximate gradient and possibly Hessian using finite differences (ch. 8), then apply
derivative-based method (previous chapters). But:

— Number of function evaluations may be excessive.

— Unreliable with noise (= inaccuracy in function evaluation).

e Don’t approximate the gradient, instead use function values at a set of sample points and
determine a new iterate by a different means (this chapter). But: less developed and less
efficient than derivative-based methods; effective only for small problems; difficult to use
with general constraints.

If possible, try methods in this order: derivative-based > finite-difference-based > derivative-free.

Finite differences and noise (illustrative analysis)

Consider smooth f. Noise in evaluating f can arise because:
e stochastic simulation: random error because finite number of trials

e differential-equation solver (or some other complex numerical procedure): small but nonzero
tolerance in calculations.

Write f(x) = h(x) + ¢(x) with smooth h and noise ¢ (which
need not be a function of x), consider centered finite-difference

approx V.f(x) = <f(X+€ei)2_Ef(X—€ei)>i_l ) and let n(x;e) =

SUD|,_x|_<e |9(2)| (noise level at x). We have:

Lemma 9.1. V?h Lipschitz continuous in a neighborhood of
the box {z : ||z — x|, < €} with Lipschitz constant Lj,. Then:

IVf(x) = VA < L+ 1059
\ 4 ~~~ €

approximation error finite-diff. -
approx. error noise error

X —€e;, X X+ e€e;

(Pf.: as for unit roundoff argument in finite diff.)

“If the noise dominates €, no accuracy in V. f and so little hope that —V . f will be descent.” So,
instead of using close samples, it may be better to use samples more widely separated.
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Model-based methods

Build a model m, as a quadratic function that interpolates f at an appropriate set of
samples. Compute a step with a trust-region strategy (since my, is usually nonconvex).

Model: samples Y = {y!,...,y?} C R™ with current iterate x; € ) and having lowest
function value in Y. Construct my,(x; + p) = ¢+ g'p + 5p’ Gp (we can’t use g = V f(xy),
G = V?f(x;)) by imposing interpolation conditions my(y') = f(y'), { = 1,...,q (linear
system). Need ¢ = 3(n+ 1)(n + 2) (exe. 9.2) and choose points so linsys is nonsingular.

Step: minyp|,<a Mx(Xx + P), etc. as in trust-region.

If sufficient reduction: the latest iterate replaces one sample in ).
Else: if ) is adequate (= low condition number of linsys) then reduce A else improve ).

Good initial Y: vertices and edge midpoints of simplex in R™ (exe. 9.2).

Naive implementation costs O(n®).
Acceleration: update m;, at each iteration rather than recomputing it from scratch.
Even with this it still costs O(n?), very expensive.

Linear model (G = 0): ¢ = n + 1 parameters, O(n?) step (more slowly convergent).
Hybrid: start with linear steps, switch to quadratic when ¢ = (n + 1)(n + 2) function
values become available.

Coordinate- and pattern-search methods

Search along certain specified directions from the current iterate for a point of lower f value.

Coordinate-descent algorithm (or method of alternating variables) p; cycles through
the n coordinate dimension e, ..., e, in turn.

May not converge, iterating indefinitely without approaching a stationary point, if the
gradient becomes more and more L to the coordinate directions. Then cos ), approaches
0 sufficiently rapidly that the Zoutendijik condition is satisfied even when V f, - 0.

If it does converge, its rate of convergence is often much slower than that of steepest descent,
and this gets worse as n increases.

Advantages: very simple, does not require calculation of derivatives, convergence rate ok
if the variables are loosely coupled.

Variants:

— back-and-forth approach repeatse; e ... e,_1€,€,_1 ... ese; ey ...

— Hooke-Jeeves: after sequence of coordinate descent steps, search along first and last
point in the cycle.

Very useful in special cases, e.g. when alternating over groups of variables so that the
optimization over each group is easy. Ex.: f(x,A) =Y, [ly; — Ax;|*.
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Pattern search Generalizes coordinate search to a richer set of directions at each iteration.
At each iterate x:

e Choose a certain set of search directions, Dy = {p1, ...} and define a frame centered at x
by points x;, at a given step length v, > 0 along each direction: {x; + Vp1,--- }-

e Evaluate f at each frame point:

— If significantly lower f value found, adopt as new iterate and shift frame center to it.
Possibly, increase v (expand the frame).

— Otherwise, stay at x; and reduce 7 (shrink the frame).
e Possibly, change the directions.

Ex.: [algorithm 9.2) which eventually shrinks the frame around a stationary point. Global con-
vergence under certain conditions on the choice of directions:

(1) At least one direction in Dy, should be descent (unless V f(x;) = 0), specifically:
minyegn MaxXpep, €os (V, p) > 0 for constant 6 > 0.

(2) All directions have roughly similar length (so we can use a single step length): Vp € Dy:
Bmin < |IP]| < Puax, for some positive Suin, Omax and all k.

Examples of such Dy fig. 9.2
e Coordinate dirs +eq,...,*e,.
e Simplex set: p; = %e —e;,i=1,...,nand p,y = %e (where e = (1,...,1)7).

The coordinate-descent method uses Dy, = {e;, —e;} for some i at each k, which violates condition
(1) (exe. 9.9).

Nelder-Mead method (downhill simplex)

e At each iteration we keep n + 1 points whose convex hull forms a simplex. (A simplex with [Proc. 9.5
fig. 9.4

vertices z1,...,Zn+1 is nondegenerate or nonsingular if the edge matrix V. = (22 — z1,...,Zn+1 — 21) I8 nonsingular.) At
each iteration we replace the worst vertex (in f-value) with a better point obtained by
reflecting, expanding or contracting the simplex along the line joining the worst vertex
with the simplex center of mass. If we can’t find a better point this way, we keep only the
best vertex and shrink the simplex towards it.

e Reasonable practical performance but sometimes doesn’t converge. @
The average function value n%l ?:11 f(x;) decreases after each step except perhaps after
a shrinkage step (exe. 9.11).
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A conjugate-direction method

e Idea: algorithm that builds a set of conjugate directions using only function values (thus
minimizes a strictly convex quadratic function); then extend to nonlinear function.

e Parallel subspace property: let x; # x5 € R™ and {py,...,p;} € R" Li. Define the two
parallel linear varieties S; = {x; + Zli=1 a;pi, a1,...,q, € R}, 7 =1,2; let x3 and x; be
the minimizers of f(x) = 3x” Ax —b’x on §; and S, resp. = xj — X} is conjugate to
{p1,...,pi}- Proof
Ex. 2D: given xy and (say) ej, €;: (1) minimize from x, along es to obtain x;, (2) minimize
from x; along e; then e, to obtain z = z — x; is conjugate to es.

e Algorithm: starting with n L.i. directions, perform n consecutive exact minimizations each
along a current direction, then generate a new conjugate direction which replaces the oldest
direction; repeat.

‘Algorithm 9.3 given xq:
Init: p; =e; fori=1,...,n; x; < argmin f from xq along p,; k < 1
repeat
min sequentially from x; along pq,...,p, to obtain z
New dirs: pa,...,Pn,Z2 — Xp
New iterate: x;,q < argmin f from z along z — x;
k—k+1
until convergence

e For quadratic f, terminates in n steps with total O(n?) function evaluations (each one O(n?))
= O(n"). For non-quadratic f the Ls. is inexact (using interpolation) and needs some care.
Problem: the directions {p;} tend to become l.d. Heuristics exist to correct this.

e Useful for small problems.

Implicit filtering

e Essentially, steepest descent at an accuracy level € (the finite-difference parameter) that is
decreased over iterations.

e Useful when we can control the accuracy in computing f and V. f (e.g. if we can control the
tolerance of a differential-equation solver, or the number of trials of a stochastic simulation).
A more accurate (less noisy) value costs more computation.

e Algorithm decreases € systematically (but hopefully not as quickly as the decay in error) so
as to maintain a reasonable accuracy in V. f(x). At each iteration, it performs an Armijo
(backtracking) search along —V f(x) which is stopped:

— when Hvﬁkf(x) H < €} (i.e., minimum found with accuracy level €, so can decrease ),

— or we reach a fixed number of backtracking steps (i.e., V. f(x) is a poor approximation of V£, so

need to decrease €).

e Converges if ¢, is decreased such that € + 77(x+;’“) — 0, i.e., the noise level decreases

sufficiently fast as the iterates approach a solution.
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Review: derivative-free optimization

Methods that use only function values to minimize f (but not Vf or V2f). Less efficient than derivative-based
methods, but possibly acceptable for small n or in special cases.

Finite-difference approximations to the gradient degrade significantly with noise in f.

Model-based methods: build a linear or quadratic model of f by interpolating f at a set of samples and
use it with trust-region. Slow convergence rate and very costly steps.

Coordinate descent (alternating minimization): minimize successively along each variable. If it does
converge, its rate of convergence is often much slower than that of steepest descent. Very simple and
convenient sometimes.

Pattern search: the iterate x; carries a set of directions that is possibly updated based on the values of
f along them. Generalizes coordinate descent to a richer direction set.

Nelder-Mead method (downhill simplez): the iterate x;, carries a simplex that evolves based on the values
of f, falling down and eventually shrinking around a minimizer (if it does converge).

Conjugate directions built using the parallel subspace property: computing the new conjugate direction
requires n line searches (CG requires only one).

Implicit filtering: steepest descent at an accuracy level € (the finite-difference parameter) that is decreased
over iterations. Useful when we can control the accuracy in computing f and V.f.
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10 Nonlinear least-squares problems

e Least-squares (LSQ) problem: f(x) = % L 13 (x) where the residuals r; : R — R

7 =12,...,m are smooth and m > n.
e Arise very often in practice when fitting a parametric model to observed data; r;(x) is the

error for datum j with model parameters x; “min f” means finding the parameter values
that best match the model to the data. -

e Ex.: regression (curve fitting): r; = y; — ¢(x; ),
f(x) = %Z;”:l (y; — d(x;t;))? is the LSQ error
of fitting curve ¢ : ¢ — y (with parameters x) to
the observed data points {(t;,y;)}72;.

: 3 . ;
If using other norms, e.g. |r;| or |r;|°, it won’t

be a LSQ problem.

{_
e The special form of f simplifies the minimization problem. Write f(x) = %HI‘(X)H; in
terms of the residual vector r : R — R™
ri(x) or (m x n matrix of first
- : . . _ j m x n matrix of firs
rx) = ( ) with Jacobian J(x) (axz) j=1,..,m partial derivatives).
'm (X i=1,...,n

Usually it’s easy to compute J explicitly. Then
Vi) =) r(x)Vrix) = J(x)r(x)
j ()
V() =D Vr(x) V()" + > () Viri(x) = I() I (x) + Y (%) VPri(x).
J J

Often (x) is the leading term, e.g.

— if ; are small around the solution (“small residual case”);

— if r; are approximately linear around the solution.
So we get a pretty good approximation of the Hessian for free.

e Linear LSQ) problem: r;(x) is linear Vj = J(x) = J constant. Calling r = r(0), we have
f(x) = L{|Ix +r|; convex’, Vf(x) = I (Jx +1), V2f(x) = JTJ constant.
(D is fitting a polynomial to data a linear LSQ problem?)
Minimizer: Vf(x*) = 0 = JTJx* = —Jr, the normal equations: n x n linear system
with pd or psd matrix which can be solved with numerical analysis techniques (Cholesky
factorization of JTJ, or QR or SVD factorization of J are best depending on the problem; also could use the linear conjugate

gradient method for large n.) (If m is very large, do not build J explicitly but accumulate JTJ = Zj Vr;(x)Vr; (x)T and
JTr = 22, i (x)Vrj(x).).

e For nonlinear LSQ problems f isn’t necessarily convex. We see 2 methods (Gauss-Newton,
Levenberg-Marquardt) which take advantage of the particular form of LSQ problems; but
any of the methods we have seen in earlier chapter are applicable too (e.g. Newton’s method,
if we compute V?r;).
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Gauss-Newton method

Line search with Wolfe conditions and a modification of Newton’s method: instead of gen-
erating the search direction py by solving the Newton eq. V2 f(x;)p = —V f(x4), ignore the
second-order term in V2f (i.e., approximate V2f; ~ JLJ;) and solve JTJ,pi™ = —J7r,.

Equivalent to approximating r(x) by a linear model r(x+p) ~ r(x)+J(x)p (linearization)
and so f(x) by a quadratic model with Hessian J(x)?J(x), then solving the linear LSQ
problem miny, $ [|Jxp + ri||2.

If J;, has full rank and Vf, = Jir, # 0 then p{YN is a descent direction. (pf.: evaluate
PNV <0.)

Saves us the trouble of computing the individual Hessians VZr;.

Global convergence if Wolfe conditions + [|J(x)z)|[, > 7 ||z||, in the region of interest +
technical condition (th 101) (Pf.: cos )}, is bounded away from 0 + Zoutendijk’s th.) (||J(x)z||, < singular values
of J are away from 0 < JTJ is well conditioned (see ch. 3).)

The theorem doesn’t hold if J(xj) is rank-deficient for some k. This occurs when the
normal equations are underdetermined (infinite number of solutions for p{™).

Rate of convergence depends on how much the term J7J dominates the second-order term
in the Hessian at the solution x*; it is linear but rapid in the small-residual case:

eq. (10.30): [[xi + P — x| S [[(IT(x)I(x) 7V F () = | I — x7[+O(|[x, — x|

Inexact Gauss-Newton method: solve the linsys approximately, e.g. with CG.

Levenberg-Marquardt method

Same modification of Newton’s method as in the Gauss-Newton method but with a trust
region instead of a line search.

Spherical trust region with radius Ay, quadratic model for f with Hessian J7 J;.:
1 1 1
mi(p) = 3 [rell* + p"TE Ty + §PTJ;;FJkP =3 1Tep + rill
1
= m;né | Tep + rkﬂg st ||pl] < Ay

A rank-deficient Jacobian is no problem because the step length is bounded by Ay.

Characterization of the solution of the trust-region subproblem (lemma 10.2, direct conse-
quence of th. 4.1 in ch. 4): p"M is a solution of the trust-region problem minpy<a ||[Jp + 1|5
iff p*M is feasible and 3\ > 0 such that:

(a) (JTI + A)p"™M = —JTr
(b) A(A—|[p™M|)) = 0.

Search for \: start with large ), reduce it till the corresponding p“™ from (a) produces a
sufficient decrease (defined in some way) in f.

Global convergence under certain assumptions.

Rate of convergence: like Gauss-Newton, since near a solution the trust region eventually
becomes inactive and the algorithm takes Gauss-Newton steps.
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Large-residual problems

If the residuals r;(x*) near the solution x* are large, both Gauss-Newton and Levenberg-Marquardt
converge slowly, since J7J is a bad model of the Hessian. Options:

e Use a Newton or quasi-Newton method.

e Use a hybrid method, e.g. start with GN/LM then switch to (quasi-)Newton, or apply a
quasi-Newton approximation Sy to the second-order part of the Hessian . 7;(x)V?r;(x)
and combine with GN: By, = JZJk + S

Review: nonlinear least-squares problems
f(x) = %Z;’;l r3(x), m > n, residual 7;: R™ — R is the error at datum j for a model with parameters x.

e Simplified form for gradient and Hessian:
— f(x) = 3 lIe(o)5 with r(x) = (r;(x));
— Vf(x) = J(x)Tr(x) with Jacobian J(x) = (8”) B
Je

0x;
= V2f(x) = J(x) T I(x) + 32, 7 (x) VP (%)

use this as approximate Hessian

o Linear LSQ: r; linear, J constant, minimizer x* satisfies (calling r = r(0)) the normal egs. JTIx* = —Jr.
e Nonlinear LSQ: GN, LM methods. pd or psd

o (lauss-Newton method:

— Approximate Hessian V2 fj, ~ J1 J}, solve for the search direction JngkaN = —JTry, inexact line
search with Wolfe conditions.

— Equivalent to linearizing r(x + p) ~ r(x) + J(x)p.
— Problems if J;, is rank-defective.

e Levenberg-Marquardt method:

— Like GN but with trust region instead of line search: min|,j<a, [[JxP + rng.
— No problem if J,, is rank defective.

— One way to solve the trust-region subproblem approximately: try large A > 0, solve (J{J k+
MN)ppM = =371y, accept pp™M if sufficient decrease in f, otherwise try a smaller .

e Global convergence under certain assumptions.

e Rate of convergence: linear but fast if J* (x*)J(x*) ~ V2 f(x*), which occurs with small residuals (r;(x) &
0) or quasilinear residuals (V?r;(x) ~ 0). Otherwise GN/LM are slow; try other methods instead (quasi-
Newton, Newton, etc.) or hybrids that combine the advantages of GN/LM and (quasi-)Newton.
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Method of scoring (Gauss-Newton for maximum likelihood)

Maximum likelihood estimation of parameters x given observations {t;}: maxy + le\il log p(t;; x)
where p(t;x) is a pmf or pdf in t. Call L(t;x) = logp(t;x). Then (all derivatives are wrt x in
this section, and assume we can interchange V and [):

1
Gradient VL = -Vp
p
1 1 1
Hessian V2L = ——=Vp Vpl + =V?p = —Vlogp Vg p” + —=V?p.
p p p
Taking expectations wrt the model p(t;x) we have:

E {—VQL} =E {VlongIngT} +E {%Vzp} = cov {Vlogp}

since E{Vlogp} = [p,Vp=V [p=0and E {%V%} = [p,Vp=V?[p=0.
In statistical parlance:

e Observed information: —V?2L.
e FEupected information: E{—V?L} =E {Vlonglong} (Fisher information matriz)
e Score: Vlogp=VL

Two ways of approximating the log-likelihood Hessian ~ ZZ . VZ1og p(t;; x) using only the first-
order term on V log p:

e Gauss-Newton: sample observed information J(x) = + SOV, Viog p(ts; x) Viog p(ti; x)" .

e Method of scoring: expected information J(x) = E {V long10ng}. This requires com-
puting an integral, but its form is often much simpler than that of the observed information
(e.g. for the exponential family).

Advantages:

e Good approximation to Hessian (the second-order term is small on average if the model
fits well the data).

e Cheaper to compute (only requires first derivatives)

e Positive definite (covariance matrix), so descent directions.

e Particularly simple expressions for the exponential family: p(t;x) = Z; (( % h(6)T2() with

sufficient statistic h(t) and partition function g(x) = [ f(t)eh® T2 gt

1
Viogp = —§Vg + V& (x)h(t) = V®(x)(h(t) — E{h(t)}) =
LN
log-likelihood gradient N Z Viog p(ti;x) = VO (X)(Eqata {h} — Emoder {h}).
i=1
Typically ®(x) = x so V®(x) = I, in which case E {-V?L} = —V?L.
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Missing-data problem Consider t are observed and z are missing, so p(t;x) = [ p(t|z; x)p(z; x) dz
(e.g. z = label of mixture component). We have:

Vlogp(t;x) = / (Vp(t]z; x)p(z;x) + p(t]z; %) Vp(z; %)) dz

N
p(t;x)
= . /p(z;x)p(t|z; x)(Vlog p(t|z;x) + Vlog p(z;x)) dz = E, {V1ogp(t, z;x)}

= posterior expectation of the complete-data log-likelihood gradient.

V2log p(t;x) = V/p(z]t;x)Vlogp(t,z;x) dz =
=B, {V?1ogp(t, z;x)} + /Vp(z\t; x)V log p(t, z;x)" dz.

Noting that

p(hZ;X)) 1
Vp(zlt;x) =V = Vp(t,z;x) — p(z|t;x)Viog p(t; x)) =
plafti) = ¥ (M) L (Wt~ o)V o (i)
= p(zlt; x)(Vlog p(t, z; x) — Vlog p(t; x)),
then the second term is:

E. {(V log p(t,z;x) — Vlog p(t; x))V log p(t, z; X)T} = covys {Vlog p(t,z;x)}

since Vlogp(t;x) = B, {Viogp(t,z;x)}.
Finally:

Gradient Vl1ogp(t;x) = E ¢ {Vlogp(t,z;x)}
Hessian V?log p(t;x) = E, s { V log p(t, z;x) } + cov,e {Vlog p(t, z;x)}
posterior expectation posterior covariance
= of complete-data + of complete-data .
log-likelihood Hessian log-likelihood gradient

Again, ignoring the second-order term we obtain a cheap, pd approximation to the Hessian
(Gauss-Newton method)—but for minimizing the likelihood, not for maximizing it!
We can still use the first-order, negative-definite approximation from before:

VZlogp(t;z) ~ —V log p(t: x) Vlog p(t; x)".

Relation with the EM (expectation-maximization) algorithm

e E step: compute p(z|t; x°) and Q(x;x) = E, ;.o {log p(t, z;x)}.

e M step: max, Q(x;x°).
We have Vlogp(t;x) = %’:ﬁx)  =Eg {Vlogp(t,z;x)}.
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11 Nonlinear equations

e Problem: find roots of the n equations r(x) = 0 in n unknowns x where r(x) : R" — R".
0, 1, finitely many, or infinitely many roots.

Many similarities with optimization: Newton’s method, line search, trust region. ..

Differences:

— In optimization, the local optima can be ranked by objective value. g\/‘/

In root finding, all roots are equally good. 7.;(7447# 4
optimization: 2

— For quadratic convergence, we need derivative of order root-finding: 1.

— Quasi-Newton methods are less useful in root-finding.

87‘1'
Ox;

(x
Degenerate root: x* with r(x*) = 0 and J(x*) singular. ! / 1)

x*

Assume the n x n Jacobian J(x) = (

)ij exists and is continuous in the region of interest.

Newton’s method

e Taylor’s th.: linearize r(x 4+ p) = r(x) + J(x)p + O(||p|*) and use as model; find its root.
Algorithm 11.1: given Xo:

for k=0,1,2...
solve Jypr = —1p
Xpt+1 < Xk + Pk
end

e Newton’s method for optimizing an objective function f is the same as applying this algo-
rithm to r(x) = Vf(x).

Jacobi ti : li ;
e Convergence rate for nondegenerate roots (th. 11.2) { acoblan contintons. Superihear;

Jacobian Lipschitz cont.: quadratic.
e Problems:

— Degenerate roots, e.g. r(z) = 2% produces xj, = 27 %z, which converge linearly.

— Not globally convergent: away from a root the algorithm can diverge or cycle; it is
not even defined if J(xy) is singular.

— Expensive to compute J and solve the system exactly for large n.

Inexact Newton method

e Exit the linear solver of Jypy = —rp when |ry + Jipi| < m ||kl for mp € [0,n] with
constant n € (0,1). (nx) = forcing sequence (as for Newton’s method in optimization).
We can’t use linear conjugate gradients here because Jj is not always pd; but there are
other linear solvers (also based on Krylov subspaces, i.e., iterative multiplication by Jy).

linear, if n sufficiently small
e Convergence rate to a non-degenerate root (th. 11.3) ¢ superlinear, if 1, — 0
quadratic, if g = O(||rx])-
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Broyden’s method (secant or quasi-Newton method)

Constructs an approximation to the Jacobian over iterations.
Write 8 = Xpy1 — Xp, Y = Chg1 — Tri Yi = JipSp + O(HskHQ) (Taylor’s th.).

We require the updated Jacobian approximation By to satisfy the secant equation y; =

Bj.+1s; and to minimize |B — By]|,, i.e., the smallest possible update that satisfies the
— S ST
secant eq.: By = By + % (from [lemma 11.4).
k

S

Convergence rate: superlinear if the initial point x3 and Jacobian B are close to the root
x* and its Jacobian J(x*), resp.; the latter condition can be crucial, but is difficult to
guarantee in practice.

Limited-memory versions exist for large n.

For a scalar equation (n = 1):

A
Ri)

nN—

>

y | <
. . - \—_/, T4 L ¢
! \__/ e e 2 ! Xu.:/

Newton’s method: xp 1 = x5 — :/((fc’;)) Secant method: xp = x5 — % with
B, = "@r)=r@e) independent of Bj_;.

Tk—Tk—1

Practical methods

Line search and trust region techniques to ensure convergence away from a root.

Merit function: a function f : R™ — R that indicates how close x is to a root, so that

by decreasing f(x) we approach a root. In optimization, f is the objective function. In

root-finding, there is no unique (and fully satisfactory) way to define a merit function. The
1

most widely used is f(x) = 3 Ir(x)]|2.

Problem: each root (r(x) = 0) is a local minimizer of f but not vice versa, so local minima
that are not roots can attract the algorithm.
If a local minimizer x is not a root then J(x) is singular (Pt: vf(x) = 3(x)Tr(x) = 0 "2Z° 3(x)

singular.)
Line search methods: X1 = X} + aypr with step length a4 along direction py.

— We want descent directions for f (pfV f(xx) < 0); step length chosen as in ch. 3.
— Zoutendijk’s th.: descent directions + Wolfe conditions + Lipschitz continuous J
2
= D im0 €08% O | Ih i || < o0

— So if cos ), > 6 for constant § € (0,1) and all k sufficiently large = V f = Jlr; — 0;
and if ||J(x)7Y| is bounded = rj — 0.
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— If well defined, the Newton step is a descent direction for f for ry 7é 0 (pt.: p{ka =
—P; Vi e[
ox VAl — IER rkH”JTrk” HJTHHJ—lu - Jk)’

a large condition number causes poor performance (search direction almost 1V fk).

—pL3Try, = — g |? < 0). But cosf =

— One modification of Newton’s direction is (J%Jk + 7 Dpr = —Jfrk; a large enough 7
ensures cos #;, is bounded away from 0 because 7, — 00 = pi X —J{rk.
— Inexact Newton steps do not compromise global convergence: if at each step ||rx + Jippr| <

n ||rx]| for m € [0,m] and n € [0,1) then cos @, > (Jk)

e Trust region methods: minmy(p) = fr + Vfip + 3p" Bip s.t. [|p]| < Ay

— Algorithm 4.1 from ch. 4 applied to f(x) = 1 |r(x)||2 using By, = J7J} as approximate
Hessian in the model my, i.e., linearize r(p) = ry + Jip.

— The exact solution has the form py = (=J7J; + \I) "' I, for some A, > 0, with
Ar = 0 if the unconstrained solution is in the trust region. The Levenberg-Marquardt
algorithm searches for such \j.

— Global convergence (to non-degenerate roots) under mild conditions.

— Quadratic convergence rate if the trust region subproblem is solved exactly for all k&
sufficiently large.

Continuation/homotopy methods

e Problem of Newton-based methods: unless J is nonsingular in the region of interest, they
may converge to a local minimizer of the merit function rather than a root.

e Continuation methods: instead of dealing with the original problem r(x) = 0 directly,
establish a continuous sequence of root-finding problems that converges to the original
problem but starts from an easy problem; then solve each problem in the sequence, tracking
the root as we move from the easy to the original problem.

e Homotopy map: H(x,\) = Ar(x)+(1 — \) (x — a) where a € R” fixed and A € R.
~— ——

A=1 A=0
original easy problem with
problem solution x = a

If %H(X, A) is nonsingular then H(x, \) = 0 defines a continuous curve x(\), the zero path.
By the implicit function theorem|(th. A.2); ex.: 22 —y+1=0, Ax+By +c =0 = y = g(x) or x = g(y) locally.
We want to follow the path numerically. x = a plays the role of initial iterate.

e Naive approach: start from A = 0, x = a; gradually increase A from 0 to 1 and solve H(x, \)
= 0 using as initial x the one from the previous A value; stop after solving for A = 1.

2end (A (%, %)
A HixM=e g But at the turning point A,
X \’ x if we increase A we lose track
of the root x. To follow the
zero path smoothly we need to
a ~ allow A\ to decrease and even
to roam outside [0,1]. So we
L - : > N follow the path along the arc-
° A v M length s (instead of \).
Erg tare Hawl i



e Arc-length parametrization of the zero path: (x(s), A(s)) where s = arc length measured
from (a,0) at s = 0. Since H(x(s), A(s)) = 0 Vs > 0, its total derivative wrt s is also O:

dH 0 0 ‘
= = &H(x7 A) X+ ﬁH(X, AMA=0 (n equations),
where (%, \) = (%, %) is the tangent vector to the zero path.

e To calculate the tangent vector at a point (x, A) notice that:

1. (%, ) lies in the null space of the n x (n 4 1) matrix (22, 9H): the null space is 1D if

ox 7 O
this matrix is full rank. This can be obtained from the QR factorization of (%—E, %—f\l).

2. Tts length is 1 = [|%(s)||> + |A(s)|* Vs > 0 (s is arc length, so unit speed).

3. We need to choose the correct sign to ensure we move forward along the path; a
heuristic that works well is to choose the sign so that the correct tangent vector
makes an angle of less than 7/2 with the previous tangent. -

Procedure 11.7.

" o
e Following the path can now be done by different methods: -

— By solving an initial-value first-order ODE: 4% = 0 for s > 0 with (x(0), A\(0)) = (a, 0);
terminating at an s for which \(s) = 1.
— By a predictor-corrector method: at each iteration k: fig. 11.5
1. Predictor step of length e along the tangent vector: (x, A\F) = (xx, Ap)+€(Xx, Ar).
This doesn’t lie on the zero path, but is close to it.
2. Corrector step: bring (x, A') back to the zero path with a few Newton iterations.

(D What happens if running Newton’s method at A = 1 from some initial x?)

OH OH

e The tangent vector is well defined if the matrix (8_x7 o

under certain assumptions:

) has full rank. This is guaranteed

Th. 11.9; r twice cont. differentiable = for almost all a € R" there is a zero

path from (a,0) along which the matrix (%—I;I, %—If) has full rank. If this path is

bounded for A € [0, 1) then it has an accumulation point (X, 1) with r(X) = 0. If
J(X) is non-singular, the zero path between (a,0) and (X, 1) has finite length.

Thus, unless we are unfortunate in the choice of a, the continuation algorithm will find a
path that either diverges or leads to a root X if J(X) is non-singular. However, divergence
can occur in practice. ex. 11.3

e Continuation methods can fail in practice with even simple problems and they require con-
siderable computation; but they are generally more reliable than merit-function methods.

e Related algorithms:

— For constrained optimization: quadratic-penalty, log-barrier, interior-point.

— For (heuristic) global optimization: deterministic annealing.
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Review: nonlinear equations
Problem: find roots of n equations r(x) = 0 in n unknowns.
e Degenerate roots (singular Jacobian) cause troubles (e.g. slower convergence).

e Similar to optimization but harder: most methods only converge if starting sufficiently near a root.
— Newton’s method: linsys given by Jacobian of r (first deriv. only), quadratic convergence. Inexact
steps may be used.
— Broyden’s method: quasi-Newton method, approximates Jacobian through differences in r and x,

superlinear convergence. Limited-memory versions exist.

o Merit function f(x) = 1 ||lr(x) ||§ turns root-finding into minimization (so we are guided towards minima),

but contains minima that are not roots (Vf(x) = J(x)Tr(x) = 0 but r(x) # 0, i.e., singular Jacobian).

— Line search and trust region strategies may be used. Results obtained in earlier chapters (e.g. for
convergence) carry over appropriately.

o Continuation/homotopy methods construct a family of problems parameterized over A € [0, 1] so that
A =0 is easy to solve (e.g. x —a =0) and A = 1 is the original problem (r(x) = 0).

— This implicitly defines a path in (x, A) that most times is continuous, bounded and goes from (a, 0)
to (x*,1) where x* is a root of r.
— We follow the path numerically (solving an ODE, or solving a sequence of root-finding problems).

— More robust than other methods, but higher computational cost.
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Summary of methods

Assumptions:

e Typical behavior.

e Fvaluation costs:

fstype  f(x) Vf(x) V*f(x)
quadratic O(n?) O(n*)  O(1)
other O(n) O(n) O
e Appropriate conditions for: the line search (e.g. Wolfe) or trust region strategy; the functions, etc. (e.g. Lipschitz continuity,
solution with pd Hessian).
Method Global Convergence Cost of one iteration | Derivative | Quadratic f
convergence rate space \ time order cost in time
Steepest descent Y linear O(n) O(n) 1 00
Newtor Pure N quadratic O(n?) O(n?) 2 O(n?)
Modified-Hessian Y quadratic O(n?) O(n?) 2 O(n?)
Conjugate-gradient Fletcher-Reeves Y linear O(n) O(n) 1 O(n?)
Polak-Ribiere N linear O(n) O(n) 1 O(n?)
Quasi-Newton DFP, BFGS, SR1 N superlinear O(n?) O(n?) 1 O(n?)
. . 3
Large-scale Newton-CG Y él@lga(r)ff%o(%gﬁgzgg- On?) | O(n*)-0(n’) 2 o ll)??cs%gt(g )
L-BFGS N linear O(nm) O(nm) 1 00
Model-based N < linear O(n?) O(n") 0 O(n®)
Derivative-free Coordinate descent N < linear O(1) O(n) 0 00
Nelder-Mead N < linear O(n?) O(n) 0 00
Conjugate directions N < linear O(n?) O(n?) 0 O(n?)
Least-squares Gauss-Newton N linear O(n?) O(n?) 1 O(n?)
Levenberg-Marquardt Y linear O(n?) O(n?) 1 O(n?)

In terms of convergence rate alone, we can rank the methods as:

derivative-free < steepest descent < conjugate-gradient < L-BFGS < Least-squares < quasi-Newton < Newton.
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Theory of constrained optimization

Optimization problem:

: ‘ c¢i(x)=0, i€& |an
)Iclé]g}l @ 8.t. { - 2 O: = o?li;edisggs

objective
function

or equivalently min,cq f(x) where:

equality constraints inequality constraints
7\ 7\

Q={xeR" ¢;(x) =0, c€&: ¢;(x)>0,iel} the feasible set.

The objective function f and the constraints ¢; are all smooth.

x* is a local solution iff x* € Q and 3 neighborhood N of x*: f(x) > f(x*) for x € N N Q.

x* is a strict local solution iff x* € Q and 3 neigh. N of x*: f(x) > f(x*) for x € N N Q,
X # xX*.

x* is a isolated local solution iff x* € Q and 3 neigh. N of x*: x* is only local minimizer in

NNQ.
At a feasible point x, the inequality constraint ¢; (i € Z) is:

— active iff ¢;(x) = 0 (x is on the boundary for that constraint)

— inactive iff ¢;(x) > 0 (x is interior point for that constraint).

For inequality constraints, the constraint normal Ve¢;(x) points towards the feasible region
and is L to the contour ¢;(x) = 0. For equality constraints, V¢;(x) is L to the contour
¢i(x) =0.

Mathematical characterization of solutions for unconstrained optimization (reminder):

— Necessary conditions: x* local minimizer of f = V f(x*) =0, V?f(x*) psd.
— Sufficient conditions: V f(x*) = 0, V2f(x*) pd = x* is a strong local minimizer of f.

Here we derive similar conditions for constrained optimization problems. Let’s see some

examples.
Local and global solutions: constraining can decrease or increase the number of optimizers:
unconstrained: single solution n/"l,\)
: 2 : 2 e . .
min |x|[5 § constrained s.t. ||x||; > 1: infinite solutions (J N
xeR™ . . 4
constrained s.t. ¢1(x) = 0: several solutions. 7

>
T~ .:ln{zl =g

Smoothness of both f and the constraints is important since then we can predict what
happens near a point.
Some apparently nonsmooth problems (involving ||-||;, ||-||.,) can be reformulated as smooth:
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Case 1: a single equality constraint c¢;(x) = 0.

o At x*, Vo (x*) || VF(x¥), ie, Vf(x)
ANV (x*) for A\f € R.

e This is necessary but not sufficient since it also
holds at the maximum.

e The sign of A} can be + or — (e.g. use —¢;
instead of ¢;).

e Compare with exact line search:

V¢
- ntirin 4
N - & D SN ¢
& L .
minimum x* . — = O&y\ Gistrait T2

\\\\\\

Pf.: consider a feasible point at x, i.e., ¢;(x) = 0. An infinitesimal move to x + d:

e retains feasibility if Vei(x)?d = 0 (by Taylor’s th.: 0 = ¢1(x + d) & ¢1(x) + Vei(x)7'd)
(contour line)

e decreases f if Vf(x)'d < 0 (by Taylor’s th.: 0 > f(x+d) — f(x) ~ Vf(x)Td) (descent
direction).

Thus if no improvement is possible then there cannot be a direction d such that Ve (x)7d = 0
and Vf(x)Td < 0 = Vf(x) = \;Vei(x) for some ) € R.

VC| ; 4 V.f ; A4 r{__w_.‘____a,V{
w d o
Y('lr”t =¥ ."r T = N4
4 [ voyEd<o =y,

Equivalent formulation in terms of the Lagrangian function £(x,\1) = f(x) — A1 c1(x): at a
solution }(*7 EI)\T & R: VXE(X*7 AT) =0. Lagrangian

multiplier
Idea: to optimize equality-constrained problems, search for stationary points of the Lagrangian.
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Case 2: a single inequality constraint c;(x) > 0. The solution is the same, but now the
sign of A} matters: at x*, Vf(x*) = \iVe(x*) for \j > 0.
Pf.: consider a feasible point at x i.e., ¢;(x) > 0. An infinitesimal move to x + d:

e retains feasibility if ¢;(x) + Ve (x)¥d > 0 (by Taylor’s th.: 0 < ¢(x+d) ~ ¢(x) +
Ver(x)Td)

e decreases f if Vf(x)Td < 0 as before.

If no improvement is possible:

1. Interior point ¢;(x) > 0: any small enough d satisfies feasibility =

V f(x) = 0 (this is the unconstrained case). Ne¢,

2. Boundary point ¢;(x) = 0: there cannot be a direction such that E
VF(x)'d <0 and Ve (x)Td > 0
= Vf(x) and Ve¢p(x) must point in the same direction Ad
= Vf(x) = A\ Ve (x) for some Ay >0 = —s e,

Equivalent formulation: at a solution x*, IAT > 0: ViL(x*,A]) = 0 and A\ ¢;(x*) = 0. The
latter is a complementarity condition )\i >0 and ¢, ® ?th.e’ o
Al = 0 and ¢; is inactive.
Case 3: two inequality constraints c¢;(x) > 0, c3(x) > 0. Consider
the case of a point x for which both constraints are active, i.e., ¢;(x) =
c2(x) = 0. A direction d is a feasible descent direction to first order if
Vf(x)'d <0 and Ve (x)'d >0, i € T.
Intersection ‘(;f half spaces
defined by Ve;(x)
At a solution (and ignoring the case where V¢; are parallel), we cannot
have a direction d satisfying Vf = AV +AaVes with A, A > 0=V f
is in the positive quadrant of (Vey, V).

Another example:

~—

SN [ B PR T

no d satisfies Vey(x)7d > 0, Vea(x)Td >0, VF(x)Td <0

d, satisfies Ve (z)7d > 0, Veo(z)Td >0, Vf(z)Td <0

dy satisfies ¢1(y) + Ver(y)Td > 0 (e1 not active), Vea(y)Td >0, Vf(y)Td <0

d,, satisfies ¢;(w) + Ve (w)Td >0, co(w) + Veo(w)Td > 0 (e, o not active), Vf(w)'d < 0.

At

£ <N X

Equivalent formulation: £(x,A) = f(x) — >, \ici(x). At a solution x*, IA* > 0 (= A} > 0 Vi):
VxL(x*,A*) = 0 and A} ¢;(x*) = 0 (complementarity condition).
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First-order necessary (Karush-Kuhn-Tucker) conditions for optimality

ci(x)=0, i€&

ci(x) >0, 1€Z.

They relate the gradient of f and of the constraints at a solution.
Consider the constrained optimization problem minyeg» f(x) s.t. {

e |£UZ| = m constraints.

e Lagrangian L(x,A) = f(x) — Z Aici(X).

1€EUT
o Active set A(x) =EU{i € I: ¢(x)=0}. In matrix form: A(x)= [Vci(x)hTeA(x) of - X n.

e Degenerate constraint behavior: e.g. ¢3(x) is equivalent to ¢;(x) as an equality constraint,
but V(c?) = 2¢,Ve, = 0 at any feasible point, which disables the condition Vf = X\ Ve;.
We can avoid degenerate behavior by requiring the following constraint qualification:

— [Def. 12.4: given x*, A(x*), the linear independence constraint qualification (LICQ)
holds iff the set of active constraint gradients {Ve¢;(x*), i € A(x*)} is Li. (which
implies V¢;(x*) # 0). Equivalently A (x*) has full row rank.

Other constraint qualifications possible in th. 12.1, in partic. “all active constraints are linear”.
Th. 12.1 (KKT conditions): x* local solution of the optimization problem, LICQ holds at x*

= JIA" € R™ (Lagrange multipliers) such that: ex. 12.6
a) ViL(x*,A")=0 n egs.
b ¢(x*)=0 Vief

¢(x*)>0 Viel
N>0 VieT
ANa(x*)=0 VieEUT m complementarity eqs.

ez

(¢}

Notes:
o 7 =02 KKT & VL(x*,A") =0 (V wrt x, A).

In principle solvable by writing x = (xa, ¢(x4))? and solving the unconstrained problem min f(xg).

e Strict complementarity: exactly one of A\J and ¢;(x*) is zero Vi € Z. Easier for some algorithms.

Sensitivity of f wrt constraints

Af =0: f does not change

Af #0: f changes proportionately to A}.
Intuitive proof: infinitesimal perturbation of ¢; (inequality constraint): ¢;(x) > €. Suppose € is
sufficiently small that the perturbed solution x*(¢) still has the same active constraints and that
the Lagrange multipliers are not affected much. Then (o: Taylor’s th. to first order):

Af = how hard f is pushing or pulling against ¢; {

(x*(e) — x*)T Ve (x*)

0= ¢;(x"(€) — o (x") & (x*(€) - x) Vs (x*) Wj#d, jeAx) [
FO(O) = F(xT) & (x7(€) = x) V) B0 30 ey s (X7(€) = )TV (x") & Aje =2

strongly >0

weakly

An active constraint ¢; at x* is {

active if \} {
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Second order conditions

e Set of linearized feasible directions F(x) at a feasible point x,

which is a cone (def. 12.3):

wliVei(x)=0, Viec& }

F(x) = {W e R": wliVe(x) >0, VieZInAx)

If LICQ holds, F(x) is the tangent cone to the feasible set at x.
Other examples of tangent cones F(x) in 2D:

L;;ﬂmﬁa;tﬂ, st anat:. é oudr.,
ol Meas - Xty :il all si-wp_

e First-order conditions hold = a move along any vector w € F(x*) either increases f (if
wlV f(x*) > 0) or keeps it constant (if w?'V f(x*) = 0), to first order.

e The second-order conditions give information in the undecided directions w’V f(x*) =
by examining the curvature along them (D what are the undecided directions in the unconstrained case?).

e Given F(x*) and some Lagrange multiplier vector A* satisfying the KKT conditions, define
the critical cone C(x*, X*):

C(x*, A*) ={w € F(x*): Vai(x*)"w =0, Vi € ZNA(X") with A} > 0} C F(x)
or equivalently

wiVe(x*)=0 Vie&
Cx"5AN)=KweR": wi'Vg(x*)=0 VieZnAx*) with \ >0
wliVe(x*) >0 VieZINnAx*) with A\ =0

C(x*, A") contains the undecided directions for F(x):

)KKT T

w e C<X A* V.f Z )\* TVCz ) 0 (since either A7 =0 or wTVci(x*) =0).

1€EUT

e [Second-order necessary conditions (Th. 12.5): x* local solution, LICQ condition
holds, KKT conditions hold with Lagrangian multiplier vector A* = w?'VZ_L(x*, A" )w >0
Vw € C(x*, A").

e [Second-order sufficient conditions (Th. 12.6): x* € R" feasible point, KKT condi- ex. 12.8
tions hold with Lagrange multiplier A*, w/' V2 _L(x*, A" )w > 0 Vw € C(x*,A"), w # 0 = ex. 12.9
x* is a strict local solution.

(O What happens with F(x*), C(x*) and V2, L(x*, A*) at an interior KKT point x*?)

o Weaker but useful statement of the second-order conditions: assume LICQ and strict
complementarity hold, then C(x*, A*) is the null space of A(x*). If Z contains a ba-
sis of it, then the necessary and the sufficient conditions reduce to the projected Hessian
Z7 V2 _L(x*,A") Z being psd or pd, resp.
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Review: theory of constrained optimization

¢i(x)=0, i€é&
¢i(x) >0, i€
Assuming the derivatives V f(x*), V2 f(x*) exist and are continuous in a neighborhood of x*:

Constrained optimization problem mingeg~ f(X) s.t. m constraints {

First-order necessary (KKT) conditions:

o Lagrangian L(x,X) = f(X) =D ,ceur Aici(X).

e LICQ: active constraint gradients are 1.i.

e Unconstrained opt: Vf(x*) =0 } n egs., n unknowns.
VxL(x*,A") =0 N
ey . m+n eqs.,
ai(x") =0, et m + n unknowns
e Constrained opt: i ci(x*) =0, 1€ EUT
ci(x*) >0, 1€l with additional
A >0, = constraints

Second-order conditions:
e ('ritical cone containing the undecided directions:
wiVe(x*) =0 Vie&

C(x*A)=qweR": wiVe;(x*)=0 VieZnAx*) with Af >0
wlVe(x*) >0 VieZInA(x*) with A} =0

e Necessary: (x*,A") local solution + LICQ + KKT = wlVZ _L(x*, A")w > 0 Vw € C(x*, \).
e Sufficient: (x*,A*) KKT point, wI' V2, L(x*, A*)w > 0 Vw € C(x*, X*) \ {0} = x* strict local sol.

Seek solutions of KKT system, then check whether they are really minimizers (second-order conditions).
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13 Linear programming: the simplex method

Linear program (LP)

e Linear objective function, linear constraints
(equality + inequality); feasible set: polytope (=
convex; connected set with flat faces); contours
of objective function: hyperplanes; solution: ei-
ther none (feasible set is empty or problem is un-
bounded), one (a vertex) or an infinite number
(edge, face, etc.).

(D What happens if there are no inequalities?)

e Standard form LP: minyc’x st. Ax =b; x > 0,
where ¢, x € R", b e R™, A, ,«n.
Assume m < n and A has full row rank (oth- :
erwise Ax = b contains redundant rows, is Y & X N\
infeasible, or defines a unique point). '

e Techniques for transformation to standard form:

— maxc’x & —min (—c)’x.

— Unbounded variable z: split = into nonnegative and nonpositive parts: x = = — 2~
where 1 = max (z,0) and = = max (—x,0).

— x <uor Ax < b: add slack variables & x+w=u, w>0or Ax+y=Db, y>0.
x > uor Ax > b: add surplus variables & x—w =u, w > 0or Ax—y =b, y > 0.

Example:

min c’xst. Ax>b & min(})T(f) st. (A —A —I)<§t> = b, <§t> > 0.

z z z

e LP is a very special case of constrained optimization, but popular because of its simplicity
and the availability of software.

e Commercial software accepts LP in non-standard form.

Optimality conditions

LP is a convex optimization problem = any minimizer is a global minimizer; KKT conditions

are necessary and also sufficient; LICQ isn’t necessary’. ([ What happens with the second-order conditions? )

KKT conditions: £(x, A,s) =c’x—AT(Ax—b)—sx. If x is a solution = I' A € R™, s € R™:
~—

Lagrange multipliers

a) ATA+s=c

b) Ax=b

c) x>0 = Tx 2 (ATA +s)'x = (Ax)'A 2 pT A
d) s>0

e) 5, =0,i=1,....nex's=0

The KKT conditions are also sufficient. Pf.: let X be another feasible point < AX = b, X > 0.

Then c'x S (ATX +8)x =b"A +x's > b'A=c’x. And X optimal < X's = 0.
a x,s>0
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The dual problem

e Primal problem: minc’x s.t. Ax =b, x > 0.
Dual problem: maxb” X s.t. ATA < c, or min —b?X s.t. ¢ — ATX > 0 in the form of ch. 12.
x: primal variables (n), A: dual variables (m).

e KKT conditions for the dual: £(A,x) = —b"A —x’(c — ATA). If A is a solution = Flx:
which are identical to the primal problem’s KKT

2¥A_<bc conditions if we define s = ¢ — AT\ i.e.,

- ‘ Primal ‘ Dual
x =0 T , A | Optimal Lag. mult. | Optimal variables
zi(c—ATA);=0,i=1...,n x | Optimal variables | Optimal Lag. mult.

e Dual of the dual = primal. Pf.: restate dual in LP standard form by introducing slack
variables s > 0 (so that ATXA +s = c¢) and splitting the unbounded variables A into
A=A" — X" with AT, A~ > 0. Then we can write the dual as:

T
min( Bb> (§t> st. (AT — AT I)<it> =c, (i\t) >0

whose dual is

A ~b )
maxc’z s.t. (}A) z < ( 18 ) < min—c’z st. Az = —b, z<0

i.e., the primal with z = —x.

e Duality gap: given a feasible vector x for the primal (<& Ax = b, x > 0) and a feasible
vector (A, s) for the dual (& AT +s=c, s> 0) we have:

0<x's=x"(c—A"A) =c"x - b'A o c'x>Db"A
~———
gap

Thus, the dual objective function b” X is a lower bound on the primal objective function

c'x (weak duality); at a solution the gap is 0.

e Strong duality (th. 13.1):

1. If either problem (primal or dual) has a (finite) solution, then so does the other, and
the objective values are equal.

2. If either problem (primal or dual) is unbounded, then the other problem is infeasible.

e Duality is important in the theory of LP (and convex opt. in general) and in primal-dual
algorithms; also, the dual may be easier to solve than the primal.

o Sensitivity analysis: how sensitive the global objective value is to perturbations in the
constraints < find the Lagrange multipliers A, s.
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Geometry of the feasible set

x > 0 is the n-dim positive quadrant and we consider its intersection with the m-dim (m < n)
linear subspace Ax = b. The intersection happens at points x having at most m nonzeros, which
are the vertices of the feasible polytope. If the objective is bounded then at least one of these
vectors is a minimizer. Examples:

N

& “_ e

- E_ & = bag E«E-nl’f-{ fhﬁ
Mz 2 © ] @ = bere giond pod
d ﬁ-ﬂ’ el

e x is a basic feasible point (BFP) if x is a feasible point with at most m nonzero components
and we can identify a subset B(x) of the index set {1,...,n} such that:

Examly . =5 waz2 -
— B(x) contains exactly m indices _ K ICIEREE

:"CI ;;-l I )
— i ¢Bx) =2,=0 k= (>g (:SLEF ~ "‘J v o S fansy
L 3

— Bixm = [AilicB(x) is nonsingular.

e The simplex method generates a sequence of iterates x;, that are BFPs and converges (in
a finite number of steps) to a solution, if the LP has BFPs and at least one of them is a
basic optimal point (= a BFP which is a minimizer).

e [undamental th. of LP (th. 13.2): for the standard LP problem:
— d feasible point = 4 a BFP

— LP has solutions = at least one such solution is a basic optimal point

— LP is feasible and bounded =- it has an optimal solution. Proof

e All BFPs for the standard LP are vertices of the feasible polytope {x: Ax =b, x > 0}
and vice versa (th. 133) (A vertex is a point that does not lie on a straight line between two other points in the
polytope). Proof

A LP is degenerate if there exists at least one BFP with < m nonzero components.
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The SlmpleX method (Not to be confused with Nelder & Mead’s downhill simplex method of derivative-free opt.)

There are at most (:1) different sets of basic indices B, so a brute-force way to find a solution (
would be to try them all and check the KKT conditions. The simplex algorithm does better than
this: it guarantees a sequence of iterates all of which are BFPs (thus vertices of the polytope).
Each step moves from one vertex to an adjacent vertex for which the set of basic indices B(x)
differs in exactly one component and either decreases the objective or keeps it unchanged.

The move: we need to decide which index to change in the basic set B (by taking it out and
replacing it with one index from outside B, i.e., from N = {1,...,n} \ B). Write the KKT
conditions in terms of B and N (partitioned matrices and vectors):

B=[Alies N=[A]ey =A=(BN)

XB = [Tilies XN = [Tiiey = X=(Xn), alsos=(5F), c=(c&).
e Since x is a BFP we have: B nonsingular, xg > 0, x5 = 0, so KKT ¢) holds.
e KKT a): b= Ax = Bxg + Nxn = xg = B~'b.

o KKT e): x's =xksg = 0= sg =0.

0KKT&)ZS+AT}\:c:>(:11\3])_|_(BT))\:( BT A )Z(gg>:> {)\:(B_l)TcB

NT SN-‘rNT)\
e KKT d): s > 0: while sp satisfies this, sy = cx — (B7'IN)Tcg may not (if it does, i.e.,
sN > 0, we have found an optimal (x, A, s) and we have finished). Thus we take out one
of the indices ¢ € N for which s, < 0 (there are usually several) and:
— allow z, to increase from 0
— fix all other components of xn to 0

— figure out the effect of increasing z, on the current BFP xp, given that we want it to
stay feasible wrt Ax =b

— keep increasing z, until one of components of xg (say, that of z,) is driven to 0

— pleaves B to N, ¢q enters B from N.
Formally, call x* the new iterate and x the current one: we want Ax™ = b = Ax:
+ Xp ) o + + + -1 +
Ax"=BN) (. P?)= B x5 + A, v, =Bxp=Ax = xg=x— B Ay,
—_——

XN P N

mXm mx1 mx1 1x1 increase @ till some com-
ponent of xg becomes 0

(0:xf =0forie N\ {q}). This operation decreases c’x (pt.: [p. 369).
LP nondegenerate & bounded = simplex method terminates at a basic optimal point (th. 13.4).
e The practical implementation of the simplex needs to take care of same details:

— Degenerate & unbounded cases.
— Efficient implementation of the linear system solution.

— Selection of the entering index from among the several negative components of s.

o6
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e With inequalities, as indicated by the KKT conditions, an algorithm must determine (im-
plicitly or explicitly) which of them are active at a solution. Active-set methods, of which
the simplex method is an example:

— maintain explicitly a set of constraints that estimates the active set at the solution

(the complement of the basis B in the simplex method), and

— make small changes to it at each step (a single index in the simplex method).

Active-set methods apply also to QP and bound-constrained optimization, but are less
convenient for nonlinear programming.

e The simplex method is very efficient in practice (if typically requires 2m to 3m iterations)
but it does have a worst-case complexity that is exponential in n. This can be demonstrated
with a pathological n-dim problem where the feasible polytope has 2™ vertices, all of which
are visited by the simplex method before reaching the optimal point.

Review: linear programming: the simplex method

e Linear program:

linear objective and constraints

convex problem

feasible set: polytope

number of solutions: 0 (infeasible or unbounded), 1 (a vertex) or oo (a face)

KKT conditions are necessary and sufficient; LICQ not needed.

Primal problem in LP std form (use slacks, etc. if needed): miny c”x s.t. Ax = b; x > 0 with A,,x,.

Dual problem: maxbT X s.t. ATA <c

optimal variables x and Lagrange multipliers A switch roles
dual(dual(primal)) = primal
weak duality: dual objective < primal objective for any feasible point; they coincide at the solution

strong duality: the primal and the dual, either both have a finite solution, or one is unbounded and
the other infeasible.

Sensitivity analysis: values of the Lagrange multipliers.

The simplex method:

tests a finite sequence of polytope vertices with nonincreasing objective values, final one = solution
each step requires solving a linear system

needs to deal with degenerate and unbounded cases

takes 2m—3m steps in practice

is an active-set method.
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14 Linear programming: interior-point methods

Interior-point methods

Simplex method

All iterates satisfy the inequality constraints
strictly, so in the limit they approach the so-
lution from the inside (in some methods from the outside)
but never lie on the boundary of the feasible set.

Moves along the boundary of the feasible
polytope, testing a finite sequence of vertices
until it finds the optimal one.

Each iteration is expensive to compute but can
make significant progress toward the solution.

Usually requires a larger number of inexpen-
sive iterations.

Average-case complexity = worst-case complex-
ity = polynomial.

Average-case complexity: 2m-3m iterations
(m = number of constraints); worst-case

complexity: exponential.

Primal-dual methods

e Standard-form primal LP: minc’x s.t. Ax =b, x > 0, c,xeR" beR™ A,xn
Dual LP: maxb’Ast. ATA+s=c,s>0, AcR™ scR"

e KKT conditions:

ATA+s=c
Ax=b system of 2n + m equations ATA+s—c
s 0 for 2n + m unknowns x, A, s & F(x,\,s) = Ax—Db =0
, Ql;’sz - (mildly nonlinear because of x;s;) XSe
i=1,...,n o , — i Voe— (1
X8> 0 X—dlag(xz),S—dlag(sz),e—(l).

e Idea: find solutions (x*, A", s*) of this system with a Newton-like method, but modifying
the search directions and step sizes to satisfy x,s > 0 (strict inequality). The sequence
of iterates traces a path in the space (x,A,s), thus the name primal-dual. Solving the
system is relatively easy (little nonlinearity) but the nonnegativity condition complicates
things. Spurious solutions (F(x, A, s) = 0 but x,s # 0) abound and do not provide useful
information about feasible solutions, so we must ensure to exclude them.

All the vertices of the x—polytope are associated with a root of F, but most violate x,s > 0.

e Newton’s method to solve nonlinear equations r(x) = 0 from current estimate x;, (ch. 11):
X1 = X + Ax where J(x;) Ax = —r(x;) and J(x) is the Jacobian of r.
(Recall that if we apply it to solve V f(x) = 0 we obtain V2 f(x)p = —Vf(x), Newton’s method for optimization.)

e In our case the Jacobian J(x, A,s) takes a simple form. Assuming x,s > 0 and calling
ro = ATA +s—c, rp, = Ax — b the residuals for the linear equations, the Newton step is:

0 AT I

AX _rc : . . .
JxAs)=[A 0 o|=J(ax|=[ - T}ﬁs dNe]‘%ton d”l‘?m? s ;?ISO
S 0 X As _XSe called affine scaling direction.

Since a full step would likely violate x,s > 0, we perform a line search so that the new
. . X Ax 2 . s,
iterate is (é) + a <%;\> for o € (0, 1] [:'> a < min <minAxi<0 (A—i:),minAsi«) (Aj))}

Still, often a@ < 1. Primal-dual methods modify the basic Newton procedure by:
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1. Biasing the search direction towards the interior of the nonnegative orthant x,s > 0
(so more room to move within it). We take a less aggressive Newton direction that
aims at a solution with z;s; = o > 0 (perturbed KKT conditions) instead of all the
way to 0 (this usually allows a longer step «), with:

XTS

— Duality measure y = = average of the pairwise products z;s;. It measures
closeness to the boundary, and the algorithms drive p to zero.

— Centering parameter o € [0,1]: amount of reduction in p we want to achieve:
o = 0: pure N. step towards (Xg, Ao, So) (affine-scaling dir.); aims at reducing pu.
o = 1: N. step towards (x,,A,,s,) € C (centering direction); aims at centrality.
Primal-dual methods trade off both aims.

2. Controlling the step a to keep z;, s; from moving too close to the boundary of the
nonnegative orthant.

[Framework 14.1] (Primal-dual path-following): given (x°, A%, s°) with x°,s° > 0

for k=012, ...
0 AT 1 AxF -1,
Solve | A 0 O ANF | = -y where o, € [0, 1], ux = (xszsk
Sk 0 X* AsF —X*Ske + oy e

(xFHL AT gk 1) (3 AR sF) 4y, (AxF, ANF) As) choosing oy, such that x#*1 s+ > 0
end

e The strategies for choosing or adapting oy, ay depend on the particular algorithm.

o If a full step (o = 1) is taken at any iteration, the residuals re, rp, become 0 and all the
subsequent iterates remain strictly feasible’.

Strict feasibility is preserved: (x*, AF,st) € F0 = (xk+1, N\FH1 ghtl) ¢ 0.

Examples

e This shows every vertex of the polytope in x (i.e., Ax = b) produces one root of F(x, A, s).
minc’x s.t. Ax =b, x>0, for c = (1,1,0)", A = (1 5 2), b = 2. KKT conditions:
F(x,\,s)=0

A+s =1 ) with solutions 2
. B 2tsy=11 (1) =1, x=(2,0,0)T,
A )\Z;;E A+ 55 = 0 s = (0,1, -2)7 infeasible fﬁ:k ~p
Tx_0 (Z Ot Tmo+2r5=2 3 (2) A=2, x=(0,4,0)7,
s> 0 s1r1 =0 s = (—1,0,—4)T infeasible o
5= sm2=0 | (3) A=0, x=(0,0,1)7, /
s3r3 =0 s = (1,1,0)T feasible

e Another example: A = (1 — 2 2) above. The solutions of F(x, A, s) = 0 are:

1, x=1(2,0,0)T,s = (0,3,-2)T infeasible
-3, x=(0,-1,00",s = (3,0,1)" infeasible
0, x=(0,0,1)T,s =(1,1,0)" feasible

A
(2) A
(3) A

Thus the need to steer away from the boundary till we approach
the solution.
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The central path

Define { primal-dual feasible set F = {(x,A,s): Ax=b, ATA+s=c, x,s >0}

primal-dual strictly feasible set F° = {(x,\,;s): Ax=b, ATA+s=c, x,s > 0}.
Before, we justified taking a step towards 7 = ou > 0 instead of directly towards 0 in that it
keeps us away from the feasible set boundaries and allows longer steps. We can also see this
as following a central path through the nonnegative orthant. Parameterize the KKT system in
terms of a scalar parameter 7 > 0 (perturbed KKT conditions):

ATX =
TS=C | The solution F(x;,Ar,s;) = 0 gives a curve C = {(X+, A;,s;): 7 > 0} whose
Ax =D . . . . .
N points are strictly feasible, and that converges to a solution for 7 — 0. This
i f ! " curve is the central path C. The central path is defined uniquely V7 > 0 <
xs>o0 ) T #2

The central path guides us to a solution along a route that steers clear of spurious solutions
by keeping all x and s components strictly positive and decreasing the pairwise products z;s;
to 0 at the same rate. A Newton step towards points in C is biased toward the interior of the
nonnegative orthant x,s > 0 and so it can usually be longer than the pure Newton step for F.

Example of central path minc’xst. Ax=b,x>0forxcR;A=b=c=1.

KKT equations for central path C: A Prgjeidion an s
AT A +s=c r=1
Ax=Db } = s=r71
xI's=r A=1-71
T>0

Path-following methods

e They explicitly restrict iterates to a neighborhood of the central
path C, thus following C more or less strictly. That is, we choose
o € [0, 1] as large as possible but so that (x#1, AFF sk+1) Jies
in the neighborhood.

e Examples:
N () ={(x,A,8) € F% a;8, >y, i = 1,...,n} for v € (0,1] (typ. v = 10-3); {N“"’(O)
"

No(0) = {(x, A, s) € F%: || XSe — pell, < u} for 6 € [0,1); (typ. 6 = 0.5); {Nz(l)

e Global convergence (th. 14.3)):
(0%) € [Omin, Omax] With 0 < Opin < Omax < 1 = ppr1 < (1 — %) e for constant § € (0,1).

L] Convergence rate (th. 14.4): (worst-case bound; in practice, almost independent of n)
given € € (0,1), O(nlog %) iterations are necessary to find a point for which uy < epg.

e Homotopy methods for nonlinear eqs. follow tightly a tubular neighborhood of the path.
Interior-point path-following methods follow a horn-shaped neighborhood, initially wide.

e Most computational effort is spent solving the linear system for the direction:

— This is often a sparse system because A is often sparse.

— Ifnot, can reformulate (by eliminating variables) as a smaller system: eq. (14.42) or (14.44).
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A practical algorithm: Mehrotra’s predictor-corrector algorithm

At each iteration:

1. Predictor step (x',X,s') = (x,A,8) + a(Ax* AN As?T): affine-scaling direction (i.e.,
o = 0) and largest step size a € [0, 1] that satisfies x’,s’ > 0.

2. Adapt o: compute the effectiveness p.gq = G of this step and set o = (pag/p)®. Thus,

n
if the predictor step is effective, p.g is small and o is close to 0, otherwise o is close to 1.

3. Corrector step: compute the step direction using this o:

Ax —r,
J | AX = —Ip
As —XSe — AX*ASfe + opue

This is an approximation to keeping to the central path:

(x; + Az;)(s; + Asy) = op = x;As; + s;Ax; = op — Az As; —x;s;.
——
approximated with Aw?ff, As?ff

Notes:

e Two linear systems must be solved (predictor and corrector steps) but with the same
coefficient matrix.

e Heuristics exist to find a good initial point.
e If LP is infeasible or unbounded, the algorithm typically diverges (r¥, rf and/or j — o0).

e No convergence theory available for this algorithm (which can occasionally diverge); but it
has good practical performance.
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Review: linear programming: interior-point methods

Standard-form primal LP: minc”x s.t. Ax =b, x>0, c,x € R", b€ R™, A,,,xn.

ATXx+s—c X = diag (;)
KKT conditions with Lagrange multipliers A, s: F(x, A, s) = Ax—b =0 ¢S =diag(s;)
XSe e=(1,...,1)7

Apply Newton’s method to solve for (x,A,s) (primal-dual space) but modify the complementarity con-
ditions as x;8; = 7 = op > 0 to force iterates to be strictly feasible, i.e., interior (x,s > 0), and drive
7 — 0. This affords longer steps «:

A Te . g
Pure Newton step: J (A§) = ( —rp ) with J(x, A\, 8) = (2 % b )
As —XSe+opue S 0 X

. A . . . . .
— New iterate: (S) +a (%§) for o € (0,1] that ensures the iterate is sufficiently interior.
S

. o .
Duality measure p = *-= (measures progress towards a solution).

— Centering parameter o between 0 (affine-scaling direction) and 1 (central path).

The set of solutions as a function of 7 > 0 is called the central path C. It serves as guide to a solution
from the interior that avoids non-KKT points. Path-following algorithms follow C more or less closely.

— Global convergence: i1 < cuy for constant ¢ € (0,1) if oy is bounded away from 0 and 1.
— Convergence rate: achieving py < € requires O(nlog %) iterations = polynomial complexity.

Each step of the interior-point method requires solving a linear system (for the Newton step) of 2n + m
eqs. which is sparse if A is sparse.

Fewer, more costly iterations than the simplex method. In practice, preferable in large problems.
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15 Fundamentals of algorithms for nonlinear constrained
optimization

e General constrained optimization problem:

: ¢(x)=0, i€ '
min f(x) s.t. { (x) >0, ieT f, {ci} smooth.

Special cases (for which specialized algorithms exist):

— Linear programming (LP): f, all ¢; linear; solved by simplex & interior-point methods.
— Quadratic programming (QP): f quadratic, all ¢; linear.

— Linearly constrained optimization: all ¢; linear.

— Bound-constrained optimization: constraints are only of the form x; > [; or z; < u;.

— Convez programming: f convex, equality ¢; linear, inequality ¢; concave. ([ 1s QP convex progr.?)

Brute-force approach: guess which inequality constraints are active (Af # 0), try to solve
the nonlinear equations given by the KKT conditions directly and then check whether the
resulting solutions are feasible. If there are m inequality constraints and k are active, we
have (’z) combinations and so altogether (’g‘) + (T) +-- 4 (z) = 2™ combinations, which
is wasteful unless we can really guess which constraints are active. Solving a nonlinear
system of equations is still hard because the root-finding algorithms are not guaranteed to

find a solution from arbitrary starting points.

Iterative algorithms: sequence of x; (and possibly of Lagrange multipliers associated with
the constraints) that converges to a solution. The move to a new iterate is based on
information about the objective and constraints, and their derivatives, at the current iter-
ate, possibly combined with information gathered in previous iterates. Termination occurs
when a solution is identified accurately enough, or when further progress can’t be made.
Goal: to find a local minimizer (global optimization is too hard).

Initial study of the problem: try to show whether the problem is infeasible or unbounded;
try to simplify the problem.

Hard constraints: they cannot be violated during the algorithm’s run, e.g. non-negativity
of x if \/r appears in the objective function. Need feasible algorithms, which are slower
than algorithms that allow the iterates to be infeasible, since they can’t allow shortcuts
across infeasible territory; but the objective is a merit function, which spares us the need
to introduce a more complex merit function that accounts for constraint violations.

Soft constraints: they may be modeled as objective function f + penalty, where the penalty
includes the constraints. However, this can introduce ill-conditioning.

Slack variables are commonly used to simplify an inequality into a bound, at the cost of
having an extra equality and slack variable:

¢i(x) > 0= ¢i(x)—5,=0, s;, >0VieT.
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Categorization of algorithms

e Ch. 16: quadratic programming: it’s an important problem by itself and as part of other
algorithms; the algorithms can be tailored to specific types of QP.

e Ch. 17: penalty and augmented Lagrangian methods.

— Penalty methods: combine objective and constraints into a penalty function ¢(x; )
via a penalty parameter p > 0; e.g. if only equality constraints exist:
* (s 1) = f(%) + g5 Diee (%)
= unconstrained minimization of ¢ wrt x for a series of decreasing u values.
x o(x;p) = f(x) + ﬁ Y ice lci(x)] (exact penalty function)
= single unconstrained minimization for small enough pu.
— Augmented Lagrangian methods: define a function that combines the Lagrangian and
a quadratic penalty; e.g. if only equality constraints exist:

£ La(x, A p) = f(%) = e Nici(X) + 55, 2ice € (%)
= unconstrained min. of £ wrt x for fixed A, u; update A, decrease u; repeat.

— Sequential linearly constrained methods: minimize at every iteration a certain La-
grangian function subject to a linearization of the constraints; useful for large prob-
lems.

e Ch. 18: sequential quadratic programming: model the problem as a QP subproblem; solve
it by ensuring a certain merit function decreases; repeat. They are effective in practice.
Although the QP subproblem is relatively complicated, they typically require fewer function
evaluations than some of the other methods.

e Ch. 19: interior-point methods for nonlinear programming.

— Barrier methods: add terms to the objective (via a barrier parameter p > 0) that are
insignificant when x is safely inside the feasible set but become large as x approaches
the boundary; e.g. if only inequality constraints exist:

* P(x;p) = f(x) — p ) erlog ci(x) (logarithmic barrier function)
= unconstrained minimization of P wrt x for a series of decreasing 1 values.

Class of methods that. .. \ ... replace the original constrained problem by

Quadratic penalty methods
Log-barrier methods a sequence of unconstrained problems
Augmented Lagrangian methods
Nonsmooth exact penalty function methods | a single unconstrained problem

Sequential linearly constrained methods a sequence of linearly constrained problems
Sequential quadratic programming a sequence of QP problems

Elimination of variables

Goal: eliminate some of the constraints and so simplify the problem. This must be done with
care because the problem may be altered, or ill-conditioning may appear.

e Example 15.2" safe elimination.
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e Example 15.2: elimination alters the problem: minx? +4* s.t. (x — 1)> = y? has the
solution () = (}). Eliminating y* = (z — 1) yields min z? 4 (2 — 1)® which is unbounded
(x — —o0); the mistake is that this elimination ignores the implicit constraint > 1 (since
y*> > 0) which is active at the solution.

In general, nonlinear elimination is tricky. Instead, many algorithms linearize the constraints,
then apply linear elimination.

Linear elimination Consider min f(x) s.t. Ax = b where A,,x,,, m < n, and A has full rank
(otherwise, remove redundant constraints or determine whether the problem is infeasible). Say
we eliminate xg = (21,...,2,)7 (otherwise permute x, A and b); writing A = (B N) with
B xm nonsingular, N,y ,—my and x = (X8 ), we have xg = B~'b — B '"Nxy (remember how to
find a basic feasible point in the simplex method), and we can solve the unconstrained problem
minycrn-m f(xp(Xn),Xn) - Ideally we'd like to select B to be easily factorizable (easier linear
system).

We can also write x = Yb + Zxy with Y = (Bgl ), Z = (_Ble). We have:

e Z has n —m Li. columns (due to I being the lower block) and AZ = 0
= 7 is a basis of the null space of A.

e The columns of Y and the columns of Z are L.i. (pf.: (Y Z)A =0 = A = 0); and null (A)@range (AT) = R"
= Y is a basis of the range space of A” and Yb is a particular solution of Ax = b.

Thus the elimination technique expresses feasible points as the sum of a particular solution of
Ax = b plus a displacement along the null space of A:

x = (particular solution of Ax = b) + (general solution of Ax = 0).

But linear elimination can give rise to numerical instability, e.g. for n = 2:

Welk- tondationd B A U ewdidsonid B peall vt am b oo A tea
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This can be improved by choosing as the particular solution that having minimum norm: min ||x||,
s.t. Ax = b, which is x, = AT(AAT)™'b (pt: apply KKT to min 1xTx s.t. Ax = b). Both this x, and
Z can be computed in a numerically stable way using the QR decomposition of A, though the
latter is costly if A is large (even if sparse).

If inequality constraints exist, eliminating equality constraints is worthwhile if the inequality

constraints don’t get more complicated.

Measuring progress: merit functions ¢(x; i)

e A merit function measures a combination of decrease in the objective and feasibility via a
penalty parameter > 0 which controls the tradeoff; several definitions exist. They help
to control the optimization algorithm: a step is accepted if it leads to a sufficient reduction
in the merit function.
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e Unconstrained optimization: objective function = merit function. Also in feasible methods
(which force all iterates to be feasible).

e A merit function ¢(x;p) is ezxact if Iu* > 0: p € (0, u*] = any local solution x of the
optimization problem is a local minimizer of ¢.

e Useful merit functions:

— {1 exact function:

b1 1) = F(x) + % S et + % S ] = max (0, —2).

1€€ 1€

It is not differentiable. It is exact for ul = largest Lagrangian multiplier (in absolute
value) associated with an optimal solution. Many algorithms using this function adjust
1 heuristically to ensure p < p*. It is inexpensive to evaluate but it may reject steps
that make good progress toward the solution (Maratos effect).

— Fletcher’s augmented Lagrangian: when only equality constraints c(x) = 0 exist:
1
Or(x; 1) = f(x) = A(x)"e(x) + % le()ll5

where A(x) is the Jacobian of ¢(x) and A(x) = (A(x)A(x)T) ' A(x) Vf(x) are the
least-squares multipliers estimates. It is differentiable and exact and does not suffer
from the Maratos effect, but since it requires the solution of a linear system to obtain
A(x), it is expensive to evaluate and may be ill-conditioned or not defined.

— Augmented Lagrangian in x and XA: when only equality constraints exist:
T 1 2
Lax,Asp) = f(x) = A e(x) + M le)]l -
Here the iterates are (xx, Ag), i.e., a step both in the primal and dual variables. A

solution of the optimization problem is a stationary point of £4 but in general not a
minimizer.

Review: fundamentals of algorithms for nonlinear constrained opti-
mization
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16 Quadratic programming

Quadratic program (QP): quadratic objective function, linear constraints.

. 1 T T aiTx:bZ-, 1€ &
gﬁ%q(x)—gx Gx +x' ¢ s.t. { alx > by, icT

G, «xn symmetric

Can always be solved in a finite number of iterations (exactly how many depends on G and on
the number of inequality constraints).

e Conver QP < G psd. Local minimizer(s) also global; not much harder than LP.

o Non-conver QP < G not psd. Possibly several solutions.

Example: portfolio optimization

e 1 possible investments (bonds, stocks, etc.) with returns r;, i = 1,2,... n.
o r=(ry,...,r,)7 is a random variable with mean g and covariance G:
— wi =E{r}

— gij = E{(r; — p;)(r; — ptj)} = tendency of the returns of investments ¢, j to move together.
Usually high p; means high g;;.

An investor constructs a portfolio by putting a fraction x; € [0, 1] of the available funds
into investment ¢ with » " ; z; = 1 and x > 0. Return of the portfolio R = x'r, with:

— mean E {R} = x” pu (expected return)
— variance E {(R — E {R})?} = xTGx.

Wanted portfolio: large expected return, small variance:
k
maxx’ p — kx! GX  s.t. le =1,x>0 (O 1s this convex QP?)
i=1

conservative investor: large k

where k > 0 is set by the investor .
aggressive investor: small x.

In practice, p and G are guesstimated based on historical data and “intuition”.

Equality-constrained QP
e m equality constraints, no inequality constraints:

1
min ¢(x) = ixTGX +x’c st. Ax=b A full rank.

e KKT conditions: a solution x* verifies (where A* is the Lagrange multiplier vector)
h=Ax-b

G —AT x* [ —C)\ x"=xtp G AT —P) (8 . (D What happens
(A 0 >(X“)_<b) — (A 0)\x)=\n) 8T e oumy
——— pP=X —X.

KKT matrix K
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Let Zpx(n-m) = (Z1,---,Zn—m) be a basis of null (A) < AZ = 0, rank (Z) = n —m. Call
ZTGZ the reduced Hessian (= how the quadratic form looks like in the subspace Ax = b).
Then, if A has full row rank (= m) and Z"GZ is pd:
— Lemma 16.1: K is nonsingular (= unique (% )). Proof
— [Th. 16.3: inertia(K) = (n,m,0) = number of (+, —,0) eigenvalues (= K always indefinite).
In general, inertia(K) = inertia(ZT GZ) + (m,m,0).

e Classification of the solutions (assuming the KKT system has solutions (%.)): Ex. 16.2

1. Strong local minimizer at x* < ZTGZ pd. Proof:

— Either using the 2"d-order suffic. cond. (note Z is a basis of C(x*, A*) = null (A)).

— Or direct proof that x* is the unique, global solution (th. 16.2). Proof
2. Infinite solutions if ZTGZ is psd and singular.
3. Unbounded if ZTGZ indefinite.

e The KKT system can be solved with various linear algebra techniques (note that linear
conjugate gradients are not applicable’).

Inequality-constrained QP

e Optimality conditions: Lagrangian function £(x,A) = 3x" Gx+x"c—Y, o 7 \i(al x—b;).
Active set at an optimal point x*: A(x*) = {i € EUZ: alx* = b;}.

— KKT conditions (LICQ not required”):

Gx"+c— Y i N =0
alx* =0, Vie A(x*)
alx* >0 Viel)\Ax)
A>0 VieTnAx)

— Second-order conditions:

1. G psd (convex QP) = x* is a global minimizer (th. 16.4); and unique if G pd.  Proof

2. Strict, unique local minimizer at x* < ZTGZ pd, where Z is a nullspace basis
for the active constraint Jacobian matrix (a] )jeax)-

3. If G is not psd, there may be more than one strict local minimizer at which
the 2"d-order conditions hold (non-convex, or indefinite QP); harder to solve.
Determining whether a feasible point is a global minimizer is NP-hard. fig. 16.1

e Degeneracy is one of the following situations, which can cause problems for the algorithms: [ex. p. 466

— Active constraint gradients are 1.d. at the solution, e.g. (but not necessarily) if more
than n constraints are active at the solution = numerically difficult to compute Z.

— Strict complementary condition fails: A\ = 0 for some active index ¢ € A(x*) (the
constraint is weakly active) = numerically difficult to determine whether a weakly
active constraint is active.

e Three types of methods: active-set, gradient-projection, interior-point.
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Active-set methods for convex QP
e Convex QP: any local solution is also global.

e They are the most effective methods for small- to medium-scale problems; efficient detection
of unboundedness and infeasibility; accurate estimate (typically) of the optimal active set.

e Remember the brute-force approach to solving the KKT systems for all combinations of
active constraints: if we knew the optimal active set A(x*) (= the active set at the optimal
point x*), we could find the solution of the equality-constrained QP problem miny ¢(x) s.t.
alx =10, i € A(x*). Goal: to determine this set.

o Active-set method: start from a guess of the optimal active set; if not optimal, drop one
index from A(x) and add a new index (using gradient and Lag. mult. information); repeat.

— The simplex method for LP is an active-set method.

— QP active-set methods may have iterates that aren’t vertices of the feasible polytope.

Three types of active-set methods: primal, dual, and primal-dual. We focus on primal
methods, which generate iterates that remain feasible wrt the primal problem while steadily
decreasing the objective function q.

Primal active-set method

e Compute a feasible initial iterate xo (some techniques available; [pp. 473-474); subsequent
iterates will remain feasible.

e Move to next iterate x;11 = X) + aipi: obtained by solving an equality-constrained qua-
dratic subproblem. The constraint set, called working set Wi, consists of all the equality
constraints and some of the inequality constraints taken as equality constraints (i.e., assum-
ing they are active); the gradients a; of the constraints in W, must be Li. The quadratic
subproblem (solvable as in sec. 16.1):

1
min ¢(xx + p) s.t. Wg <=5 min §pTGp +(Gxy, +c)'ps.t.alp=0ViecW,.
p p

Call py. the solution of the subproblem. Then:

— Use oy = 1 if possible: if x; + py satisfies all constraints (not just those in W) and
is thus feasible, set x;.1 = x; + p&.

— Otherwise, choose ay, as the largest value in [0, 1) for which all constraints are satisfied.
Note that xj, + oy py satisfies’ al'x, 1 = b; Yoy, € R Vi € Wy, so we need only worry
about the constraints not in Wy; the result is trivial to compute (similar to the choice
of ay in interior-point methods for LP):

b — al
v = min (1, min #) (16.41)
alp, <0

The constraints (typically just one) for which the minimum above is achieved are
called blocking constraints. The new working set: if oy, < 1 (< the step along py
was blocked by some constraint not in W) then add one of the blocking constraints
to We; otherwise keep W. Note that it is possible that a; = 0; this happens when
al'p, < 0 for a constraint 7 that is active at x; but not a member of W.

69



e [terating this process (where we keep adding blocking constraints and moving x;) we must
reach a point X that minimizes ¢ over its current working set W, or equivalently p = 0
occurs. Now, is this also a minimizer of the QP problem, i.e., does it satisfy the KKT
conditions? Only if the Lagrange multipliers for the inequality constraints in the working
set are nonnegative. The Lagrange multipliers are the solution’ of Y iew a;\; = Gx + c.

So if S\j < 0 for some j € WNZ then we drop constant j from the working set (since by
making this constraint inactive we can decrease ¢ while remaining feasible; ith. 16.5) and
go back to iterate.

If there are several j\j < 0 one typically chooses the most negative one since the rate of
decrease of ¢ is proportional to |;\]| if we remove constraint j (other heuristics possible).

e If oy > 0 at each step, this algorithm converges in a finite number of iterations since there
is a finite number of working sets. In rare situations the algorithm can cycle: a sequence
of consecutive iterations results in no movement of x; while the working set undergoes
deletions and additions of indices and eventually repeats itself. Although this can be dealt
with, most QP implementations simply ignore it.

e The linear systems can be solved efficiently by updating factorizations (in the KKT matrix,
G is constant and A changes by one row at most at each step).

e Extension to nonconvex QP possible but complicated.

Algorithm 16.3| (Active-set method for convex QP) Ex. 16.4]
Compute a feasible starting point x,

W, < subset of the active constraints at xq

for k=0,1,2...

Pr = argminp%pTGp + (GXk + C)Tp s.t. a?p =0WVi e Wk Equality-constr. quadratic subproblem
Solve for \;: Zz’ewk a\; = G(x;+pr)+c Compute Lagrange mult. for subproblem
if A >0VieWw,nT

stop with solution x* = x;, All KKT conditions hold
else
j = argminewer ki Wi — Wi\ ) e e e vking s et e
Xk+1 < Xg
end

@ Pr # 0: we can move xj and decrease ¢
compute ax = min (1, min...) from (16.41) Longest step in [0, 1]
Xi4+1 < Xk + QkPk
E o < 1 There are blocking constraints

Wit1 < Wi U {one blocking constraint } Add one of them to the working set
else
W1 — Wi
end
end
end

(D Does this algorithm become the simplex method for G = 0 (LP)?)
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The gradient projection method

e Active-set method: the working set changes by only one index at each iteration, so many
iterations are needed for large scale problems.

e Gradient-projection method: large changes to the active set (from those constraints that
are active at the current point, to those that are active at the Cauchy point).

e Most efficient on bound-constrained ()P, on which we focus:
mxin q(x) = %XTGX +x’c st.1<x<u
x, I, u € R", G symmetric (not necessarily pd); not all components need to be bounded.
e The feasible set is a box.
e Idea: steepest descent but bending along the box faces.
e Needs a feasible starting point x° (trivial to obtain); all iterates remain feasible.
e Each iteration consists of two stages; assume current point is x (which is feasible):

1. Find the Cauchy point X°: this is the first minimizer along the steepest descent direc-
tion —Vgq = —(Gx + c¢) piecewise-bent to satisfy the constraints. To find it, search
along —Vg; if we hit a bound (a box face), bend the direction (by projecting it on
the face) and keep searching along it; and so on, resulting in a piecewise linear path

(exact formulas in pp. 486-489).

f

x¢ is somewhere in / -
this path (depend- /%“:l\w
(/) ) -~ -, /

ing on the qua-
dratic form ¢(x)).
Note there can be
several minimizers AE]

along the path.

2. Approzimate solution of QP subproblem where the active constraints are taken as
equality constraints, i.e., the components of x°¢ that hit the bounds are kept fixed:

x; = af i e A(x°)

m}:nq(x) 5.t { lz S I;S Ui, 1 ¢ A(XC).
This is almost as hard as the original QP problem; but all we need for global conver-
gence is a point x with ¢(x™) < ¢(x“) and is feasible wrt the subproblem constraints.
x¢ itself works. Something even better can be obtained by applying linear conjugate
gradient to min ¢(x) s.t. x; = xf, i € A(x®) and stopping when either negative curva-
ture appears, or a bound [; < x; < u;, i ¢ A(x°) is violated.

e The gradient-projection method can be applied to general linear constraints (not just
bounds), but finding the piecewise path costs much more computation, which is not worth.

(D Does this method converge in a finite number of iterations?)
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Interior-point methods

e Appropriate for large problems.

e A simple extension of the primal-dual interior-point approach of LP works for convex QP.
The algorithms are easy to implement and efficient for some problems.

e Consider for simplicity only inequality constraints (exe. 16.21| considers also equality ones):
1
min ¢(x) = §XTGX +xTcst. Ax>b  with G symmetric pd, A,,xp.

Write KKT conditions, then introduce surplus vector y = Ax — b > 0 (saves m Lag. mult.)’.
Since the problem is convex, the KK'T conditions are not only necessary but also sufficient.
We find minimizers of the QP by finding roots of the KKT system:

only

addition GX — A_TA = —C
wrt tLP * Ax—v=b system of n + 2m equations Gx—-—ATX+c¢
i’ —0 for n + 2m unknowns X, y, A < F(X,y, )\) — Ax—y—b ~0
. yf t (mildly nonlinear because of y;\;) Y Ae
y,A>0 Y = diag (), A =diag(\),e (1)

e Central path C = {(X,, ¥+, A\r): F(X,,y:,A;) = ( 86) , T > 0} < solve perturbed KKT

system with y;A; = 7. Given a current iterate (x,y,A) with y, A > 0, define the duality
measure g =y’ A/m (closeness to the boundary) and the centering parameter o € [0, 1].

e Newton-like step toward point (Xyp, You, Aop) 0on the central path:

_AT B
G O A Ax re r.=Gx — ATA+c
A -1 0 Ay | = . ro = Gx— A2
0 A Y ) \ax “AYe + ope = v
NS ~~ JW — ,
Jacobian of F step —F(x,y,\)
X x* AxF
(yk+1> — (yk> + ay <Ayk) ChOOSiIlg oy € [O7 1} such that yk“, Ak.H -0
A AF ING

e Likewise, we can extend the path-following methods (by defining a neighborhood N_ (7))
and Mehrotra’s predictor-corrector algorithm.

e Major computation: solving the linear system, more costly than for LP because of G.
e As in the comparison between the simplex and interior-point methods for LP, for QP:

— Active-set methods: large number of inexpensive steps; more complicated to imple-
ment; preferable if an estimate of the solution is available (“warm start”).

— Interior-point methods: small number of expensive steps; simpler to implement; the
sparsity pattern in the linear system is constant.

Review: quadratic programming
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17 Penalty and augmented Lagrangian methods

The quadratic penalty method

: c(x)=0 1€&
min f(x) st { G(x) >0 iel.
e Define the following quadratic-penalty function with penalty parameter p > 0:

Qxip) = () +5 00+ 53 (lax)] ) [y]” = max(~y,0).

€€ €T
~—~— ~ v
objective one term per constraint, which is positive
function when x violates ¢; and 0 otherwise

e Define a sequence of unconstrained minimization subproblems miny Q(x; ux) given a se-
quence fi;——00. By driving s to oo we penalize the constraint violations with increasing
severity, thereby forcing the minimizer of () closer to the feasible region of the constrained

problem. o 171
Algorithmic framework 17.1 (Quadratic-penalty method) eq. 17.5

Given tolerance 1y > 0, starting penalty parameter py > 0, starting point x;

for k=0,1,2,... { starting at x;

terminating when ||V,Q(x; ux)|| < 7%
if final convergence test satisfied = stop with approximate solution x;

penalty parameter fig.q > [k
Choose new q starting point x;_,

tolerance 741 € (0, 7%)

Find an approximate minimizer x;, of Q(x; jux)

end

e Smoothness of the penalty terms:

— Equality constraints: ¢? has at least” as many derivatives as ¢
= use derivative-based techniques for unconstrained optimization.

2

— Inequality constraints: ([¢;]7)? can be less smooth than ¢;.

Ex.: for 1 >0, ([x1]7)2 = min (0, 21)? has a discontinuous second derivative.

v

e Choice of starting point xj for the min. of Q(x; ux): extrapolate xy:

F . . . eul s X(prd
— From previous iterates Xj_1,Xx—2, Xx—3, ... (in particular, xj = x;_1).

— Using the tangent to the path {x(p), p > 0}: x5 = xp—1 + (g — plg—1)%. 4~

The path tangent x = d(’;—(:)) can be obtained by total differentiation A )
of VxQ(x; 1) = 0 wrt p: OVxQ/Ox  dx/dp OVxQ/Ou
*A 7 <% Y

_ AV Q(x(p); 1)
dp

Linear system
for vector x.

0 = ViQbn) %+ (VaQUi) — VF00) }

e Choice of {p}: adaptive, e.g. if minimizing Q(x; ) was:

— expensive: modest increase, e.g. prr1 = 1.50%

— cheap: larger increase, e.g. pp11 = 10pu.

e Choice of {m.}: 7 — 0 (the minimization is carried out progressively more accurately).
—00
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o (onvergence: assume p — oo and consider equality constraints only.

— |Th. 17.1: x; global min. of Q(x; ux) = X, — global solution of the constr. problem.

Impractical: requires global minimization.

— |Th. 17.2: if 7, — 0, x;, — X*: Proof
% X* infeasible = x* is a stationary point of |c(x)||*; or
x x* feasible, Ve;(x*) Li. = —pupci(x) — Af Vi € &, (x*, ") satisfy the KKT cond.

Practical: only needs tolerances 7, — 0; gives Lag. mult. estimates; but can converge to infeasible or to any KKT points.
Practical problems
e () may be unbounded below for some values of u (ex. inleq. 17.5) = safeguard.

e The penalty function doesn’t look quadratic around its minimizer except very close to it

(see contours in fig. 17.2).

e Even if V?f(x*) is well-conditioned, the Hessian V2 _Q(x;ux) becomes arbitrarily ill-
conditioned as ji; — co. Consider equality constraints only and define A (x)? = (V¢;(x))jee
(matrix of constraint gradients; usually rank(A) < n):

V2. .Q(x; i) < V2f(x) + Z e (X)V2ei(x) + e A(x)TA(x).

Near a minimizer, from th. 17.2 we have pc;(x) & —\f an so

Vi@ 1) & Vi L(x, A7) + e A(x) " A(x)

'

independent of px  rank |€| with nonzero
eigenvalues of O(ug)

where £(x, A) is the Lagrangian function (and usually |€] < n). Unconstrained optimiza-
tion methods have problems with ill-conditioning. For Newton’s method we can apply the
following reformulation that avoids the ill-conditioning (p solves both systems’):

Newton step Introducing dummy vector ¢ = pA(x)p
VA(x) + Z i (x)V3e(x)  A(x)T v '
VixQ(X, Mk) - _va(X ,U) = icE <I£) — < X%(XMU)) '
ill-conditioned A(x) ~ 17
111-conditione = Mk

large error in p ~ ~-
well-conditioned as pj — oo’; cf. [lemma 16.1

This system has dimension n + || rather than n, and is a regularized version of the SQP
system (186) (the “—il” term makes the matrix nonsingular even if A(x) is rank-deficient).
The augmented Lagrangian method is more effective, as it delays the onset of ill-conditioning.

Exact penalty functions

e Fzact penalty function ¢(x;p): Iu* > 0: Vu > p*, any local solution x of the constrained
problem is a local minimizer of ¢. So we need a single unconstrained minimization of
o(x; ) for such a p > p*.
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e The quadratic-penalty and log-barrier functions are not exact, so they need y — oo.

e The V1 exact penalty function
or(x; 1) = F(x) + ) a0+ p Y [e(x)]
i€ i€T
is exact for p* = largest Lagrange multiplier (in absolute value) associated with an optimal

solution (th. 17.3). Algorithms based on minimizing ¢; need:
— Rules for adjusting u to ensure g > p* (note minimizing ¢ for large p is difficult).
— Special techniques to deal with the fact that ¢, is not differentiable at any x for which

¢i(x) = 0 for some i € £ UZ (and such x must encountered).

e Any penalty function of the type ¢(x; u) = f(x) 4+ ph(ci(x)) (where h(0) = 0 and h(y) > 0
Vy € R) must be nonsmooth.

Augmented Lagrangian method (method of multipliers)

e Modification of the quadratic-penalty method to reduce the possibility of ill-conditioning
by introducing explicit estimates of the Lagrange multipliers at each iterate.

e Tends to yield less ill-conditioned subproblems than the log-barrier method and doesn’t
need strictly feasible iterates for the inequality constraints.

Equality constraints only

e In the quadratic-penalty method, the minimizer x; of Q(x; puy) satisfies ¢;(xy) ~ _;% Vie&
(from [th. 17.2) and so ¢;(x;)2—0. Idea: redefine @ so that its minimizer x; satisfies
¢i(xx) =~ 0 (i.e., the subproblem solution better satisfies the equality constraint); this way we
will get better iterates when i, is not so small and delay the appearance of ill-conditioning.

e Define the augmented Lagrangian function by adding a quadratic penalty to the Lagrangian
and considering the argument X as estimates for the Lagrange multipliers at a solution (or,

as a quadratic-penalty function with objective function f(x) — > .. Aici(x)):
- [
Lax,A;p) = f(x) — Z Aici(x) + 5 Z ci (x).
icE icE

Near x*, the minimizer x; of £4 for X = A¥ satisfies ¢;(x,) ~ —M—lk(A;-‘ -\ Viek.

Pf: 0= VxLa(xp, N5 1) = VF(xp) — Sice (AF — ppei(xp))Vei(x) = AF & AF — pgei(xy) (KKT cond.).

So if A¥ is close to the optimal multiplier vector A* then ||c(x})|| will be much smaller than
“ik rather than just proportional to “ik

e Now we need an update equation for A¥™' so that it approximates A* more and more

accurately; the relation c(xy) ~ —ulk()\* — ") suggests AT — AP — ue(xy).
A adratic-penalty method
Note that —pugc;(xx) — { i quacrabiep Y

0 augmented Lagrangian method.

o Algorithmic framework 17.3 (augmented Lagrangian method—equality constraints): as for
the quadratic-penalty method but using £4(x, A; i) and updating A"™ «— A — ji.e(x;)
where x;, is the (approximate) minimizer of £4(x, A*; 1) and with given starting point A°.

5

ex. 17.2
ex. 17.3

Proof

p. 513

ex. 17.4



e Choice of starting point x; for the minimization of £4(x, A*; ;) less critical now (less
ill-conditioning), so we can simply take X}, < X.

e (Convergence:

— (x*,A") = (local solution, Lagrange multiplier) at which KKT + LICQ +
2nd_order sufficient conditions hold (= well-behaved solution) = 3 > 0: Vu > fi, x
is a strict local minimizer of £4(x, A™; p).
Pf.: KKT + 2nd-order cond. for constrained problem = KKT + 2nd-order cond. for unconstrained problem minyx £ 4.

Thus L, is an exact penalty function for the optimal Lagrange multiplier A = A* and, if
we knew the latter, we would not need to take ;i — oco. In practice, we need to estimate
X* over iterates and drive p sufficiently large; if A¥ is close to A* or if , is large, then x;
will be close to x* (the quadratic-penalty method gives only one option: increase ji).
Note that L£4(x,0; 1) = Q(x; ).

Extension to inequality constraints Three useful formulations:

1. Bound-constrained formulation: use slack variables s to turn inequalities into equalities and
bounds: ¢;(x) >0 = ¢(x) —s; =0, s; > 0 Vi € Z. Consider then the bound-constrained
problem (x absorbs the slacks, and [; or u; can be —oo or +00):

min f(x) s

xeR”

R ¢i(x)=0,i=1,...,m equalities
]1<x<u bounds.

Bound-constrained Lagrangian: augmented Lagrangian using equality constraints only but
subject to bounds:

mlnEA(x)\,u z:)\cZ gz )st.l<x <u

Solve this subproblem approximately, update A and u, repeat.
The subproblem may be solved with the (nonlinear) gradient-projection method; imple-
mented in the LANCELOT package.

2. Linearly-constrained formulation: in the bound-constrained problem, solve the subproblem
of minimizing the (augmented) Lagrangian subject to linearization of the constraints:

ci(xp) + Vei(xp) T (x —x) =0, i=1,...,m

min Fj(x) s.t. {

I<x<u
where Lagrangian rQuadratE penalty
m
hok (x M —k 2
e Augmented Lagrangian Fj(x Z W 5 z; (c¥(x))

e Current Lag. mult. estimate A* = Lag. mult. for the linearized constraints at k — 1.

® Ef: (X) =G (X) - (Ci (Xk) + VCi (Xk)T(X—Xk)) = true — linearized = “second-order c; remainder”.

Similar to SQP but with a nonlinear objective (hard subproblem); implemented in MINOS
package; particularly effective when most of the constraints are linear.
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3. Unconstrained formulation: consider again the general constrained problem (without equal-
ity constraints for simplicity) and introduce slack variables: ¢;(x) > 0 = ¢;(x) —s; = 0,
s; > 0Vi € Z. Consider the bound-constrained augmented Lagrangian

min £4(x,8, A; p) = Z)\ ci(x MZ (ci(x 25t >0Viel.

X,S
€T €T

Apply “coordinate descent” first in s, then in x:
o Ins: ming £4s.t. 5 > 0Vi €T = Solution: s; = max (0, ¢;(x) — M—lkkf) Vi € T because
L 4 is a convex, separable quadratic form on s.

e In x: substitute the solution s; in £, to obtain:
2 Joot+ 57 i<

La(x, N x)+ ci(x), A where 1( t, o; '
( pe) ; v 'uk) i H ) — % otherwise.

Now, iterate the following:

e Solve approximately the unconstrained problem miny £4(x, A*; i)
Note that 1 doesn’t have a second derivative’ when ut = o0 < pci(x) = A; for some i € Z. Fortunately, this rarely
happens, since from the strict complementarity KKT condition (if it holds) exactly one of A¥ and ¢;(x*) is 0, so the
iterates should stay away from points at which pgc;(xg) = )\f Thus it is safe to use Newton’s method. For a weakly

active constraint pc;(x*) = A = 0 does hold.

N k+1 k :
e Update the Lagrange multipliers as ;" <« max ()\i — pci(Xk), 0) Viel
(since A; > 0 for the KKT conditions to hold at the solution).

e Update py, ete.

Review: penalty and augmented Lagrangian methods
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18 Sequential quadratic programming (SQP)

One of the most effective approaches for nonlinearly constrained optimization, large or small.

Local SQP method

General nonlinear programming problem: miny, f(x) s.t. { c(x)=0, i€

Cz‘(X> Z O, 1€ T.
Linearize the objective function and constraints to obtain the QP subproblem:
Vei(xp)Tp +ci(xg) =0, i€
Ve (xp)'p+ci(xy) >0, i€Z
where V2 _L(xy, A) is the Hessian of the Lagrangian £(x,A) = f(x) — ATc(x), for a given A
estimate.

(D Why not use V2 f instead of V2, L(xx, A\;)? See later.)
(D Using VxL(xk, Ar) instead of V f changes nothing for equality constraints. Why?)

Algorithm 18.1 (local SQP algorithm):

1 i :
min ipTVixﬁk p+Viip+fi st
| o

Given initial xq, Ag
for k=0,1,2,...

Evaluate fi, V fx, ¢;(xx), Vei(xx), V2, L(xp, Ar)

(Pk; Ak+1) < (solution, Lagrange multiplier) of QP subproblem

Xp+1 <~ Xk + Pk

if convergence test satisfied = stop with approximate solution (Xgy1, Aks1)
end

e Intuitive idea: the QP subproblem is Newton’s method applied to the optimality conditions
of the problem. Consider only equality constraints for simplicity and write miny f(x) s.t.

c(x) = 0 with ¢(x)T = (¢1(x), ..., cm(x)) and A(x)T = (Vei(x), ..., Ve (x)):
(i) The solution (}*) of the QP subproblem satisfies:
VilePre + Vi = Afl =01 (ViLy —ALY (Pe) _ (=Y

VxL(x,\)
c(x)

(il) KKT system for the problem: F(x, A) = (

for which Newton’s method (for root finding) result in a step

Xkt1 X, Pk V2L —A{) <Pk) (—ka + A£Ak>
— h XX — .
()\k+1> ()\k> * (Ih) where \< Ay 0 P . —Ck ’

J/

) = 0 (where VxL(x,A) = Vf(x)—A(x)T),

Jacobian of I;,at (x5, M) T —F(;;)\k)
(i) = (ii), since the two linear systems have the same solution (define I, = px — Ag).
e Assumptions (recall lemma 16.1 in ch. 16 about equality-constrained QP):

— The constraint Jacobian Ay has full row rank (LICQ)
— V2, L} is pd on the tangent space of the constraints (d” V2, _£,d > 0Vd # 0, A,d = 0)

= the KKT matrix is nonsingular and the linear system has a unique solution.
Do these assumptions hold? They do locally (near the solution) if the problem solution
satisfies the 2"d-order sufficient conditions. Then Newton’s method converges quadratically.
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— [Th. 18.1: (x*, A¥) local solution at which KKT + LICQ + 2nd-order + strict comple-
mentarity hold = if (xy, Ax) is sufficiently close to (x*, A*), there is a local solution
of the SQP subproblem whose active set Ay, is A(x").

At that time, the SQP subproblem correctly identifies the active set at the solution and
SQP behaves like Newton steps for an equality-constrained problem.

e To ensure global convergence (= from remote starting points), Newton’s method needs to be
modified (just as in the unconstrained optimization case). This includes defining a merit
function (which evaluates the goodness of an iterate, trading off reducing the objective
function but improving feasibility) and applying the strategies of:

— Line search: modify the Hessian of the quadratic model to make it pd, so that p; is
a descent direction for the merit function.

— Trust region: limit the step size to a region so that the step produces sufficient decrease
of the merit function (the Hessian need not be pd).

Additional issues need to be accounted for, e.g. the linearization of inequality constraints
may produce an infeasible subproblem
Ex.: linearizing z < 1, 2 > 0 at &), = 3 results in 3+ p < 1, 9+ 6p > 0 which is inconsistent.

Review: sequential quadratic programming (SQP)
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19 Interior-point methods for nonlinear programming

e Considered the most powerful algorithms (together with SQP) for large-scale nonlinear
programming.

e Extension of the interior-point methods for LP and QP.

e Terms “interior-point methods” and “barrier methods” used interchangeably (but different
historical origin).

Interior-point methods as homotopy methods

. . . Cz(x) - 07
General nonlinear programming problem: miny f(x) s.t.

prog &b JE sty >0 ier
Deriving the KKT conditions (Lagrangian £(x,y,z) = f(x)—y’ ce(x)—2z cz(x)) and introducing
in them slacks (¢;(x) > 0= ¢;(x) —s; =0, s; > 0 Vi € 7) and a parameter pu > 0, we obtain the

perturbed KK'T conditions:

Vi(x) - As(x)y — Az(x)z =0 ce(x), cz(x): constraint vectors
Sz — e =20 Ag¢, Az constraint Jacobians
ce(x) =0 y, z: Lagrange multipliers
: 1
cz(x) —s=0 S = diag (s;), e = (1>
s,z >0

We solve (approximately) this nonlinear system of equations for a sequence (Mk)’“—“%o while pre-
serving s,z > 0, and require the iterates to decrease a merit function (to help converge not just to
a KKT point but to a mininizer). This follows a primal-dual central path (x(p),s(p),y (i), z(p))
that steers through the interior of the primal-dual feasible set, avoiding solutions that satisfy
the nonlinear system of equations but not s,z > 0, and converges to a solution (x*,s*, y*,z*) as
i — 0% under some conditions. The Newton step is

Vil 0 —Af(x) —AI(x)\ [P« Vix) —As(x)y — Az(x)z
0 Z 0 S Ps | _ Sz — ue

Ag (X) 0 0 0 Py Ce (X)

Az(x) -1 0 0 P cr(x) — s

Note that no ill-conditioning arises if the 2nd-order and strict complementarity conditions hold
at x*, because then either s; or z; are nonzero, so the second row of the Jacobian has full
row rank. The system can be rewritten in a form that is symmetric (eq. 19.12) but introduces
ill-conditioning.

Practical versions of interior-point methods follow line-search or trust-region implementations.

Interior-point methods as barrier methods
$izi — =20

In the perturbed KKT conditions, eliminate s and x: 7 € Z:
¢i(x)—s,=0

substitute in VxL(x,y,2):
Vix)—ALlx)y — Z LVQ(X) =0& mxin P(x;n) = f(x) — leog ¢i(x) s.t. cg(x) = 0.

ez (%) €T

}ézizﬁ,and

That is, the interior-point method can be seen as minimizing the log-barrier function P(x;pu)
(subject to the equalities) and taking u — 0.
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The primal log-barrier method

e Consider the inequality-constrained problem miny f(x) s.t. ¢;(x) > 0,7 € Z.
Strictly feasible region F° = {x € R™: ¢;(x) > 0 Vi € Z}, assume nonempty.

Define the log-barrier functwn (through a barrier parameter p > 0): ex. 19.1
P(x; 1) — I E log ¢;(x
€T
SN~ infinite everywhere except in F°
objective log-barrier function < smooth inside FO
function approaches oo as x approaches the boundary of F0.

e The minimizer x(p) of P(x, 1) approaches a solution of the constrained problem as y — 07.

° \Algom'thmz’c framework 19.5 (Primal log-barrier method): as for the quadratic penalty but
choosing a new barrier parameter ug.; € (0, ;) instead of a new penalty parameter.
Similar choices of tolerances, adaptive decrease of ji;, starting point xj, for the minimization
of P(X, ,u), etc. (D Is xj, feasible if extrapolating with the path tangent?)

e The log-barrier function is smooth (if f, ¢; are), so, if x(;1) € F°, no constraints are active
and we can use derivative-based techniques for unconstrained optimization.

Convergence

e For convex programs: global convergence.
Th.: f, {—c;, i € I} convex functions, F° # & =

1. For any p > 0, P(x; p) is convex in FY and attains a minimizer x(u) (not necessarily
unique) on FY; any local minimizer x(y) is also global.

2. If the set of solutions of the constrained optimization problem is nonempty and
bounded and if {y} is a decreasing sequence with p, — 0 = {x(ux)} converges

to a solution x* and f(x(ux)) — f*, P(x(ur)) — f*, P(x(ug); p) — f*.

If there are no solutions or the solution set is unbounded, the theorem may not apply.

e For general inequality-constrained problems: local convergence.
Th.: F° # @, (x*,X\*) = (local solution, Lagrange multiplier) at which KKT + LICQ +
28d_order sufficient conditions hold (= well-behaved solution) =

1. For all sufficiently small z, 3! continuously differentiable function x(p): x(p) is a local
minimizer of P(x;p) and V2, P(x; u) is pd.

2. (x(p),)\(u))ﬁ(x*, A*) where \;(p) = 1el.

K
ci(x(pn))?
This means there may be sequences of minimizers of P(x;u) that don’t converge to a solution as u — 0.

Relation between the minimizers of P(x;u) and a solution (x* )\*): at a minimizer x(u):

0 = ViP(x(u); p) = VI (x(n) = Y ——=Vey(x(n) = )= D M) Veilx()
~ ci(x(p)) p
define as A(u)
which is KKT condition a) for the constrained problem (V2 L(x, ) = 0). As for the other KKT
conditions at x(u), A(p); b) (ci(x) > 0,7 € Z)and c) (A\; >0, i € Z) also hold since ¢;(x(p)) > 0;
only the complementarity condition d) fails: \; ¢;(x) = p > 0; but it holds as 4 — 0. The path
C, = {x(p): p > 0} is called primal central path, and is the projection on the primal variables of
the primal-dual central path from the interior-point version.
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Practical problems As with the quadratic-penalty method, the barrier function looks qua-
dratic only very near its minimizer; and the Hessian V2 _P(x; u) becomes ill-conditioned as
pr — 0:

ViP(xip) = VI(x) = ) %X)v,:xx)

V2 P(x;p) = V2 (x) = Y —

€T

+Z ch YVei(x ) )

ci(x)

Near a minimizer x(u) with g small, from the earlier theorem we have that the optimal Lagrange

multipliers can be estimated as A} ~ ﬁx), SO

V2, P(x;p) ~ L(x; A") —l—Z )2 Vei(x) Ve (x)T.

1€Z

N J/

1ndependent of p for the active Constramts (AF #0),
becomes very large as ;. — 0, with rank < n

The Newton step can be reformulated as in the quadratic-penalty method to avoid ill-conditioning,
and it should be implemented with line-search or trust-region strategy to remain (well) strictly
feasible.

Ci(X> == O, 1€ &
¢i(x) >0, iel.

Splitting an equality constraint ¢;(x) = 0 as two inequalities ¢;(x) > 0, —¢;(x) > 0 doesn’t work”,
but we can combine the quadratic penalty and the log-barrier:

B(x; ) leogcz MZC?(X).

€T €€

Equality constraints min, f(x) s.t. {

This has similar aspects to the quadratic penalty and barrier methods: algorithm = successive
reduction of y alternated with approximate minimization of B wrt x; ill-conditioned V2B when
4 is small; etc.

To find an initial point which is strictly feasible wrt the inequality constraints, introduce slack
variables s;, 1 € Z:

ci(x) =0, i€&
min f(x) s.t ¢i(x)—s;,=0, i€l )=
e si > 0, i€ I
B(x,s; ) uZlogsz+—Zc 2 Z(ci(x)—si)Q.
i€ 168 p 1€

Now, any point (%) with s > 0 lies in the domain of B.

Review: interior-point methods for nonlinear programming
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Final comments

Fundamental ideas underlying most methods:
e Optimality conditions (KKT, 2nd-order):

— check whether a point is a solution

— suggest algorithms
e Sequence of subproblems that converges to our problem, where each subproblem is easy:

— line search

— trust region

— homotopy, path-following

— quadratic penalty, log-barrier, augmented Lagrangian
— interior-point

— SQP

Simpler function valid near current iterate (e.g. linear, quadratic with Taylor’s th.): allows
to predict the function locally.

Derivative ~ finite difference (e.g. secant equation).

e Approximate vs exact solution of the subproblem: want to minimize overall computation.

Heuristics are useful to invent algorithms, but they must be backed by theory guaranteeing
good performance (e.g. 1.s. heuristics are ok as long as Wolfe conditions hold).

Problem-dependent heuristics, e.g.:

— restarts in nonlinear conjugate gradients
— how accurately to solve the subproblem (forcing sequences, tolerances)
— how to choose the centering parameter ¢ in interior-point methods

— how to increase the penalty parameter u in quadratic penalty, augmented Lagrangian

Given your particular optimization problem:

e No best method in general; use your understanding of basic methods and fundamental
ideas to choose an appropriate method, or to design your own.

Simplify the problem if possible (slacks, elimination, redundant constraints, ... ).

Try to guess good initial iterates.

e Recognize the type of optimization problem: smooth? Separable? LP? QP? Convex?
Multiple optima?

Evaluate costs (time & memory):

— computing the Hessian

— solving linear systems (sparse?)
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A Math review

Error analysis and floating-point arithmetic

e Floating-point representation of z € R: fl(z) = 2¢ Zle d;27" (t bits for fractional part,
d; = 1, rest of bits for exponent and sign).

e Unit roundoff u=2"""1 (~ 1.1 x 107'® for 64-bit IEEE double precision). Matlab: eps = 2u.

e Any z with |z| € [2F,2Y] (where e € {L + 1,...,U}) can be approximated with relative
accuracy u: ‘ﬁ(\)l < u o fi(x) = 2(1 + €) with roundoff error |e| < u (so z and fi(z)
agree to at least 15 decimal digits).

e Roundoff errors accumulate during floating-point operations. An algorithm is stable if
errors do not grow unbound. A particularly nasty case is cancellation: the relative error in
computing = — y if z and y are very close is < 2u|z| / |z — y| = precision loss; or, if  and
y are accurate to k digits and they agree in the first k, their difference contains only about
k — k significant digits. So, avoid taking the difference of similar floating-point numbers.

Functions, derivatives, sets

e fR" >R

ox .
! Hessian (n X n

vik=| | e VA (52

ar symmetric matrix):
Oxn,

Gradient at x of
f (n x 1 vector):

e Directional derivative along direction p € R™:

lim f(x+ep) — f(x)

e—0

=Vf(x)'p [Pf.: Taylor’s th]
e Mean value th.:

— ¢ : R — R continuously differentiable, oy > «y:

o(ar) — d(an) = ¢'(§) (a1 — ap) for some & € (ap, aq).
— f:R" — R cont. diff., for any p € R™

f(x+p)— f(x)=Vf(x+ap)lp for some a € (0,1).

o Taylor’s th.:

— [ :R" — R cont. diff., p € R™. Then
f(x+p)=f(x)+ Vf(x+tp)'p for some t € (0,1). [Mean value th.]
— If f is twice cont. diff. then:
f(x+p) = f(x)+ Vf(x)p+3p" V*f(x +tp)p for some ¢ € (0,1).
Vi(x+p)=Vf(x)+ [} V2f(x+tp)pdt.

o r:R" — R™, Jacobian matriz at x of r (m x n matrix): J(x) : (%) :
3/ i

Taylor’s th.: r(x + p) = r(x) + fo x + tp)pdt (if J is cont. in the domain of interest).
e Cone: set F verifying: x € F = ax € F Va > 0. Ex.: {(7}): 21 >0, z2 > 0}.

Cone generated by {xi,...,X,} CR™ {x e R™ x=>" a;x;, &; >0Vi=1,...,m}.
Convex hull of {x1, ..., Xy} CR™ {xeR" x=Y"" a;x;, o, >0Vi=1,...,m, > " a; =1}
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Matrices
e Positive definite matriz B < p"Bp > 0 Vp # 0 (pd). Positive semidefinite if > 0 (psd).

: , A
e Matriz norm induced by a vector norm: [[Al| = supy 4, w

Ex. [[A||, = largest s.v. omax(A) = largest eigenvalue A\pax(VATA).

e Condition number of a square nonsingular matrix A: k(A) = ||A|[JA™!|| > 1 where Ex.in
Il is any matrix norm. Ex. k3(A) = Omax/0Omin- Square linsys Ax = b, perturb to p. 616

Ax=b= % ~ Kk(A) ( Hﬁ;ﬁ” + ”tﬁbbu) so ill-conditioned problem < large k(A).
{ AeC:  eigenvalue

e Figenvalues and eigenvectors of a real matrix: Au = Au = n . :
uecR": eigenvector

'symmetric: all A € R; eigenvectors of different eigenvalues are 1

nonsingular: all A\ # 0

Matrix < pd: all A >0 (nd: all A < 0)
psd: all A >0 (nsd: all A <0)
| not definite: mixed-sign A
e Spectral theorem: A symmetric, real with eigenvectors uy,...,u, € R" associated with
eigenvalues A\j,...,\, € R = A = UAU? = > Nuwu/ where U = (u;...u,) is
orthogonal and A = diag (A1,...,A,). In other words, a symmetric real matrix can be

diagonalized in terms of its eigenvalues and eigenvectors.
Spectrum of A = eigenvalues of A.

Linear independence, subspaces

e vy,...,.vipeER areli. if VAy,.. ., M €R: Mqvi+ -+ vy =0= A\ =--- =\, =0.

e Vectors u, v # 0 are orthogonal (uLv) iff u’v =0 (= ||ul| ||v]| cos(u, v)).
Orthogonal matrix: U™ = U”. For the Euclidean norm: ||Ux|| = ||x]|.

o span{vy,...,vi} ={x:x =X NV + -+ A\vg for A, ..., Ay € R} is the set of all vectors
that are linear combination of vy, ..., vy, or the linear subspace spanned by vy,...,Vvy.

e If vi,..., vy are Li. then they are a basis of span {vy,...,v.}, which has dimension k.

Subspaces of a real matrix A,,., < linear mapping R" — R™
e Null space: null (A) = {x € R": Ax = 0}, i.e., the subspace associated with eigenvalue 0.
e Range space: range (A) = {y € R” : y = Ax for some x € R"}.

e Fundamental theorem of linear algebra: null (A)@®range (AT) = R (direct sum: x € R" =
Jlu,v € R" :u € null (A), v € range (AT) ,x = u+v). Also: null (A)Nrange (AT) = {0},
null (A) Lrange (A”), dim (null (A)) + dim (range (A")) =n.

=dim(range(A))=rank(A)
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Subspace Basis Dimension
null (A) é) 1
range (A) | (5), (V) 2
. 1 0
range (A ) < ) (2)) 2

Least squares, pseudoinverse and singular value decomposition

Linear system Ax = b with m equations, n unknowns, assume A is full-rank:

e m = n: unique solution x = A~1b.

. . . . X = particular solution
e m < n: underconstrained, infinite solutions x = xp+u
u € null (A), with dim (null (A)) = n —m

Minimum norm solution (min [|x||* s.t. Ax =b): x = ATb = AT(AAT) 'b.
Homogeneous system: Ax = 0:

— Unit-norm best approximation (min ||Ax||* s.t. [|x||* = 1): x = minor eigenvector of
ATA.

— min ||Ax|]* s.t. |Bx||* = 1: x = minor generalized eigenvector of ATA, BTB.

e m > n: overconstrained, no solution in general; instead, define LSQ solution as min ||Ax — bH2 =
x=A"b=(ATA)"'ATb.
AAT = A(ATA)"LAT is the orthogonal projection on range (A) (Pt.: writey € R™ asy = Ax+u
where x € R™ and uLAx Vx € R" (i.e., u € null (AT)). Then A(ATA)"1ATy = Ax).
Likewise, ATA = AT(AAT)7!A is the orthogonal projection on range (AT).

Pseudoinverse of A,, ., is the matrix A, = satisfying the Moore-Penrose conditions:
ATAAT = AT, AATA =A; AAT ATA symmetric (uniquely defined).
sstoifs; >0
Given the SVD of A as USVT: AT = VSTU” with s/ = OZ y 0 Particular cases
I s; =
(assume A full-rank): m >n = AT = (ATA)'AT, m <n= AT = AT(AAT)!, m=n=
AT =A"1

Singular value decomposition (SVD) of A,,.,, m > n: A =USVT =>""  su,v] with
U,ixn = (1 -+ -u,) and V., = (vy -+ v,) orthogonal, S = diag (sy,. .., s,) and singular values
s1 > -+ > 8, > 0. Unique up to permutations/multiplicity of s.v.

erank(A)=p<n& sy =-=5,=0 A= (0 Unyp)(T2) <V\;‘? > = U,S, V] with
U, = (u;---u,) and V,,_, = (Vp41---V,) orthonormal bases of range (A) and null (A),
resp.

e rank(A) > p = UpSpV;F is the best rank—p approximation to A in the sense of the
Frobenius norm (||A[|% = tr (AAT) =3, a2, and the 2-norm (||A[, = largest s.v.).

i,j iJ
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Matrix identities
Rank A,xn, By i rank (A) 4 rank (B) — n < rank (AB) < min (rank (A) ,rank (B))
anks:
A,xn, B i rank (A + B) < rank (A) + rank (B)

Inverse of a sum of matrices: given A,.,, Byxq, Cyxgs Dgxp, if A, C invertible:

(A+BCD) ' = A"'-A'B(C'+DA'B)"'DA!  (Sherman-Morrison-Woodbury formula)

Inverse of a matrix by blocks: A = (ﬁi 2; ), if Ai1, Agy invertible:
Al (AH A12) AT = (A - ALAG AT, AR = —AVABAG = —ATA A
A% AZ AZ = (A — A A AL) Y, A% = —A2AL AT = AL Ay Al

Derivatives:

d(aTx)
dx
d(xT Ax)
dx

=V,(a’x) =a ifa,x € R", aindependent of x

=V, (xTAx) = (A + AT)x A O AX i A independent of x
dy™

Xmx1; Ynx1 -

0y;
= m x n Jacobian matrix J(x) = ( Y )
ij

dx Oz,
d? 0?
fix1, Xnx1 ﬁ =n x n Hessian matrix V?f(x) = (axiéij)ij
Ixn pxm mxn ..
=~ AN A
d(x" " C d( B
(x ) = CLxm, (—TX) = B,.x» if B, C independent of x
d x d x
~ =~
nx1 Ixn nxn nxn
d(u” du® av’
Product rule: (EXV) = Vy(u'v) = ;—XV + ;—Xu, x,u,v € R"
. dy(x(t)) dyT dx " Oy dx;
h le: = = - R" R™ teR
Chain rule o i > o dt xeR" ye , b€
N~ =~ =1

mxn nxl1
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Quadratic forms

f(x) =3x"Ax+b'x+¢, A e R, b,x € R", ¢ € R. Center and diagonalize it:
1. Ensure A symmetric: xT Ax = x7 (A+TAT> X.

2. Translate stationary point to origin: Vf = Ax+b =0, changey =x+ A*b =
f(y)=3y"Ay + by 4+ with b’ = (I—- AA")b, ¢ = —sb"ATh.

Linear terms may remain if A is singular.

3. Rotate to axis-aligned: A = UAUT (spectral th.), change z = Uly =
f(z) = 22" Az +b""z + ¢ with b” = UT(I - AAT)b.

2

( . o
pd: single minimizer

psd: o0 minimizers
Considering only the quadratic part 3z Az = £ 37" | A;22, we have A  not def: saddle point(s)

nsd: 00 maximizers

( nd: single maximizer
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Order notation
Consider f(n), g(n) >0 forn=1,2,3...

e Asymptotic upper bound O(-): f is O(g) iff f(n) < cg(n) for ¢ > 0 and all n > ny.
f is of order g at most.
Ex.: 3n+ 5 is O(n) and O(n?) but not O(logn) or O(y/n).

e Asymptotic upper bound o(-): f is o(g) iff limy— oo % =0.
f becomes insignificant relative to g as n grows.
Ex.: 3n +5 is o(n?) and o(n'3) but not o(n).
e Asymptotic tight bound Q(-): f is Q(g) iff cog(n) < f(n) < ci1g(n) for ¢1 > ¢o > 0 and all n > ng.

fis O(g) and g is O(f).
Ex.: 3n+ 5 is Q(n) but not Q(n?), Qlogn), Q(/n).

Cost of operations: assume n x 1 vectors and n X n matrices.

e Space: vectors are O(n), matrix are O(n?). Less if sparse or structured, e.g. a diagonal
matrix or a circulant matrix can be stored as O(n).

e Time: we count scalar multiplications only.

— vector X vector: O(n).

— matrix x vector: O(n?).

— matrix X matrix: O(n?).

— eigenvalues and eigenvectors: O(n?).

— inversion and linear system solution: O(n?).

Less if sparse or structured, e.g. matrix x vector is O(n) for a diagonal matrix and for a
O(nlogn) circulant matrix.

Rates of convergence

Let {xx}%2, C R" be a sequence that converges to x*.

e Linear convergence: % < r for all k£ sufficiently large, with constant 0 < r < 1.
The distance to the so#ution decreases at each iteration by at least a constant factor. Ex.:

steepest descent (and r ~ 1 for ill-conditioned problems).

e Sublinear convergence: limy_, % =1. Ex.: z = %

e Superlinear convergence: limy_, % = 0. Ex.: quasi-Newton methods (typically).

e Quadratic convergence (order 2): % < M for all k sufficiently large, with constant
-

M > 0 (not necessarily < 1). We double the number of digits at each iteration. Quadratic
faster than superlinear faster than linear. Ex.: Newton’s method.

o Order p: o=l < py (rare for p > 2).

l[xe—x*[[

The speed of an algorithm depends mainly on the order p (in the long run) and on r (for p = 1),
and more weakly on M. The values of r, M depend on the algorithm and the particular problem.
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