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Abstract
The mean-shift algorithm, based on ideas proposed by Fukunaga and Hostetler (1975), is a hill-climbing
algorithm on the density defined by a finite mixture or a kernel density estimate. Mean-shift can be used as
a nonparametric clustering method and has attracted recent attention in computer vision applications such
as image segmentation or tracking. We show that, when the kernel is Gaussian, mean-shift is an expectationmaximisation (EM) algorithm, and when the kernel is non-gaussian, mean-shift is a generalised EM algorithm.
This implies that mean-shift converges from almost any starting point and that, in general, its convergence is
of linear order. For Gaussian mean-shift we show: (1) the rate of linear convergence approaches 0 (superlinear
convergence) for very narrow or very wide kernels, but is often close to 1 (thus extremely slow) for intermediate
widths, and exactly 1 (sublinear convergence) for widths at which modes merge; (2) the iterates approach the
mode along the local principal component of the data points from the inside of the convex hull of the data
points; (3) the convergence domains are nonconvex and can be disconnected and show fractal behaviour. We
suggest ways of accelerating mean-shift based on the EM interpretation.
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1

Mode-finding and the mean shift algorithm

The modes of a density p(x) are important from a machine learning point of view. As an example for clustering
[10, 11, 16], the density may represent the distribution of data in a given problem and then the modes may be
taken as representatives of clusters. As an example for multivalued regression [4], the modes of the conditional
distribution p(y|z), where x = (y, z), may be used to represent a multivalued mapping z → y. It is then necessary
to design algorithms that will find modes of a density. In principle, any maximisation algorithm may be applied,
using multiple starting points to find as many different modes as possible. However, for a widespread class of
densities, that of finite mixtures—which includes kernel density estimates and Gaussian mixtures—one can derive
a particularly simple fixed-point algorithm, mean-shift (described below). The mean-shift algorithm has proven
particularly successful in image segmentation [11]. Here, one first builds a kernel density estimate for the image
pixels and declares each of its modes as representative of a cluster. Then, a given pixel is assigned to the mode
it converges to under the mean-shift algorithm. The method is deterministic (since mean-shift has no step size)
and nonparametric (because of the kernel density estimate); it poses no a priori assumptions about the number
or shape of the clusters. Our main objective in this paper is to show that mean-shift is a particular instance of a
well-known class of algorithms, that of (generalised) expectation-maximisation (EM); and to study aspects of its
convergence rate and convergence domains.
D
The mean-shift algorithm can be derived as follows. Given M D-dimensional data points {µ m }M
m=1 ⊂ R ,
consider a kernel density estimate [28] with kernel K(t) for t ≥ 0:
p(x) =

M
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where p(m) = πm ∈ (0, 1) is the weight or mixing proportion of point m (satisfying
m=1 πm = 1), Σm is
its covariance matrix (positive definite), Zm is a normalisation constant that only depends on Σm (e.g. Zm =
1

1/2

|2πΣm |
for the Gaussian kernel), and d(x, µm ; Σm ) = (x − µm )T Σ−1
m (x − µm ) is the Mahalanobis distance.
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To find a mode of p(x) we can seek stationary points
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(where K 0 = dK/dt) and solving for x suggests the fixed-point iteration scheme x(τ +1) = f (x(τ ) ) where
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For a homoscedastic estimator (Σm = Σ ∀m) this simplifies to
f (x) =
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In practice the most common use is for a homoscedastic estimator with constant weights (π m =
isotropic covariances (Σm = σ 2 I), which further simplifies to
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This fixed-point iteration scheme is called the mean-shift algorithm, where the vector f (x) − x is the mean shift
(which is proportional to the gradient of p(x) for isotropic kernels). Unlike other optimisation algorithms, meanshift does not use a step size parameter, and effectively defines a mapping f ∞ = f ◦ f ◦ . . . that maps points in
RD to stationary points. By applying the mean-shift algorithm to each of the data points µ m (or indeed any
point x ∈ RD ) we can determine its mode of convergence and then cluster together points converging to the same
mode. The number of clusters is thus determined automatically for given σ.
When the kernel is Gaussian, K 0 ∝ K and we get a particularly simple and elegant algorithm (where, by
Bayes’ theorem, p(m|x) = p(x|m)p(m)/p(x) is the posterior probability or responsibility of component m given
point x):
!−1 M
M
X
X
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f (x) =
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(5)
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For isotropic kernels this simplifies to
f (x) =
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where the q(m|x) values are the responsibilities p(m|x) reweighted by the inverse variance and renormalised. This
further simplifies for homoscedastic isotropic kernels to
f (x) =
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where the new point x(τ +1) = f (x(τ ) ) is the conditional mean of the mixture under the current point x(τ ) . Note
that, for non-gaussian kernels, p(m|x) involves K while f (x) (and thus the iteration) involves K 0 ; see eqs. (3)–(4).
The mean-shift algorithm is so simple that it has probably been discovered many times. In 1975, Fukunaga
and Hostetler [16] were perhaps the first to propose its idea and also introduced the term “mean shift”. Since
1981, the algorithm was also independently known in the statistics literature as mean update algorithm (see [29]
2

pp. 167ff and references therein). Fukunaga and Hostetler derived the algorithm for the Epanechnikov kernel (for
computational convenience, since it has finite support) as gradient ascent on log p(x) with a variable step size,
without proving convergence. Their version is different from the one we give here: they suggested that every data
point µm should move according to its mean shift f (µm ) − µm at each iteration till convergence. This version
was called “blurring process” by Cheng [10], who discussed the convergence of the blurring process and suggested
the use of the mean-shift algorithm without moving the data points (as considered here). Carreira-Perpiñán
[3], motivated by the problem of finding all the modes of a Gaussian mixture, independently rediscovered the
algorithm for the Gaussian kernel and proved its convergence for arbitrary covariance matrices [5]. Comaniciu and
Meer [11] gave a different convergence proof for certain isotropic kernels, including the Gaussian and Epanechnikov
kernel (the latter converging in a finite number of iterations owing to its finite support). They applied mean-shift
to image filtering and image segmentation, unleashing a wave of interest in the algorithm for these and other
computer vision applications, such as tracking (e.g. [12, 13, 30]). Fashing and Tomasi [15] related the meanshift algorithm for isotropic homoscedastic kernels to bound optimisation and showed it coincides with Newton’s
method when K 0 is piecewise constant. Algorithms similar to mean-shift have appeared in scale-space clustering
[9, 25, 32, 33], in clustering by deterministic annealing [26] and in pre-image finding in kernel-based methods [27].
The contributions of this paper are as follows. First, we show that Gaussian mean-shift (eq. (5)) is an
expectation-maximisation (EM) algorithm (section 2) and that non-gaussian mean-shift (eq. (2)) is a generalised
EM algorithm (section 3). This means that in both cases convergence is assured from almost every starting
point. Previous convergence proofs [11, 15] were not based on the connection with EM and were restricted to
the isotropic homoscedastic case (Σm = σ 2 I ∀m); our proof holds for the general case where each component can
have its own, full covariance. The EM view also draws attention to two separate steps in the Gaussian mean-shift
iteration: the computation of posterior probabilities (E step) and the average of the data with respect to them
(M step). Next, we focus on Gaussian mean-shift with isotropic kernels. In section 4 we characterise the speed of
convergence as a function of the kernel width and show that: (1) the convergence is typically linear, as expected
with EM algorithms, and so can be very slow; (2) the convergence becomes superlinear for very narrow or very
wide kernels, and sublinear when modes merge; (3) the iterates approach the mode they converge to along the
local principal component of the data points, from within the convex hull of the data points. In section 5 we
show that the convergence domains (thus the clusters) are generally nonconvex and can be disconnected and,
remarkably, fractal-like. We conclude by suggesting ways of accelerating the mean-shift algorithm based on its
view as an EM algorithm.

2

Gaussian mean shift as an EM algorithm

Here we show that the Gaussian mean-shift algorithm can be derived as an expectation-maximisation (EM)
algorithm [14, 18]. The idea of this proof was suggested to the author by Chris Williams (University of Edinburgh)
and appeared originally in references [5, 8]. The idea consists of defining an artificial maximum likelihood problem
where (1) the model is a Gaussian mixture given by the original kernel density estimate (thus the kernel centroids
are given by the data set to which Gaussian mean-shift is applied), but this mixture can be moved around rigidly
(thus the model has a single parameter, the displacement vector v), and (2) the sample to which this model is fit
contains a single point at x = 0. Then, we can prove that any maximum likelihood estimate of the displacement
vector is a mode of the original kernel density estimate; and the corresponding EM algorithm coincides with
Gaussian mean-shift.
Assume {πm , µm , Σm }M
m=1 are the Gaussian-mixture parameters for a Gaussian mean-shift problem as in
eqs. (1) and (5). Consider the following density model for x ∈ RD with parameter v = (v1 , . . . , vD )T and where
{πm , µm , Σm }M
m=1 are fixed:
M
X
1
−1
(8)
q(x|v) =
πm |2πΣm | 2 e− 2 d(x,µm −v;Σm ) .
m=1

That is, x|v is a D-dimensional Gaussian mixture where component m has mixing proportion π m (fixed), mean
vector µm − v (µm fixed) and covariance matrix Σm (fixed). Varying v results in a rigid translation of the whole
mixture as a block rather than the individual components varying separately. Now consider fitting this model by
maximum likelihood to a data set {xn }N
n=1 and let us derive an EM algorithm to estimate the parameters v. The
data set {xn }N
is
arbitrary
at
this
stage,
and later we particularise it to a single point at the origin; note this
n=1
data set is different from the collection of centroids {µm }M
m=1 from the mean-shift problem. Call zn ∈ {1, . . . , M }
the (unknown) index of the mixture component that generated data point x n . Then:
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q(zn |xn , v(τ ) ) log πzn is independent of v.

M step The new parameter estimates v (τ +1) are obtained from the old ones v(τ ) as v(τ +1) = arg maxv Q(v|v(τ ) ).
To perform this maximisation, we equate the gradient of Q with respect to v to zero:
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As a function of v, q(xn |zn , v) is a Gaussian density of mean µzn − xn and covariance Σzn , so we get
∂q(xn |zn , v)
= q(xn |zn , v)Σ−1
zn (µzn − xn − v)
∂v
and solving for v in eq. (10) results in
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If now we choose the data set as simply containing the origin (i.e., N = 1 and x 1 = 0), rename z1 as m,
and note that q(m|0, v) = p(m|v), we obtain the M step as:
v
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which is formally identical to the iterative scheme of eq. (5). The log-likelihood L(v) =
log q(0|v) = log
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log q(xn |v) is

e− 2 d(v,µm ;Σm ) = log p(v).

m=1

In summary, the Gaussian mean-shift iterative scheme (5) is equivalent to the EM algorithm on the Gaussianmixture model (8) when trying to fit a sample at the origin.
General properties of the EM algorithm for Gaussian mixtures tell us that convergence is assured for almost
any starting point and is of linear order [14, 18, 24, 34]. Specifically, at every iteration τ , the iterative scheme (11)
will either increase the log-likelihood or leave it unchanged, and correspondingly, the iterative scheme (5) will
monotonically increase the density value p(x) or leave it unchanged. We can show directly that p(v (τ +1) ) ≥ p(v(τ ) )
as follows (this derivation mirrors that of the general EM algorithm; again, we use p(·) rather than q(·) for clarity,
noting that q(0|v) = p(v), etc.):
log p(v(τ +1) ) − log p(v(τ ) ) = log
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P
where we have applied (a) Bayes’ theorem to p(v (τ ) ), (b) Jensen’s inequality (am , bm > 0: log am bm ≥
P
am log bm ) and (c) the fact that v(τ +1) maximises Q(v|v(τ ) ). Besides, also by Jensen’s inequality in (b), the
increase in log-likelihood is strictly positive except when v (τ +1) = v(τ ) (i.e., at a fixed point). Thus, v(τ +1) 6=
v(τ ) ⇒ p(v(τ +1) ) > p(v(τ ) ).
In principle, convergence can occur to a saddle point or to a minimum instead of to a mode (in the very
unlikely case where the initial value is at a minimum, the scheme will remain stuck at it). Since both saddle
points and minima are unstable for maximisation, a small random perturbation will cause the EM algorithm to
diverge from them. Thus, practical convergence will almost always be to a mode.
There is an interesting relation with the result of Fashing and Tomasi [15], who considered mean-shift in the
homoscedastic isotropic case (Σm = σ 2 I ∀m) and showed that the mean-shift iteration maximises a quadratic
lower bound ρ(v) on the density p(v). For the Gaussian kernel, their quadratic lower bound is given by eq. (15)
in [15], which is (in our notation)
ρ(v) = a −

M
p(v(τ ) ) X
2
p(m|v(τ ) ) kv − µm k
2σ 2 m=1

where a > 0 is constant (independent of v), and the bound verifies ρ(v (τ ) ) = p(v(τ ) ) and ρ(v) ≤ p(v) ∀v ∈ RD .
The EM algorithm uses a quadratic lower bound very similar to that one but applied to log p(v) instead (i.e.,
p(v) is lower bounded by a Gaussian). Defining %(v) as follows:
%(v) = log p(v(τ ) ) − Q(v(τ ) |v(τ ) ) + Q(v|v(τ ) )
Q(v|v(τ ) ) = a1 −

M
1 X
2
p(m|v(τ ) ) kv − µm k
2σ 2 m=1

where a1 > 0 is constant, from eq. (12) we have that %(v (τ ) ) = log p(v(τ ) ) and %(v) ≤ log p(v) ∀v ∈ RD . While
the bounds ρ(v) and %(v) are different, both are quadratic and are maximised at v (τ ) . For non-gaussian kernels,
the bound of [15] is still quadratic while the Q function is not quadratic anymore (see next section).
It is also possible to view the Gaussian mean-shift algorithm (for the homoscedastic isotropic case) as a
dynamical system, where τ is a continuous variable and the path of v(τ ) is a continuous curve, and prove that it
converges (appendix A).

3

Non-gaussian mean shift as a generalised EM algorithm

For an arbitrary kernel K(t), t ≥ 0 we define
q(x|v) =

M
X

m=1

πm

1
K (d(x, µm − v; Σm ))
Zm

(13)

analogously to eq. (8). The derivation of the EM algorithm proceeds as for the Gaussian case up to eq. (10), but
now

∂q(xn |zn , v)
2
K 0 d(x, µzn − v; Σzn ) Σ−1
=
zn (µzn − xn − v).
∂v
Z zn

Considering as before N = 1 and x1 = 0, renaming variables, and using p(·) instead of q(·) we obtain
M
2 X p(m|v(τ ) ) πm 0
∂Q
K (d(µm , v; Σm )) Σ−1
=
m (v − µm ) = 0
∂v
p(v) m=1 p(m|v) Zm

where we have used the expression (from Bayes’ theorem)
p(m|v) =

πm 1
K (d(µm , v; Σm )) .
p(v) Zm

For the Gaussian kernel, K 0 ∝ K and we recover eq. (11) by solving exactly for v, but for non-gaussian kernels
we cannot solve exactly for v. We have two options:
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10−1
10−2
10−3
10−4
10−5
10−6
10−7
10−8

Fixed I
I
outer
100
304
100
257
100
246
100
239
100
232
100
226
100
220
100
213

inner
342
531
801
1107
1445
1812
2198
2618


10−8
10−8
10−8
10−8
10−8
10−8
10−8
10−8

Fixed 
I
outer
1
314
2
237
3
220
4
215
5
214
10
213
15
213
100
213

inner
314
473
650
834
1019
1852
2501
2618

Table 1: Total number of iterations spent in the outer and inner loops of the generalised EM algorithm of section 3,
as a function of the tolerance  for convergence in u (i.e., u(ν+1) − u(ν) < ) and the maximum number of
iterations I allowed in the inner loop. The problem consisted of M = 594 points in D = 3 dimensions with
a Student’s t kernel (α = 1). In all cases, the initial point v (0) was the same and the outer loop was run till
v(τ +1) − v(τ ) < 10−8 . The computational cost is proportional to the number of inner-loop iterations, so the
fastest version is for I = 1, corresponding to the mean-shift algorithm, which took 314 iterations (boldface).
Similar results were obtained from other initial points and in other problems.

• To do an exact M step, we can use the following fixed-point iteration scheme for fixed v (τ ) :
!−1 M
M
X
X
u(ν+1) = g(u(ν) ) with
g(u) =
ρm (u)Σ−1
ρm (u)Σ−1
m
m µm
m=1

where
ρm (u) =

(14)

m=1

p(m|v(τ ) ) πm 0
K (d(µm , u; Σm )) .
p(m|u) Zm

Thus, the final EM algorithm consists of two nested loops: the outer one is the usual iteration over τ ; the
inner one is the iteration over ν for fixed τ . The inner loop is run till u(ν) has approximately converged.
• To do an inexact M step where the inner loop is run only a few times, stopping before u (ν) converges. This
is a generalised EM (GEM) algorithm. In a GEM, in the M step we choose a u that simply increases Q
rather than maximising it. As is evident from eq. (12), convergence is guaranteed as for the EM algorithm
[14, 18] as long as the iteration (14) on ν increases Q.
If in eq. (14) we choose as initial u (for ν = 0) u(0) = v(τ ) and do a single step then we obtain that
v(τ +1) = u(1) coincides with the mean-shift iteration of eq. (2). Thus, the original mean-shift algorithm for
non-gaussian kernels is a generalised EM algorithm.
We can define a version of the GEM algorithm where the inner loop is initialised at u (0) = v(τ ) and run
till either the inner loop converges within a tolerance  (i.e., u(ν+1) − u(ν) < ) or the inner loop runs for I
iterations. This establishes a continuum between both extreme cases: for  → 0 and I → ∞ we obtain the exact
M step (thus the EM algorithm), while for I = 1 we obtain the mean-shift algorithm. We have experimented with
this and have found that over a range of  and I values, mean-shift is faster overall. That is, while one can reduce
the number of iterations of the outer loop by doing a few inner-loop iterations, the total number of inner-loop
iterations remains higher. Since the inner-loop iterations are a bit more costly (because of the computation of
K as well as K 0 and the additional products), it seems that the mean-shift algorithm is always faster. Table 1
shows a representative example.
In summary, we have shown that the mean-shift algorithm is a generalised EM algorithm for non-gaussian
kernels. Thus, its convergence is guaranteed (as long as the iteration (14) on ν increases Q) and its order of
convergence is linear in general [18], though other orders of convergence are possible in special cases (one being
the Epanechnikov kernel, for which convergence occurs in a finite number of iterations).

4

Speed of convergence of Gaussian mean shift

In section 2 we saw that Gaussian mean-shift is an EM algorithm, and thus that it converges to a mode from
almost any starting point, monotonically increasing the density value p(x) or leaving it unchanged. The order of
6

convergence of EM algorithms is generally linear [18, p. 105]. Here we study in detail the speed of convergence
and the character of the iterates’ path for mean-shift in the homoscedastic, isotropic case (Σ m = σ 2 I ∀m), i.e.,
we focus on the iterative scheme (7). We ignore the degenerate case where all points are coincident (µ m = µ1
∀m), for which the density is Gaussian and convergence is achieved in a single step.
Recall [22, pp. 28ff] that if a sequence x(0) , x(1) , . . . converges to x∗ then the convergence is said to be of first
order, or linear, if there exists a positive constant r < 1 (the rate of convergence) such that, for all τ sufficiently
large, x(τ +1) − x∗ / x(τ ) − x∗ ≤ r. The convergence is superlinear if limτ →∞ x(τ +1) − x∗ / x(τ ) − x∗ = 0
and sublinear if limτ →∞ x(τ +1) − x∗ / x(τ ) − x∗ = 1.
Let x∗ be a mode of p(x) to which the mean-shift sequence {x(τ ) }∞
τ =0 converges. Taylor-expanding f around
x∗ to first order and using f (x∗ ) = x∗ we obtain:
2

x(τ +1) = f (x(τ ) ) = x∗ + J(x∗ )(x(τ ) − x∗ ) + O(kx(τ ) − x∗ k )

(15)

x(τ +1) − x∗ ≈ J(x∗ )(x(τ ) − x∗ ).

(16)

and thus
∗

∗

J(x ) is the D × D Jacobian of f evaluated at x . The Jacobian can be computed to be
!
M
M
1 X
1 X
p(m|x)(µm − f (x))(µm − f (x))T
p(m|x)µm µTm − f (x)f (x)T = 2
J(x) = 2
σ
σ
m=1
m=1

which is symmetric positive (semi)definite. Since at least some of its diagonal elements are positive (unless all
points µm are coincident) we have J(x) 6= 0 ∀x ∈ RD . The Hessian of p(x) is given by
p(x)
(J(x) − I).
(17)
σ2
This result can be obtained by direct manipulation, or by using the ratio of information matrices (see appendix B).
Therefore, H and J have the same eigenvectors and their respective eigenvalues µ d and λd are related by
H(x) =

p(x)
(λd − 1), d = 1, . . . , D.
(18)
σ2
At a mode x∗ we have x∗ = f (x∗ ) and H(x∗ ) is negative definite or negative semidefinite. Consider first the
generic case where H(x∗ ) is negative definite. Since J(x∗ ) is positive definite, from eq. (18) we obtain that
∗
∗
2
∗
λd ∈ (0, 1), confirming that the sequence {x(τ ) }∞
τ =0 indeed converges to x . (In fact, x and σ J(x ) are the
∗
∗
mean and covariance of the points µ1 , . . . , µM weighted by p(m|x ).) Since J(x ) 6= 0, the convergence is linear
and has a rate r ∈ (0, 1) typically1 equal to the largest eigenvalue of J(x∗ ):
µd =

r = lim

τ →∞

x(τ +1) − x∗
x(τ ) − x∗

= λmax < 1.

We can consider the following cases for σ:
• σ → 0: this is the case of widely separated components, where the mode x ∗ almost coincides with the
closest component centroid µm∗ . We have p(m|x∗ ) → δmm∗ , x∗ → µm∗ , J(x∗ ) → 0 and the convergence
becomes superlinear. However, the convergence is never quadratic because J(x ∗ ) 6= 0 ∀σ > 0.
• σ → ∞: this is the case of very
components, where there is a unique mode x ∗ almost coinciding with
Pwide
M
1
1
, x∗ → x, J(x∗ ) ≈ σ12 cov {µm } → 0 and
the mean of the data x = M m=1 µm . We have p(m|x∗ ) → M
2
p(x) → N (x, σ I). The convergence becomes superlinear again but never quadratic.
• Intermediate σ: this is the practically useful case where the density estimate is most accurate, but convergence is slowest. The convergence is linear with rate r = λmax . To get an idea of the value of r, consider the
setup in fig. 1 where we have several points arranged in a uniform grid (in image segmentation using spatial
and range features, this is representative of a uniform region in the image, where intensity or colour are
constant). The figure shows the convergence rate r as a function of σ for the mode at the grid centre. For
a range of σ, the density is almost flat and r is almost 1, which means an extremely slow convergence rate
(Newton’s method, however, converges accurately in a few iterations). The slow convergence in practice of
Gaussian mean-shift has been noted by Carreira-Perpiñán [3] and Comaniciu and Meer [11].
1 The rate r need not always equal the largest eigenvalue of J(x ∗ ) [19]. For Gaussian mixtures with symmetry with respect to a
minor eigenvector of J(x∗ ) associated with eigenvalue λi < λmax , initial iterates lying exactly along that eigenvector will converge at
a faster rate λi along that minor coomponent. However, in practice convergence will typically be at the slowest rate λ max , along the
principal component.
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Consider now the non-generic case where H(x∗ ) is negative semidefinite. This happens when modes merge2 or
disappear at a given value of σ, since the Hessian changes sign there. For example, for a mixture with two identical
components p(x) = 12 N (x; −1, σ) + 21 N (x; 1, σ), the origin x = 0 is a mode for σ ≥ 1. For σ > 1 the Hessian is
negative definite: H(0) < 0. But for σ = 1 the Hessian is negative semidefinite: H(0) = 0 and J(0) = 1 (the
mapping in this case is f (x) = tanh x). Thus when the Hessian is negative semidefinite the asymptotic rate is
r = 1 and the convergence is sublinear. (The convergence is still guaranteed: theorem 3.2 in p. 88 of [18] states
that an EM sequence converges to a stationary point of the likelihood if the Q(v|v (τ ) ) function is continuous in
v and v(τ ) , which it obviously is in our case.) From eq. (15), the update x(τ +1) − x(τ ) along those directions
2
associated with λmax = 1 is O(kx(τ ) − x∗ k ) or of even a higher order, and thus exceedingly slow3 . In practice
this results in Gaussian mean-shift taking a much larger number of iterations for those widths σ where clusters
merge (or almost merge). This situation does occur with image segmentation; a dramatic demonstration appears
in fig. 4 of [6].
The path followed by the mean-shift iterates has the following properties (illustrated in fig. 2):
• Near convergence, the path follows the direction of the eigenvector umax associated with λmax , because
eq. (16) applied k times yields
x(τ +k) − x∗ ≈ J(x∗ )k (x(τ ) − x∗ ) ≈ λkmax (uTmax (x(τ ) − x∗ )) umax
and so x(τ ) − x∗ is in the direction of umax . Since σ 2 J(x∗ ) is the local covariance at x∗ , then the mean-shift
iterates follow its principal component.
• As shown by Carreira-Perpiñán [3] for the Gaussian case, and evident from eqs. (2)–(3), in both the homoscedastic and the isotropic cases and for any type of kernel (not necessarily Gaussian), each iterate is a
convex linear combination of the data points (as are all the stationary points, including the modes), and so
the path lies in the interior of the convex hull of the data points. (In general for finite mixtures of densities
from the exponential family, the EM algorithm always stays in the convex hull of a certain set of parameters
[24, eq. (5.3)].) However, this is not true for non-isotropic kernels (including diagonal kernels), where both
the iterates and the modes may lie outside the convex hull of the data points (for an example, see fig. 1 in
[8]).
• As shown by Comaniciu and Meer [11], the path is smooth in the sense that consecutive steps (consecutive
mean-shift vectors f (x) − x) always make an angle in (− π2 , π2 ).
• The step sizes are not the best along the mean-shift direction. While a line search [22, chapter 3] would
produce a better x(τ +1) , it is doubtful this would reduce the overall computational cost (even if the line
search is inexact) because of the need to evaluate p(x) several times—each evaluation is O(M ) and the
number of data points M is usually large. Besides, the convergence rate would remain linear. We suggest
other ways to accelerate Gaussian mean-shift in section 6.
In summary, Gaussian mean-shift converges nearly always linearly, approaches superlinear convergence when
σ → 0 or σ → ∞, and converges sublinearly at mode merges. The practically useful cases require an intermediate
σ for which the rate r of linear convergence can be close to 1, thus convergence will be very slow. The mean-shift
iterates smoothly approach the mode along the principal component of the weighted covariance matrix of the
data points, from within the convex hull of the data points.

5

Convergence domains of Gaussian mean shift

The number of modes of the kernel density estimate determines the number of clusters. Thus, one would expect
that M points should produce at most M modes (since additional modes are an artifact of the kernel rather than
a sign of meaningful structure in the data). However, this is not necessarily so. Consider first the 1D case. It is
possible to prove that the Gaussian kernel is the only kernel for which the kernel density estimate has at most M
2 Note that, from Morse theory [20], even in this case the modes of a Gaussian mixture, and indeed all its stationary points, are
always isolated; thus we can never have a ridge of modes.
3 It is interesting to compare this with another situation where EM has been shown to become very slow as well, that of linear
models such as independent component analysis in the low-noise case [2, 23]. Here, the EM updates to the model parameters are
proportional to the noise variance and thus very small. This result is counterintuitive, since with low noise the model is a better fit
to the data and so one might have expected the convergence to be faster (as we have seen, for Gaussian mean-shift the convergence
does speed up when σ → 0). This emphasises the need for a careful study of the convergence rate for each particular EM algorithm.
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Figure 1: Empirical determination of the rate of linear convergence for the mean-shift algorithm with Gaussian,
isotropic, homoscedastic kernels. M = 11 points are located on a 1D grid symmetric around x = 0. The left panel
shows the kernel density estimate p(x) for 4 different kernel widths σ. The right panel shows the convergence
rate r = J(0) ∈ (0, 1) for the mode at the origin as a function of σ. While r → 0 for small or large σ (superlinear
convergence), r ≈ 1 for a wide range of intermediate σ, corresponding to locally flat densities. In such cases,
which are frequent in practice, convergence can be very slow.

Figure 2: Paths followed by the Gaussian mean shift algorithm for various starting points, overlaid on a contour
plot of the Gaussian kernel density estimate p(x) (in the homoscedastic, isotropic case but with non-uniform π m ).
The data points µm are marked “+”. A mode is located at the centre of each ellipse; the ellipse indicates the
eigenvectors (rescaled to improve visibility) of the Jacobian J(x∗ ) at that mode. The thick-line polygon is the
convex hull of the data points. Note: (1) all the iterates (except perhaps the initial iterate) and the modes lie
inside the convex hull; (2) the paths follow the leading eigenvector when approaching a mode; (3) the EM step
size is not the best step size (i.e., does not maximise p(x)) along its chosen direction; (4) the EM steps are longer
where the gradient is large, but become very small where the density is flat; (5) the slow crawl along ridges of
the density, as well as the fact that the iterates may be attracted to saddle points, and then deviate towards a
mode; (6) the paths are smooth in that consecutive steps always make an angle in (− π2 , π2 ).
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modes (see [7, 8] and references inside). Fig. 3 illustrates this for non-gaussian kernels. In 2D or higher, even a
Gaussian kernel density estimate can have more than M modes. This is true even in the homoscedastic, isotropic
case; for example, in [7] it is shown that if we consider 3 Gaussians with width σ and π m = 13 arranged in an
equilateral triangle, then for a certain range of σ there will be 4 modes, three near the centres of the Gaussians and
one in the triangle centre. However, it seems that such situation is very rare in practice. Similar arguments have
been put forward in the scale-space literature to favour the use of Gaussian kernels for image blurring [17]. This
may be one reason why, in practice, Gaussian mean-shift produces better clustering results than other kernels
[11].
We have investigated empirically the shape of the convergence domains (i.e., the geometric locus of points
that converge to each mode) of Gaussian mean-shift for isotropic kernels in 2D. Fig. 4 shows a representative
example, obtained by finely discretising the region of interest and running the algorithm for every point in the
grid. In general, the convergence domains are nonconvex (unlike a Voronoi tessellation) and can be disconnected
and take quite fancy shapes. Typical features include: one domain can be completely included in another; and
the sharper a mode is (e.g. for high πm and low σm ), the smaller its domain is. A peculiar, frequent feature is
the existence, sandwiched between two domains, of a long, extremely thin stripe belonging to a third domain (see
upper inset). Another puzzling feature is the fractal-like aspect of the boundary between some domains (see lower
two insets): if one zooms into the region around the boundary, progressively thinner stripes from both domains
alternate. This is surprising since one would have expected the boundaries between domains to be lines (in 2D)
of points that converge to a saddle point. It suggests that the iterated mean-shift mapping f might show fractal
behaviour for some parameter regimes (Arslan et al. [1] also give an example of the EM algorithm to estimate
the location parameter of a 1D Student’s t distribution of known scale for which some convergence domains
consist of an infinite collection of open intervals). These peculiar domains are probably undesirable for clustering;
however, their overall effect is very small (seemingly confined to cluster boundaries) and may be removed during
postprocessing.

6

Conclusion

We have shown that the mean-shift algorithm (in its general formulation where each data point can have a different
weight and a different, full covariance) is an EM algorithm for Gaussian kernels and a generalised EM algorithm
for non-gaussian kernels. This implies that mean-shift converges from almost any starting point, monotonically
increasing the density value or leaving it unchanged. We have shown that the order of convergence is generally
linear (superlinear for very small or very large widths, and sublinear at mode merges), and that the rate of linear
convergence can be very slow for practical cases. We have also shown that the convergence domains of Gaussian
mean-shift (and thus of EM algorithms) can be disconnected sets and display a fractal structure.
The EM view suggests possibilities for accelerating the convergence of (Gaussian) mean-shift. Two approaches
seem best: (1) accelerating the E step (whose cost is linear in the number of data points) and (2) increasing the
convergence order. An example of (1) is sparse EM [21], where one takes full E steps infrequently and partial E
steps frequently, with guaranteed convergence to a mode of p(x). In a partial E step the posterior probabilities
p(m|x) are updated only for a small subset of plausible data points, which can bring large savings when the data
set is large (as is the case in image segmentation). Figure 5 shows savings are indeed possible for an appropriate
choice of parameters (size of plausible set, rule when to take a full step, etc.). An example of (2) suggested in
[3] is to run EM for several iterations, which typically increases the density value considerably, and switch to
Newton’s method when approaching a mode and attain quadratic convergence. This may be particularly useful
for data sets where the data dimension is low compared to the number of data points (as is the case in image
segmentation) since the cost of inverting the Hessian is then negligible. The fact that the mean-shift iterates
approach a mode along its local principal component suggests predicting the step as a linear combination of
previous iterates (Aitken’s method); however, this turns out to be equivalent to Newton’s method [18, pp. 141ff].
Other accelerated versions of EM have been developed in the statistical literature [18, chapter 4]. A detailed
study and cross-comparison of different acceleration techniques for Gaussian mean-shift is in preparation.
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Figure 3: Mixtures
 of non-Gaussian
  kernels with more modes than components in 1D. Here, a 1D mixture
x−µ2 2
1
1 2
+
of two identical kernels K can have from one to three modes. We give two
p(x) = 12 K x−µ
K
σ
2
σ
examples: top row, kernel K(x) ∝ 1+e1x /10 , with infinite support; bottom row, Epanechnikov kernel, with finite
support. The thick line represents the mixture and the dashed lines the two individual components. σ increases
left to right. In 1D, only Gaussian mixtures have the property of having at most as many modes as components.

Figure 4: Convergence domains of each mode for Gaussian mean-shift. The figure corresponds to an example
with M = 10 points in 2D with isotropic covariances (πm and σm are different for each point µm ) having 4 modes.
Top left: the 4 convergence domains, i.e., colour-coded plot of f ∞ = f ◦ f ◦ . . . The mixture modes are marked
“4” and the mixture centroids “+”. The search paths for some points are drawn. Note how the domains are
generally non-convex sets and can be disconnected. Top right: a blowup showing a very thin stripe separating
two domains; this feature occurs often with Gaussian mean-shift. Bottom: two successive blowups showing a
fractal-like pattern in the domains. As one zooms in, thinner and thinner stripes alternate, perhaps indefinitely
so (the alternation of stripes continues up to machine precision).
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Figure 5: Segmentation of a 110 × 73 greyscale image with Gaussian mean-shift. The dataset, as usual in meanshift image segmentation [11], consists of one feature vector (i, j, I) per pixel, where (i, j) is the pixel location in the
image and I its greyscale value (normalised to have a similar range to that of i and j). Thus there are M = 8 030
points in D = 3 dimensions. Gaussian mean-shift with σ = 12 and stopping when x(τ +1) − x(τ ) < 10−3
produced the segmentation shown (having 6 clusters) and took 534 620 iterations (i.e., 66.6 iterations per pixel).
We modified Gaussian mean-shift according to the sparse EM algorithm [21]. Partial steps update a fixed subset of
the M posterior probabilities (the plausible set) containing 0.3M of them, and are run till x(τ +1) − x(τ ) < 10−3 ,
or till 20 consecutive partial steps have been taken. Then a full step is run which updates all M posterior
probabilities and resets the plausible set to the 0.3M nearest neighbours of x (τ ) . The algorithm stops, as before,
when x(τ +1) − x(τ ) < 10−3 after a full step. A partial step costs 0.3× as much as a Gaussian mean-shift
iteration and we take a full step to cost 2× as much (to account roughly for the extra cost of finding the nearest
neighbours). Sparse EM achieved almost the same segmentation (only 3 pixels were misclustered) and took 37 945
full and 541 414 partial steps (respectively, 4.7 and 67.4 per pixel), or equivalently 238 314.2 Gaussian mean-shift
iterations (29.7 per pixel). Thus sparse EM was 2.2 times faster than Gaussian mean-shift for this case.

A

Dynamical systems view of Gaussian mean-shift

If we consider the iteration index as a continuous variable, the fixed-point iterative algorithm of eq. (5) can also
be written as a dynamical system:
!−1
M
X
−1
ẋ = f (x) − x =
∇log p(x)
(19)
p(m|x)Σm
m=1

where the dot above a variable will indicate differentiation with respect to the time τ , i.e., ẋ =
traces a continuous path in RD . For the case where Σm = σ 2 I for all m this becomes

ẋ = ∇ σ 2 log p(x) .

dx
dτ .

Thus, x(τ )
(20)

Here, starting at a point x, we follow the flux line given by the gradient of log p(x) (i.e., we perform gradient
descent with infinitesimal steps). We can show convergence to a fixed point as follows. Since maximising p(x) is
equivalent to minimising −σ 2 log p(x), we can define a Lyapunov function [31]
V (x) = σ 2 log

p(x∗ )
p(x)

in an open neighbourhood U of every minimum x∗ of −σ 2 log p(x) (i.e., every fixed point of f ). V verifies:
1. V (x∗ ) = 0 and V (x) > 0 ∀x ∈ U \ {x∗ }, i.e., V is positive definite in U \ {x∗ }.


PD ∂V
2. V̇ = d=1 ∂x
x˙d = ẋT ∇V = ∇ σ 2 log p(x) −∇ σ 2 log p(x) < 0 ∀x ∈ U \ {x∗ } and equal to 0 at x∗ .
d

So, for the dynamical system of eq. (20), V is a strict Lyapunov function and x ∗ is an asymptotically stable point.
Thus, the dynamical system converges from any starting point x in the neighbourhood U to the fixed point x ∗
(i.e., it has no cycles or chaotic behaviour). Besides, the convergence near the fixed point is of linear order.
Unfortunately, finding a Lyapunov function for the general case (19) is more difficult.
12

B

Rate of convergence and ratio of information matrices

Here we show that the Jacobian of eq. (16), which determines the rate of linear convergence, can be obtained in
terms of the ratio of missing to observed information. Consider the general context of the EM algorithm and let
x represent the observed data, z the missing data and θ the model parameters. Define the following functions:
H(θ|θ 0 ) = Ep(z|x,θ0 ) {log p(z|x, θ)}
Q(θ|θ 0 ) = Ep(z|x,θ0 ) {log p(z, x|θ)} = H(θ|θ 0 ) + log p(x|θ).
Q is the same function as in eq. (9) and represents the expected complete-data log-likelihood given the observed
data; H is the expected missing-data log-likelihood given the observed data; and log p(x|θ) is the (observed data)
log-likelihood. Then the matrices ∇2θ Q(θ|θ 0 ) and ∇2θ H(θ|θ 0 ) contain the expected, or Fisher, information about
θ in the complete (= observed + missing) and missing data, respectively. Dempster et al. [14, theorem 4] (see
also p. 106ff in [18]) showed that, at a convergence point θ ∗ of EM, the Jacobian is given by the information ratio
J(θ ∗ ) = ∇2θ H(θ|θ ∗ )

θ=θ ∗



∇2θ Q(θ|θ ∗ )

θ=θ ∗

−1

.

(21)

If we take z → m, x → {0} and θ → x to conform to the notation of section 4, and noting that ∇ 2 log p =
− p12 ∇p∇pT + p1 ∇2 p = p1 ∇2 p at a stationary point, it is straightforward to show that eq. (21) leads to the same
relation of eq. (17). In the interpretation of eq. (21), fast convergence to a mode is obtained when the Jacobian
at that mode is small, thus when the proportion of missing data is small. As we saw in section 4, this occurs
when σ → 0 or σ → ∞.
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