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Abstract. Theelasticnetandrelatedalgorithms suchasgeneratre topographic
mapping arekey methoddor discretizeddimension-reductioproblemsAt their

heartarepriorsthatspecifythe expectedtopologicalandgeometricpropertiesof

the maps.However, up to now, only a very small subsetof possiblepriors has
beenconsideredHere we study a much more generalfamily originating from

discrete high-orderderivative operatorsWe show theoreticallythatthe form of

the discreteapproximationto the derivative usedhasa crucial in uence on the
resultingmap. Using a nev and more powerful iterative elasticnet algorithm,
we con rm theseresultsempirically, andillustratehow differentpriorsaffectthe
form of simulatedoculardominancecolumns.

1 Intr oduction

The elasticnetwasoriginally introducedasa continuousoptimisationmethodfor the
traveling salesmamroblem(TSP)[1]. Thebasicideais to represenatourin continuous
city spaceby acollectionof linked centroidg(the elasticnet) that optimizesa trade-of
betweenmatchingthe given cities andkeepingthe sumof squaredink lengthssmall.
This trade-of is biasedtowardsshortnetsat rst andis slowly reverseduntil only the
matchingtermmatters—aleterministicannealingalgorithm.Fromadimensionreduc-
tion perspectie [2], the elasticnetis a probabilisticmodel (Gaussiamrmixture) with a
speci c type of prior (the sumof squaredink lengths)thatmodelsa high-dimensional
city spacen termsof a low-dimensionaldiscretizedspacelt is thusrelatedto latent-
variablemodelssuchasthe generatre topographiamapping[3], andcanbe seenasa
probabilisticself-oganisingmap (SOM) [4]. The elasticnet hasalsobeenappliedto
modelingoculardominanceand orientationmaps[5, 6], by interpretingthe net cen-
troidsasthe preferredstimuli of pointsin adiscretizedorimaryvisual cortex andusing
the training setof “cities” asa sampleof the continuousstimulusspaceBiologically,
thelearningrule canbeinterpretedn termsof Hebbianlearningandthe prior in terms
of anintracorticalconnectyity function. In this contet, Dayan[7] suggestedhe use
of moregeneraluadratidormsfor theintracorticalconnectity prior. Herewe de ne
thegeneralizegrobabilisticmodelandanalyseby theoryandsimulationsthe effect of
differentdiscretepriorson the structureof theresultingcorticalmaps.



2 The GeneralizedElastic Net

Givena collectionof centroidsfymg,"{]':P RP andascaleparameter 2 R*, con-
sideraGaussian-mixturdensityp(x) = mzl Mip(xjm) withxjm N (Ym; 2Ip).

or neighborhood-preservingyior on the centroidsp(Y ; ) / exp( ztr Y TYs)
where s aregularisationhyperparameteandS is a (semi)positve de nite M M
matrix. This prior canalsobe seenasa Gaussiarprocessprior, with matrix S thein-
verseof the Gaussiamprocessovariancematrix. Without the prior, the centroidscould
be permutedat will with no changen the model,sincethevariablem is justanindex.
The prior canbe usedto convey the topological(dimensionandshape)andgeometric
(e.g.cunature)structureof a manifold implicitly de ned by the centroids—i.e.asif
the centroidsresultedfrom discretizinga continuoudatentvariablemodelwith a uni-
form densityin alatentspaceof dimensionL (the“cortex”), anonparametriecnapping
from latentto dataspacede ned by the centroidsY ) andanisotropicGaussiamoise
modelin dataspaceof dimensionD (the“stimuli space”)[8].

Given a training setexpressedasa D N matrix X = (X1;:::;XyN), We are
interestedn deterministicannealingalgorithmsthatminimizethe enegy function

b D
E(Y; )= log e kK St YTYS (1)

overY for x ed , startingwith alarge andtrackingthe minimumto a smallvalue
of . E is derivedfrom thelog posteriorof the full model.We call the rst termthe
tness term arising from the Gaussiammixture p(XjY ; ), andthe secondterm the
tensionterm, arisingfrom the prior p(Y ). The multiplication of the tness term by
downweightsthe tnesstermwith respecto thetensiontermas decreasedVedothis
becausdl1) onecan nd goodsolutionsto combinatorialoptimisationproblemssuch
asthe TSP (whichrequire ! 0); and(2) if consideredasa dynamicalsystemfor
a continuoudatentspacethe evolution of the netasa functionof andtheiteration
index modelsthe temporalevolution of cortical maps[5, 6]. We alsoinvesticate the
behaior of themodelfor alargerrangeof valuesthanhaspreviously beenpossible,
thanksto the new algorithmwe introducein Sect.5.

To applythe elasticnetto practicalproblemssuchasthe TSPor corticalmapmod-
eling, S shouldincorporatesomeknowledgeof the problembeingmodeled.S speci-
es the expectedtopologicalandgeometricstructureof the solutions.Here,we x the
topology i.e., the neighborhoodelationshipin the net,to be one or two dimensions,
with openor periodicboundaryconditions,andfocuson theway thatS representgri-
ors on cunature.The prior hasa crucial impacton the nal solutions.For instance,
in the applicationof the elasticnetto oculardominancejt helpsdeterminethe (em-
pirically testable)width of the oculardominancestripes.The next sectionstudiesthis
in anidealized,continuumlimit; Sect.4 considerghe unexpectedlydramaticeffect of
discretizationSect.5 presentghe new elasticnetalgorithmwhich allows usto study
amuchwider rangeof conditions;andSect.6 usesthis algorithmto verify andextend
our theoreticalresults.In Sect.3-4we assumeanM 1 vectory € Y T, sincethe
tensiontermseparates asumof D terms,oneperdimensionn RP (stimulusspace).



3 Regularisation of a Continuous Elastic Net

In a 1D continuoussettingfor whichy = (yn) becomesa real function of a real
variabley = y(t), consideratensiontermof the smoothnesfunctionaltype:

Zl Zl
> (Dy(1)*dt = > (s y)(1)2dt )

1 1
Dis adlfferentlaloperatmands akernel,e.g.for thepth-orderdervative D, = dtp and
s= gtp where isthedeltafunction. Suchoperators:haractenzehemetr|cpropert|es

of y, suchasits curvature.Note thata basisof {he nullspaceof Dy isf 1;t; 122 ;tP 1g.

Whenthe tnesstermis alsoquadraticsuchas (y g)? dt for x edg, regularisation
problemslik e this can be approachedrom the point of view of function approxima-
tion in a Hilbert space—e.gof thefuncq@nsy having derivatives up to orderp that
aresquare-intgrable,i.e., with seminorm k k?. Thisis the casefor splineregression.
In our case,the tness termis not quadraticbut resultsfrom Gaussian-mixturgen-
sity estimation;however, we canstill gain insightin the Fourierdomain.By applying
Parseal's theoremto the continuougensionterm (2) with pth-orderderivative D, and
calling ¢ the Fouriertransformof y, we canseethatthe tensionenegy is the samein

bothdomains:

Z, Z,

Z 4 dPy 2 ) , )
_ =) - _ i(i p i - _ P i i
2 e dt 2 j(i2 k)Py(k)j~ dk 7 . (2 KPjp(k)j° dk

sincethe Fourier transformof ?jtp is (i2 k)P¢(k). This meansthatD,, is actingasa
high-passlter whosecutoff frequeng increasesnonotonicallywith p; seeFig. 1(A).
Therefore high-frequeng functionswill incur a high penaltyandthe minima of the
enegy will likely have low frequencies—subjectt the effect of the thessterm.
Regularizationis thereforestraightforvardin the continuouscase How this extends

to thediscretecaseis thetopic of therestof the paper

4 DiscreteNets: Construction of S, Analysis of the TensionTerm

We considerS = DTD whereD is obtainedfrom a translationallyinvariant (corvo-
lution) lter thatwe representia a stencil The stencilapproximates derivative via
a nite-dif ferenceschemeso S hasa zeroeigemwvalueassociateavith the eigervector
of ones.ThisimpliesthatS will not be positive de nite sothe prior will beimproper
andthatthe tensiontermwill be invariantto rigid motionsof the net (notethe tness
termis invariantto permutationf Y but not to rigid motionsof it). We thushave a
differentialpriortr YTYS = DYT 2intermsof theFrobeniusorm.

In 1D, we write astencilas&= (:::;& 2;& 1;&;&; &;:::), sothatthe rows of
theD matrix resultfrom successiely shifting &andpaddingwith zerosattheends We
haeD"y = & y.If M is largeand&hasonly afew nonzerocoefcients, D will be

sparseFor example for M = 7 andperiodicboundaryconditions(b.c.):
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With periodich.c., D is a circulant matrix. Whenothertypesof b.c. areused,e.qg.for
netswith non-rectangulashape®r holes,D will bein generak quasi-Deplitzmatrix
(dmn = dn m exceptatafew elements)in elasticnetsof two or moredimensions,
D is circulantor quasi-Deplitz by blocks. The original elasticnet model[1, 2, 5] is
obtainedby using@ stencil(0; 1;1); in 1D thetensiontermsimpli es to the sumof
squaredengthsy . kyms1  Ymk’

Comparedwith the continuouscase the discretecasehasan extra degreeof free-
dom sincethe pth derivative can be representedby mary different stencilsdiffering
in truncationerror. If the goalis accurag at a reasonableomputationcost(asin the
numericalsolutionof PDES),thenone seeksstencilshaving few nonzerocoefcients
andhigh-ordertruncationerror. For example,both (0; 1; 1) (forward-difference)and

%; 0; 1) (central-diference)approximatehe rst derivative, but with linearandqua-
draticerror, respectiely, sothelatteris preferred Surprisingly in theelasticnet(where
accurag is not the goal) it turnsout that stencilsof the sameordercanresultin nets
of completelydifferentcharacteristicdn particular the highestfrequeng components
canfail to be penalizedgiving rise to a “sawtooth” solution (Fig. 3), which is phys-
ically unreasonabld-ere, we give a characterisationf discretedifferential stencils.
Thebasicideais thatwe canunderstandhetensiontermin termsof the eigenspacef
S, andthatthelattercoincidedfor periodich.c. with the Fourierspectrunof the stencil,
i.e.,theeigervectorsare(co)sinavavesin a boundeddiscretefrequeny interval.

For periodicb.c., D andS arecirculant. The mathematicabnalysisof 1D netsis
straightforvard; we statethe main resultswithout proof (full detailsappearin [9]).
Many of themcarry over to the L -dimensionakcase Assumethe nethasM centroids
(whereM is even,for simplicity).

The eigervectorsof S arediscreteplanewavesvy,, = cos 2 Mﬂn andwp, =
sin 2 &-n . Unlikethecontinuousasethediscretérequeng m is upperboundedy
M . Thishighestfrequeng correspond$o asa/vtoothwave(l L1 L1 1T,
wh|ch playsa signi cant roIe with certainstencils.S has LS dlstmctelgen/alues m
(since m = M mform= 1;:::;M 1) which arereal nonncg;atlve The power
speclif,urmf the stencil &is equalto the eigenspectrunof S, i.e. J&J where
& = '&e 12 w™M s the discreteFourier transformof & o = 0 is associated
with theconstanmgervectorvo = (1;:::;1)7;and u is associatedvith thesantooth
eigervectorvy = (1; L1 L 1 nr.

By decomposmghe netin the elgervectorbasisof S asa superpositiorof plane
waves, it becomeglearthat frequeny m contritutesa tension-termpenalty propor
tionalto . Thus,givena stencil,its power spectrumgivesthe penaltyfor eachfre-
queng of thenet. Theconstaneigervectorof onesis thesampledsersionof aconstant
netandincurszeropenaltysince o = 0 for adifferentialoperator However, sincethe
restof eigervaluesarenonzeran generalgigervectorsof theformvy, = n™ for x ed
m 2 Z*, correspondingo amonomialt™, arenotnulli ed by D in thecirculantcase
(but they canbenulli ed in thenonperiodid.c. case). p

A stencil&haszeropoweratthesavtoothfrequeng iff & = cqa& =
0. We call sawtoothstencila stencilsatisfyingthis condition. The corvolution of ary
stencilwith a savtooth stencilis alsosawtooth. For savtooth stencils,the highestfre-
queng incursno penaltyin thetensionterm,just asthe zero-frequeng wave (the con-



stantnet)does—unlile the continuouscase wherea wave of frequeng m hasanaver-
agepenaltyproportionafto m2°.

Applying p timesa rst-order stencil&resultsin a pth-orderstencilwith matrix SP.
Thefamily of &consistwf all suchstencilsfor p 1. We give speci ¢ resultsfor two
familiesthatareparticularlyimportant;seeFig. 1(B,C).

Forward-differencefamily Thisis de ned by the rst-order forward-diferencestencil
&= (0; 1;1). Thepth-orderderiative stencilhaseigervalues , = 2sin g+ 2p,
Thestencilsarenot sawvtooth. The rst four stencilsare:

p Finite differencescheme Errorterm Stencil
1oym e y)3 (0:1;1)

2 yg]O Ym +2 2?1/21 +1 +tYm yOO? )h (0, 01,2 1)

3 y%OO Ym+3  3Ym +2h;'3 Ym+1  Ym yiV ( )% (0’ 0;0; l’ 3; 3’ 1)

4 y% Ym+4 4Ym+3 +6 KT 2 4Ym+1 tYm yV( )2h (O, 0, 0, 0, 1; 4, 6, 4, 1)

Figurel(B) shavsthattheforward-diferencefamily formsaprogressionvith p similar

to thatof the continuouscasewherethe curvesslopeup moreslowly for largerp. Even

thoughthenullspacas strictly thatof the constantvave, sincethe only null eigervalue

is o, asp increaseshereareever morenearzeroeigervaluesfor thelow frequencies.
Thus,in this family low frequenciesrepracticallynot penalizedor high p.

Central-differencefamily This is de ned by the rst-order central-diferencestencil
&= };0;1 . Thepth-orderdervative stencilhaseigevalues n = sin®® 2 M .
All stencilsare savtooth. The stencil of orderp can be obtainedfrom the forward-
differencestencilof orderp by intercalating0 every two componentanddividing by
2P, Fig. 1(C) shaws thatthis family alsohasa progressiorwith decreasinglopesat
low frequenciesbut sinceevery oneof its stencilsis a sawvtooth stencil,both the low
andhighfrequenciesrenotpenalizedAs M grows, morefrequenciesreallowedand
the netapproacheghe continuumlimit. However, for the central-diferencefamily the

sawvtoothfrequeng remainsunpenalized.

5 Annealing Algorithms for Parameter Estimation

Existing algorithmsfor optimizingthe elasticnetenegy functionincludegradientde-
scent[1] andmatrix iterationmethodgGauss-Seidéh [5]). However, for large , the
stepsizerequiredfor cornvergenceof gradientdescenbecomewery small,andthema-
trix iterationmethodsmay occasionallydiverge. We thereforedevelopeda new, more
powerful, iterationschemeFor constant , we look for stationarypoints:

1 + ST

3 = Z(XW YG)+ Y S*S 0 =) YA = XW (3)

@ 2
with weightmatrixW = (wnn ) andinvertiblediagonalmatrix G = diag (gm)

1k*n ym K2 X + ST
and:ef e’ X 2 gmdief Wnm AYGH+ S*S
P wm 1 Xn Yo 2
2 n=1

mo=1 €



Theweightwyn, is alsotheresponsibilityp(mjx ) of centroid |, for generatingoint
Xn, andso gy, is the total responsibilityof centroid ,. The matrix XW is thena
list of averagecentroids.Since S will typically be sparse(with a bandedor block-
bandedstructure)we cansolvethesystemY A = XW efciently androbustlywithout
inverting A by computing(with prior reorderingf desired)the Cholesly factorisation
A = LL T, whereL is lower triangularwith nonneative diagonalelementsY is then
obtainedby solvingtwo triangularsystemdy Gaussiarelimination.

The Cholesly factorisation[10] is stablefor symmetricsemipositve de nite ma-
tricesandterminatesn O(%M 3) for denseA but muchfasterfor sparseA , sincelL
preseresthe bandedstructure Naturally, sinceW andG dependon Y , the method
shouldbeiterated Thealgorithmcanbe seenasan EM algorithm,soit corvergeswith
linear order Thus,althoughcomparedwith corventionalgradientdescentjt requires
slightly morecomputatiortime per step(which is alwaysdominatedoby the computa-
tion of W), it generallyrequiresfewer iterationsto corverge. This andits reliability
renderit preferable.

6 Simulation Resultsfor Cortical Map Modeling

In corticalmapmodeling[5, 6], thenets rst developuniformretinotoyy, andthenata
bifurcationof the enepgy, oculardominancgOD) andorientation(OR) mapsemepge.
There,themapsarewavesof aspeci c frequeny  for arangeof values.Thisfre-
queny resultsfrom atrade-of betweerthe tnesstermpushingfor highfrequencies
andthetensiontermpenalizingfrequeny m proportionallyto  ,, . Theanalysisof the
tensiontermaloneindicateshatthefrequeny  shoulddecreasevith andincrease
with the stencilorderp, giventhe progressiorof the eigervaluecurvestowardspassing
higherfrequenciesvith increasingp. Thisis con rmed by our simulationgFig. 2; only
OD is shavn). In [11], we shov thatthesedifferential priors correspondo Mexican-
hatlateralinteractionswith p oscillations(excitatoryvs inhibitory); andthatfor p > 1
the geometricrelationsbetweerthe OD andOR maps(e.g.intersectiorangles)do not
matchthoseof the biologicalmapsthathave beenobseredsofar.
Theelasticnetsresultingfrom the central-diferencefamily very oftencontainsav-
tooth patternsSuchsawtooth patternamaytake all the netor partof it, andcanappear
superimpose@n a lowerfrequeny wave for somevaluesof (seeFig. 3). Onecan
alsounderstandavhy this happendy notingthatthetensiontermdecouplesn two, one
for the even centroidsandthe otherfor the odd centroids.Otherwell- knoNn stencﬂs

arealsosawtooth,for examplein 2D the quadratic-errot.aplacianr 2 = ; g O40 .

7 Discussion

The behaior of the generalizecklasticnetis determinedy the joint effect of the t-

nessandtensiontermsof its enegy function.Our separate@nalysisof thetensionterm
providesinsightinto the structureof the minima of the enegy and makesexplicit the
discrepancie®etweenthe continuousand the discreteformulationsof the net. This
analysispavestheway for furtherwork in the generalizeclasticnet,suchasthe study



of otherstenciltypes,nonperiodicb.c., andthe analysisof bifurcationsfrom the Hes-
sianof E andthe characteiof the emegentnets.It alsoappliesto otherproblemsfor
which a discretizedversionof a quadraticsmoothnessegularizeris used,e.g.in com-
putervision, image processingor inverseproblems.The model can also be usedfor
unsupervisedearning.We canextract MAP estimatedor bothY and (perhapswith
aprioron ) with anEM algorithm,again basedon Cholesly factorization;or perform
Bayesiarinferenceon to attaingoodgeneralisationo unseerdata(e.g.[12]).

Candifferentialpriorsbeusedwith theSOMandGTM? Thisis tricky for the SOM,
sinceit is not de ned throughan objective function. However, it may be possibleto
introducethemin thelearningrule (similarly to momentunterms).SinceGTM de nes
a continuousmapping,differential priors can,in principle, be usedexactly. However,
this is practically cumbersomeso that they may be more corveniently approximated
by discretestencilsashere.

Differenceschemesave beenusedextensiely in the numericalsolutionof differ-
ential equationg13]. In this contet, the concernsegardingthe choiceof difference
schemeare:accurayg (whetherthetruncationerroris of high order which will meana
fasterconvergence) stability (whetherthe approximatesolution convergesto the true
oneasthe stepsizetendsto zero) and sparsity(whetherthe schemehasfew nonzero
coefcients, for computationakf ciency). In our contet of differential priors with a
discretenet,accurag andstability arenot sorelevant, while whetherthe stencilis for
instancesavtoothis crucial.
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(A) Continuouscase (B) Forward-diff. family (C) Central-dif. family
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Fig. 1. 1D power spectrumassociatedvith the derivative of orderp of a continuousfunction,
P(k) = (2 k)", k 2 R*; andfor discretenetswith stencils(normalizedby total power) from

theforward-andcentral-diferencefamilies,P £ j&j%, = 0;:::;M=2.
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Fig. 2. Selectedsubsetof oculardominancemap simulationswith a 2D netwith the forward-
differencefamily andopenb.c. Exceptfor p and , all otherparameterandtheinitial conditions
arethesame.Thestripesarenarrover for low andhighp.
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Fig. 3. Savtooth stencils.Left 1D netsin a stimulusspaceof (retinotopy, oculardominance),
openb.c., with a non-savtooth stencilabove anda savtooth one below. Right 2D sawteethin
oculardominancewith 3rd-orderstencil&= %( 1;2;0; 2;1);cf. Fig.2.



