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Abstract. Theelasticnetandrelatedalgorithms,suchasgenerative topographic
mapping,arekey methodsfor discretizeddimension-reductionproblems.At their
heartarepriorsthatspecifytheexpectedtopologicalandgeometricpropertiesof
the maps.However, up to now, only a very small subsetof possiblepriors has
beenconsidered.Herewe studya muchmoregeneralfamily originating from
discrete,high-orderderivative operators.We show theoreticallythat the form of
the discreteapproximationto the derivative usedhasa crucial in�uence on the
resultingmap.Using a new and more powerful iterative elasticnet algorithm,
wecon�rm theseresultsempirically, andillustratehow differentpriorsaffect the
form of simulatedoculardominancecolumns.

1 Intr oduction

Theelasticnetwasoriginally introducedasa continuousoptimisationmethodfor the
travelingsalesmanproblem(TSP)[1]. Thebasicideais to representatourin continuous
city spaceby a collectionof linkedcentroids(theelasticnet)thatoptimizesa trade-off
betweenmatchingthegivencitiesandkeepingthesumof squaredlink lengthssmall.
This trade-off is biasedtowardsshortnetsat �rst andis slowly reverseduntil only the
matchingtermmatters—adeterministicannealingalgorithm.Fromadimensionreduc-
tion perspective [2], theelasticnet is a probabilisticmodel(Gaussianmixture)with a
speci�c typeof prior (thesumof squaredlink lengths)thatmodelsa high-dimensional
city spacein termsof a low-dimensional,discretizedspace.It is thusrelatedto latent-
variablemodelssuchasthegenerative topographicmapping[3], andcanbeseenasa
probabilisticself-organisingmap(SOM) [4]. The elasticnet hasalsobeenappliedto
modelingoculardominanceandorientationmaps[5, 6], by interpretingthe net cen-
troidsasthepreferredstimuli of pointsin adiscretizedprimaryvisualcortex andusing
the trainingsetof “cities” asa sampleof thecontinuousstimulusspace.Biologically,
thelearningrule canbeinterpretedin termsof Hebbianlearningandtheprior in terms
of an intracorticalconnectivity function. In this context, Dayan[7] suggestedthe use
of moregeneralquadraticformsfor theintracorticalconnectivity prior. Herewede�ne
thegeneralizedprobabilisticmodelandanalyseby theoryandsimulationstheeffectof
differentdiscretepriorson thestructureof theresultingcorticalmaps.



2 The GeneralizedElastic Net

Givena collectionof centroidsf y m gM
m =1 � RD anda scaleparameter� 2 R+ , con-

sideraGaussian-mixturedensityp(x) =
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m =1
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M p(x jm) with x jm � N (ym ; � 2I D ).
Expressingthecentroidsasa D � M matrix Y = (y 1; : : : ; yM ), de�ne a smoothing,
or neighborhood-preserving,prior on thecentroidsp(Y ; � ) / exp(� �
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where� is a regularisationhyperparameterandS is a (semi)positive de�nite M � M
matrix. This prior canalsobe seenasa Gaussianprocessprior, with matrix S the in-
verseof theGaussianprocesscovariancematrix.Without theprior, thecentroidscould
bepermutedat will with no changein themodel,sincethevariablem is just anindex.
Theprior canbeusedto convey thetopological(dimensionandshape)andgeometric
(e.g.curvature)structureof a manifold implicitly de�ned by the centroids—i.e.,asif
thecentroidsresultedfrom discretizinga continuouslatentvariablemodelwith a uni-
form densityin a latentspaceof dimensionL (the“cortex”), a nonparametricmapping
from latentto dataspace(de�ned by thecentroidsY ) andanisotropicGaussiannoise
modelin dataspaceof dimensionD (the“stimuli space”)[8].

Given a training set expressedas a D � N matrix X = (x 1; : : : ; xN ), we are
interestedin deterministicannealingalgorithmsthatminimizetheenergy function
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over Y for �x ed � , startingwith a large � andtrackingtheminimumto a smallvalue
of � . E is derived from the log posteriorof the full model.We call the �rst term the
�tness term, arising from the Gaussianmixture p(X jY ; � ), and the secondterm the
tensionterm, arisingfrom theprior p(Y ). Themultiplicationof the �tness termby �
downweightsthe�tness termwith respectto thetensiontermas� decreases.Wedothis
because(1) onecan�nd goodsolutionsto combinatorialoptimisationproblemssuch
asthe TSP(which require� ! 0); and(2) if consideredasa dynamicalsystemfor
a continuouslatentspace,theevolution of thenetasa functionof � andthe iteration
index modelsthe temporalevolution of cortical maps[5, 6]. We also investigate the
behavior of themodelfor a largerrangeof � valuesthanhaspreviously beenpossible,
thanksto thenew algorithmwe introducein Sect.5.

To applytheelasticnetto practicalproblemssuchastheTSPor corticalmapmod-
eling, S shouldincorporatesomeknowledgeof the problembeingmodeled.S speci-
�es theexpectedtopologicalandgeometricstructureof thesolutions.Here,we �x the
topology, i.e., the neighborhoodrelationshipin the net, to be oneor two dimensions,
with openor periodicboundaryconditions,andfocuson theway thatS representspri-
ors on curvature.The prior hasa crucial impacton the �nal solutions.For instance,
in the applicationof the elasticnet to oculardominance,it helpsdeterminethe (em-
pirically testable)width of theoculardominancestripes.Thenext sectionstudiesthis
in anidealized,continuumlimit; Sect.4 considerstheunexpectedlydramaticeffect of
discretization;Sect.5 presentsthenew elasticnetalgorithmwhich allows us to study
a muchwider rangeof conditions;andSect.6 usesthis algorithmto verify andextend
our theoreticalresults.In Sect.3–4 we assumean M � 1 vectory def= Y T , sincethe
tensiontermseparatesin asumof D terms,oneperdimensionin RD (stimulusspace).



3 Regularisationof a ContinuousElastic Net

In a 1D continuoussettingfor which y = (ym ) becomesa real function of a real
variabley = y(t), considera tensiontermof thesmoothnessfunctionaltype:
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D is adifferentialoperatorands akernel,e.g.for thepth-orderderivativeDp = dp

dt p and
s = dp �

dt p where� is thedeltafunction.Suchoperatorscharacterizethemetricproperties
of y, suchasits curvature.Notethata basisof thenullspaceof Dp is f 1; t; : : : ; tp� 1g.
Whenthe�tness termis alsoquadratic,suchas

R
(y � g)2 dt for �x edg, regularisation

problemslike this canbe approachedfrom the point of view of function approxima-
tion in a Hilbert space—e.g.of the functionsy having derivativesup to orderp that
aresquare-integrable,i.e.,with seminorm

R
k�k2. This is thecasefor splineregression.

In our case,the �tness term is not quadraticbut resultsfrom Gaussian-mixtureden-
sity estimation;however, we canstill gain insight in theFourierdomain.By applying
Parseval's theoremto thecontinuoustensionterm(2) with pth-orderderivative Dp and
calling ŷ theFourier transformof y, we canseethat the tensionenergy is thesamein
bothdomains:
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j(i 2� k)pŷ(k)j2 dk =

�
2

Z 1

�1
(2� k)2p jŷ(k)j2 dk

sincethe Fourier transformof dp y
dt p is (i2� k)pŷ(k). This meansthat Dp is actingasa

high-pass�lter whosecutoff frequency increasesmonotonicallywith p; seeFig. 1(A).
Therefore,high-frequency functionswill incur a high penaltyandthe minima of the
energy will likely have low frequencies—subjectto theeffectof the�tness term.

Regularizationis thereforestraightforwardin thecontinuouscase.How thisextends
to thediscretecaseis thetopicof therestof thepaper.

4 DiscreteNets:Construction of S, Analysisof the TensionTerm

We considerS = D T D whereD is obtainedfrom a translationallyinvariant(convo-
lution) �lter that we representvia a stencil. The stencilapproximatesa derivative via
a �nite-dif ferencescheme,soS hasa zeroeigenvalueassociatedwith theeigenvector
of ones.This implies thatS will not bepositive de�nite so theprior will be improper,
andthat the tensiontermwill be invariantto rigid motionsof thenet (notethe �tness
term is invariantto permutationsof Y but not to rigid motionsof it). We thushave a
differentialprior tr
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 2 in termsof theFrobeniusnorm.

In 1D, we write a stencilas& = (: : : ; &� 2; &� 1; &0; &1; &2; : : : ), so that the rows of
theD matrix resultfrom successively shifting&andpaddingwith zerosat theends.We
have D T y = &� y . If M is largeand&hasonly a few nonzerocoef�cients, D will be
sparse.For example,for M = 7 andperiodicboundaryconditions(b.c.):
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With periodicb.c., D is a circulantmatrix. Whenothertypesof b.c. areused,e.g.for
netswith non-rectangularshapesor holes,D will bein generala quasi-Toeplitzmatrix
(dmn = dn � m exceptat a few elements).In elasticnetsof two or moredimensions,
D is circulantor quasi-Toeplitz by blocks.The original elasticnet model [1, 2, 5] is
obtainedby usinga stencil(0; � 1; 1); in 1D the tensiontermsimpli�es to thesumof
squaredlengths�

2

P
m kym +1 � ym k2.

Comparedwith thecontinuouscase,thediscretecasehasanextra degreeof free-
dom sincethe pth derivative can be representedby many different stencilsdiffering
in truncationerror. If the goal is accuracy at a reasonablecomputationcost(asin the
numericalsolutionof PDEs),thenoneseeksstencilshaving few nonzerocoef�cients
andhigh-ordertruncationerror. For example,both(0; � 1; 1) (forward-difference)and
(� 1

2 ; 0; 1
2 ) (central-difference)approximatethe�rst derivative,but with linearandqua-

draticerror, respectively, sothelatteris preferred.Surprisingly, in theelasticnet(where
accuracy is not the goal) it turnsout that stencilsof the sameordercanresult in nets
of completelydifferentcharacteristics.In particular, thehighestfrequency components
canfail to be penalized,giving rise to a “sawtooth” solution(Fig. 3), which is phys-
ically unreasonable.Here,we give a characterisationof discretedifferential stencils.
Thebasicideais thatwe canunderstandthetensiontermin termsof theeigenspaceof
S, andthatthelattercoincidesfor periodicb.c.with theFourierspectrumof thestencil,
i.e., theeigenvectorsare(co)sinewavesin abounded,discretefrequency interval.

For periodicb.c., D andS arecirculant.The mathematicalanalysisof 1D netsis
straightforward; we statethe main resultswithout proof (full detailsappearin [9]).
Many of themcarryover to theL-dimensionalcase.AssumethenethasM centroids
(whereM is even,for simplicity).

The eigenvectorsof S arediscreteplanewavesvmn = cos
�
2� m

M n
�

andwmn =
sin

�
2� m

M n
�
. Unlikethecontinuouscase,thediscretefrequency m is upperboundedby

M
2 . Thishighestfrequency correspondsto asawtoothwave(1; � 1; 1; � 1; : : : ; 1; � 1)T ,

which playsa signi�cant role with certainstencils.S has M
2 distinct eigenvalues� m

(since� m = � M � m for m = 1; : : : ; M � 1) which arereal nonnegative. The power
spectrumof the stencil& is equalto the eigenspectrumof S, i.e., j&̂� j2 = � � where
&̂� =

P M � 1
m =0 &m e� i 2� �

M m is the discreteFourier transformof &. � 0 = 0 is associated
with theconstanteigenvectorv 0 = (1; : : : ; 1)T ; and� M

2
is associatedwith thesawtooth

eigenvectorv M
2

= (1; � 1; 1; � 1; : : : ; 1; � 1)T .
By decomposingthe net in the eigenvectorbasisof S asa superpositionof plane

waves, it becomesclear that frequency m contributesa tension-termpenaltypropor-
tional to � m . Thus,given a stencil,its power spectrumgivesthe penaltyfor eachfre-
quency of thenet.Theconstanteigenvectorof onesis thesampledversionof aconstant
netandincurszeropenaltysince� 0 = 0 for a differentialoperator. However, sincethe
restof eigenvaluesarenonzeroin general,eigenvectorsof theform vmn = nm for �x ed
m 2 Z+ , correspondingto a monomialtm , arenot nulli�ed by D in thecirculantcase
(but they canbenulli�ed in thenonperiodicb.c. case).

A stencil&haszeropoweratthesawtoothfrequency iff
P

m even&m =
P

m odd&m =
0. We call sawtoothstencila stencilsatisfyingthis condition.The convolution of any
stencilwith a sawtoothstencilis alsosawtooth.For sawtoothstencils,thehighestfre-
quency incursno penaltyin thetensionterm,just asthezero-frequency wave (thecon-



stantnet)does—unlike thecontinuouscase,whereawaveof frequency m hasanaver-
agepenaltyproportionalto m2p.

Applying p timesa �rst-order stencil&resultsin apth-orderstencilwith matrixSp.
Thefamily of &consistsof all suchstencilsfor p � 1. We give speci�c resultsfor two
familiesthatareparticularlyimportant;seeFig. 1(B,C).

Forward-differencefamily This is de�ned by the�rst-order forward-differencestencil
&= (0; � 1; 1). Thepth-orderderivativestencilhaseigenvalues� m =

�
2sin

�
� m

M

��
2p.

Thestencilsarenot sawtooth.The�rst four stencilsare:

p Finitedifferencescheme Error term Stencil

1 y0
m � ym +1 � ym

h � y00(� ) h
2 (0; 1; 1)

2 y00
m � ym +2 � 2ym +1 + ym

h2 � y000(� )h (0; 0; 1; 2; 1)

3 y000
m � ym +3 � 3ym +2 +3 ym +1 � ym

h3 � yiv (� ) 3h
2 (0; 0; 0; 1; 3; 3; 1)

4 yiv
m � ym +4 � 4ym +3 +6 ym +2 � 4ym +1 + ym

h4 � yv (� )2h (0; 0; 0; 0; 1; 4; 6; 4; 1)

Figure1(B) showsthattheforward-differencefamily formsaprogressionwith p similar
to thatof thecontinuouscasewherethecurvesslopeupmoreslowly for largerp. Even
thoughthenullspaceis strictly thatof theconstantwave,sincetheonly null eigenvalue
is � 0, asp increasesthereareever morenear-zeroeigenvaluesfor thelow frequencies.
Thus,in this family low frequenciesarepracticallynotpenalizedfor highp.

Central-differencefamily This is de�ned by the �rst-order central-differencestencil
&=

�
� 1

2 ; 0; 1
2

�
. Thepth-orderderivative stencilhaseigenvalues� m = sin2p �

2� m
M

�
.

All stencilsare sawtooth. The stencil of order p can be obtainedfrom the forward-
differencestencilof orderp by intercalating0 every two componentsanddividing by
2p. Fig. 1(C) shows that this family alsohasa progressionwith decreasingslopesat
low frequencies,but sinceevery oneof its stencilsis a sawtoothstencil,both the low
andhighfrequenciesarenotpenalized.As M grows,morefrequenciesareallowedand
thenetapproachesthecontinuumlimit. However, for thecentral-differencefamily the
sawtoothfrequency remainsunpenalized.

5 Annealing Algorithms for Parameter Estimation

Existingalgorithmsfor optimizingtheelasticnetenergy functionincludegradientde-
scent[1] andmatrix iterationmethods(Gauss-Seidelin [5]). However, for large� , the
stepsizerequiredfor convergenceof gradientdescentbecomesverysmall,andthema-
trix iterationmethodsmayoccasionallydiverge.We thereforedevelopeda new, more
powerful, iterationscheme.For constant� , we look for stationarypoints:

@E
@Y

= �
1
�

(XW � YG ) + � Y
�

S + ST

2

�
= 0 =) YA = XW (3)
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Theweightwnm is alsotheresponsibilityp(mjx n ) of centroid� m for generatingpoint
xn , andso gm is the total responsibilityof centroid� m . The matrix XW is thena
list of averagecentroids.SinceS will typically be sparse(with a bandedor block-
bandedstructure),wecansolvethesystemYA = XW ef�ciently androbustlywithout
invertingA by computing(with prior reorderingif desired)theCholesky factorisation
A = LL T , whereL is lower triangularwith nonnegative diagonalelements.Y is then
obtainedby solvingtwo triangularsystemsby Gaussianelimination.

The Cholesky factorisation[10] is stablefor symmetricsemipositive de�nite ma-
tricesandterminatesin O( 1

3 M 3) for denseA but muchfasterfor sparseA , sinceL
preservesthe bandedstructure.Naturally, sinceW andG dependon Y , the method
shouldbeiterated.ThealgorithmcanbeseenasanEM algorithm,soit convergeswith
linear order. Thus,althoughcomparedwith conventionalgradientdescent,it requires
slightly morecomputationtime perstep(which is alwaysdominatedby thecomputa-
tion of W ), it generallyrequiresfewer iterationsto converge. This andits reliability
renderit preferable.

6 Simulation Resultsfor Cortical Map Modeling

In corticalmapmodeling[5, 6], thenets�rst developuniform retinotopy, andthenat a
bifurcationof theenergy, oculardominance(OD) andorientation(OR) mapsemerge.
There,themapsarewavesof a speci�c frequency � � for a rangeof � values.This fre-
quency � � resultsfrom atrade-off betweenthe�tness termpushingfor highfrequencies
andthetensiontermpenalizingfrequency m proportionallyto � � m . Theanalysisof the
tensiontermaloneindicatesthatthefrequency � � shoulddecreasewith � andincrease
with thestencilorderp, giventheprogressionof theeigenvaluecurvestowardspassing
higherfrequencieswith increasingp. This is con�rmed by oursimulations(Fig. 2; only
OD is shown). In [11], we show that thesedifferentialpriors correspondto Mexican-
hat lateralinteractionswith p oscillations(excitatoryvs inhibitory); andthatfor p > 1
thegeometricrelationsbetweentheOD andOR maps(e.g.intersectionangles)do not
matchthoseof thebiologicalmapsthathave beenobservedsofar.

Theelasticnetsresultingfrom thecentral-differencefamily veryoftencontainsaw-
toothpatterns.Suchsawtoothpatternsmaytake all thenetor partof it, andcanappear
superimposedon a lower-frequency wave for somevaluesof � (seeFig. 3). Onecan
alsounderstandwhy thishappensby notingthatthetensiontermdecouplesin two, one
for the even centroidsandthe otherfor the odd centroids.Otherwell-known stencils
arealsosawtooth,for examplein 2D thequadratic-errorLaplacianr 2

� = 1
2

�
1 0 1
0 � 4 0
1 0 1

�
.

7 Discussion

Thebehavior of thegeneralizedelasticnet is determinedby the joint effect of the �t-
nessandtensiontermsof its energy function.Ourseparateanalysisof thetensionterm
providesinsight into thestructureof theminimaof theenergy andmakesexplicit the
discrepanciesbetweenthe continuousand the discreteformulationsof the net. This
analysispavestheway for furtherwork in thegeneralizedelasticnet,suchasthestudy



of otherstenciltypes,nonperiodicb.c., andtheanalysisof bifurcationsfrom theHes-
sianof E andthecharacterof theemergentnets.It alsoappliesto otherproblemsfor
which a discretizedversionof a quadraticsmoothnessregularizeris used,e.g.in com-
putervision, imageprocessingor inverseproblems.The modelcanalsobe usedfor
unsupervisedlearning.We canextractMAP estimatesfor bothY and� (perhapswith
aprior on � ) with anEM algorithm,againbasedonCholesky factorization;or perform
Bayesianinferenceon � to attaingoodgeneralisationto unseendata(e.g.[12]).

Candifferentialpriorsbeusedwith theSOMandGTM?This is tricky for theSOM,
sinceit is not de�ned throughan objective function. However, it may be possibleto
introducethemin thelearningrule (similarly to momentumterms).SinceGTM de�nes
a continuousmapping,differentialpriors can,in principle,be usedexactly. However,
this is practicallycumbersome,so that they may be moreconvenientlyapproximated
by discretestencilsashere.

Differenceschemeshave beenusedextensively in thenumericalsolutionof differ-
ential equations[13]. In this context, the concernsregardingthe choiceof difference
schemeare:accuracy (whetherthetruncationerroris of high order, which will meana
fasterconvergence),stability (whetherthe approximatesolutionconvergesto the true
oneasthe stepsizetendsto zero)andsparsity(whetherthe schemehasfew nonzero
coef�cients, for computationalef�ciency). In our context of differentialpriors with a
discretenet,accuracy andstability arenot sorelevant,while whetherthestencilis for
instancesawtoothis crucial.
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[8] Carreira-Perpĩnán,M.Á.: ContinuousLatentVariableModelsfor DimensionalityReduc-

tion andSequentialDataReconstruction.PhDthesis,Universityof Shef�eld, UK (2001)
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(A) Continuouscase (B) Forward-diff. family (C) Central-diff. family
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Fig.1. 1D power spectrumassociatedwith the derivative of orderp of a continuousfunction,
P (k) = (2� k)2p , k 2 R+ ; andfor discretenetswith stencils(normalizedby total power) from
theforward-andcentral-differencefamilies,P�

def= j&̂� j2 , � = 0; : : : ; M =2.
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Fig.2. Selectedsubsetof oculardominancemapsimulationswith a 2D net with the forward-
differencefamily andopenb.c.Exceptfor p and� , all otherparametersandtheinitial conditions
arethesame.Thestripesarenarrower for low � andhighp.
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Fig.3. Sawtooth stencils.Left: 1D netsin a stimulusspaceof (retinotopy, oculardominance),
openb.c., with a non-sawtooth stencilabove anda sawtooth onebelow. Right: 2D sawteethin
oculardominancewith 3rd-orderstencil&= 1

2 (� 1; 2; 0; � 2; 1); cf. Fig. 2.


