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ABSTRACT

The LC Toolkit is an open-source library written in Python and Py-

Torch that allows to compress any neural network using several com-

pressions including quantization, pruning, and low-rank. The ver-

satility of the framework is rooted in the principled mathematical

formulation of the underlying network compression problems with

subsequent optimization by learning-compression (LC) algorithm.

In this paper, we utilize the LC toolkit’s common algorithmic base

to take a deeper look into ℓ0-constrained pruning problems defined

as follows: given a budget of κ non-zero weights, which weights

should be pruned in the final network? We observe that ℓ0-pruned

networks have a different connectivity structure compared to prun-

ing results using ℓ1 norm. We propose a change to the formulation

of the problem involving a small amount of ℓ2 weight decay which

has a favorable effect on connectivity structure. We study the prop-

erties of the proposed ℓ0 + ℓ2 formulation using the LC toolkit and

empirically demonstrate that such a scheme achieves a competitive

sparsity-error tradeoff while having better structural sparsity.

Index Terms— neural network compression toolkits, weight

pruning

1. INTRODUCTION

Neural networks have become an important computational solution

to day-to-day practical applications involving many machine learn-

ing tasks in computer vision, natural language understanding, signal

processing and other fields. As the complexity and task accuracy of

the neural networks has increased over the years, so have the sizes

and computational demands of these models. Therefore, the problem

of compressing large neural networks to reduce their computational,

storage, and power demands has gained significant interest in the

community. Although many papers have been published in the last

years discussing specialized algorithms, there is a need for a com-

mon framework to study these compression problems theoretically

and practically.

In this paper we study the problem of neural network pruning

using the algorithmic footing of the learning-compression (LC) al-

gorithm and its open-source PyTorch-based implementation: the LC

toolkit [1], which is available on Github1. At the current stage, the

LC toolkit includes compressions like quantization [2], pruning [3],

low-rank [4], and the additive [5] and mix-and-match combinations

of those; with the functionality of targeting the device-specific con-

straints [6]. The toolkit is extensible by design and allows us to add

a new, user defined compression type with minimal work. Math-

ematically, this is achieved by a generic formulation of the model

1https://github.com/UCMerced-ML/LC-model-compression

Method Test err Remaining weights Remaining neurons

reference 2.01% 100% 784-300-100-10

ℓ0 2.33% 2.0% 344-210-100-10

ℓ1 2.44% 2.4% 476-37-84-10

ℓ0 + ℓ2 (ours) 1.76% 2.0% 420-70-82-10
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Fig. 1. Top: Pruning of LeNet300 with ℓ0- and ℓ1-constrained for-

mulation, and with a proposed scheme of ℓ0 + ℓ2. We set κ = 2%
for ℓ0 methods, and for ℓ1 we chose the parameters to yield approx-

imately 2%-sparse net. Even though ℓ0- and ℓ1-pruned networks

have similar sparsities, the connectivity structure is very different:

with ℓ0 pruning, we observe many alive neurons, whereas the ℓ1-

pruned network has few, but relatively dense neurons. With our pro-

posed method of ℓ0 + ℓ2 regularization we achieve a much fewer

number of alive neurons across layers when compared to the pure

ℓ0. Bottom: Visualization of the same subset of the first layer neu-

rons corresponding to the networks in the table. Each small square

is a single neuron looking at an input of 28 × 28; colors represent

the following: white (pruned weights), red (positive weights), blue

(negative weights), gray (completely dead neuron, i.e., all weights

are pruned).

compression as a constrained optimization problem using auxiliary

variables and alternating optimization solution that separates model

learning (L step) from model compression (C step). Decoupling of

the learning and compression steps in the LC algorithm comes quite

handy not only in the practical application of the framework, but is

also useful for a deeper theoretical understanding of the compres-

sions themselves as we demonstrate in the example of ℓ0-pruning.

2. SETUP OF THE PRUNING PROBLEM

Due to overparametrization of the neural networks, often a signifi-

cant portion of the weights can be removed with a minimal impact

to the network’s task loss. This process is known as the network



pruning and can be formulated in various ways. Given a network

with weights w and task loss L, one possible formulation of prun-

ing is to use a sparsifying penalty P (w) and solve a regularized or

constrained formulation given as

min
w

L(w) + λP (w) or min
w

L(w) s.t. P (w) ≤ λ (1)

for some λ > 0. A usual choice for the pruning cost P (w) is to use

a convex sparsity-inducing norm like ℓ1 or ℓ1,2. Yet, a downside of

such formulation is the necessity to manually tune the strength of the

penalty as it is unclear which value of λ will yield a network with a

required sparsity.

A more direct way of formulating the pruning problem is by

precisely setting the total amount of allowed non-zero weights. Such

pruning problem is defined using the ℓ0-constraints as

min
w

L(w) s.t. ‖w‖0 ≤ κ, (2)

where κ is the total budget of the remaining parameters. The formu-

lation (2) is a particular case of the constrained problem in equation

(1) with P (w) = ‖w‖0. However, compared to a general pruning

formulation, the problem (2) has several advantages: 1) it eliminates

cumbersome trial-and-error process of tuning the hyperparameter λ
to achieve a desired sparsity level (e.g., what value of λ results in 1%

sparsity?) and 2) it allows to fit the network into the exact budget

dictated by the hardware constraints, e.g., memory budget or spar-

sity constraint. For instance, NVIDIA’s recent Ampere GPUs can

efficiently run the networks that has exactly 2 zeros in every block

of 4 consecutive weights [7], which is a particular case of eq. (2).

In principle, for a given level of sparsity the formulation (1) with

P (w) = ‖w‖1 should yield more or less the same networks as the

ℓ0 formulation (2). However, we empirically observe that this is

not the case. To illustrate this phenomenon, we used the LC toolkit

to reduce the LeNet300 network to the sparsity of ≈ 2% using ℓ0-

and ℓ1-constrained formulations (see Fig. 1). Although both net-

works achieve about the same accuracy and sparsity, we notice that

connectivity structure is drastically different. For example, the ℓ1-

pruned LeNet300 has only 37 alive neurons in the first layer (out

of 300), and these neurons are relatively dense; in contrast the ℓ0-

pruned LeNet300 has 210 alive neurons in the same layer. Upon

further inspection, we observed that the difference in the number of

alive neurons comes from the fact that the ℓ0-pruned network has

many neurons with few small weights which seemingly do not per-

form any meaningful work. This observation leads us to the follow-

ing question: can we change the constrained ℓ0 formulation (2) to

result into a pruned network with at most κ non-zero weights, but

having a nicer connectivity structure, like with ℓ1?

We propose modifying the problem (2) by adding a small

amount of ℓ2 weight decay as follows:

min
w

L(w) + λ ‖w‖22 s.t. ‖w‖0 ≤ κ, (3)

with the motivation that ℓ2 penalty will nudge the small valued

weights towards zero and allow more neurons to be pruned. We

study our modified formulation using the framework of the LC al-

gorithm and demonstrate that: 1) the pruning formulation (3) has

a similar effect on the structure of the model weights as the ℓ1
penalized formulation, however, unlike the ℓ1-version the number

of non-zero weights is controlled precisely; 2) the resulting net-

works achieve better error-pruning tradeoff when compared to pure

ℓ0- and ℓ1-pruned networks; and 3) the newly introduced hyper-

parameter λ does not need a heavy tuning, and choosing the value

of λ ∈ [10−5 10−4] is sufficient.

3. RELATED WORK

In recent years, many algorithmic and procedural solutions were pro-

posed to solve the problem (1) and related pruning formulations.

However, we limit our review to the pruning methods that are similar

in spirit to formulation (2): the ones that allow to target a specific,

exact number of remaining weights at the end of the pruning.

Saliency ranking methods The methods in this category assign an

importance measure to weights of the pre-trained neural network,

prune a certain fraction of less important weights and optionally

retrain afterwards. These methods are used as robust baselines due

to their simplicity and often show competitive results [8, 9]. Many

saliency measures have been proposed over the years: methods

based on the first- and second-order information of the loss function

[10–12]; methods based on magnitudes of the weights [13, 14, 8],

and others. All of these methods approximately solve, depending on

the quality of the saliency measure, the problem (2) iteratively by

pruning certain fraction at every step, until the κ-budget is reached.

Optimization methods The ℓ0 constraint has been studied in the

context of pruning mechanisms [3, 15], and in a general network

compression context with the goal of fitting a model into specific

hardware constraints [16, 17] where the underlying optimization re-

lied on the methods of multipliers with alternating optimization. Al-

ternatively, ℓ0-based pruning can be achieved in a Bayesian setting

using priors of special forms [18, 19].

On the usage of ℓ2 penalty The ℓ2 penalty has a strong regulariz-

ing effect, and can be seen as having a Gaussian prior on the weights

in the Bayesian treatment. The additive combination of the ℓ2 norm

has been extensively studied to improve the sparsification proper-

ties of LASSO problems and generally known as elastic net models

[20, ch. 4.2]. In this paper, we study the properties of a different

combination of ℓ0 + ℓ2 with the application to the pruning of neural

networks, which constitutes a new, and yet unexplored, avenue of

the pruning research.

4. OPTIMIZATION OF THE PROPOSED FORMULATION

The formulation (3) we are studying is a challenging problem due to

the non-differentiable constraint given by the ℓ0 norm and the non-

convexity of the task L. To make it amenable to standard optimiza-

tion software and to get an insight into the structure of the pruning,

we proceed by turning the problem into the learning-compression

(LC) formulation [21]. We introduce a duplicate variable θ with an

equality constraint of w = θ and then apply alternating optimiza-

tion. Depending on how we introduce the duplicates, we end up with

two different versions of the optimization. As we will show next, one

version of the algorithm reveals the shrinkage property of the ℓ0+ℓ2
combination, however, the other version of the algorithm can already

be implemented in the LC toolkit without any special modifications.

4.1. LC algorithm, version 1 (penalty in the C step)

When introducing the variable θ, let us leave L(w) as is, and replace

all other w occurrences with θ and jointly optimize the following:

min
w,θ

L(w) + λ ‖θ‖22 s.t. ‖θ‖0 ≤ κ, w = θ (4)

Now, to derive an efficient algorithm we apply the Quadratic Penalty

[22, ch. 17] (or augmented Lagrangian, which requires minor modi-

fication) to the equality constraints and optimize an equivalent prob-



formulation solution for θi

ℓ0 constrained [3] θi = wi · I(|wi| ≥ ηκ)

ℓ1 constrained [3] θi =
(

wi − sgn (wi)
λ
µ

)

· I(|wi| ≥
λ
µ
)

ℓ0 constrained. + ℓ2 penalty θi =
µ

µ+2λ
wi · I(|wi| ≥ ηκ)
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Fig. 2. C-step solutions of different pruning operators (top) and its graphical representation (bottom). Here, κ and λ are hyperparameters of

pruning operators, µ is the penalty parameter of Quadratic Penalty(or augmented Lagrangian), I is the indicator function, and ηk is κth largest

value in magnitude among all weights. The pruning operator consisting of only ℓ0-norm does not impose any shrinkage on the weights,

however combining the ℓ0 with ℓ1 or ℓ22 penalty will make surviving weights smaller.

lem while driving µ → ∞:

min
w,θ

L(w) + λ ‖θ‖22 +
µ

2
‖w − θ‖2 s.t. ‖θ‖0 ≤ κ

This reformulation is advantageous as it allows to apply alternating

optimization over w and θ where steps are given in the forms that

can be efficiently solved:

• L step of min
w

L(w) +
µ

2
‖w − θ‖2.

This step has the form of the neural network training, but with

an additional ℓ2 penalty. Such training can be handled by any

deep learning framework, and does not require any special

treatment. Following the LC paper [21] we call this step a

learning (L) step.

• C step of min
θ

µ

2
‖w − θ‖2 + λ ‖θ‖22 s.t. ‖θ‖0 ≤ κ

This step has the form of finding the optimal constrained θ

(with at most κ non zeros) minimizing a convex objective

function, and can be solved exactly. This step was called a

compression (C) step in [21].

Then, our optimization procedure is as follows: while slowly driving

µ → ∞ we alternate two simple steps: the step of neural network

training, and the step of optimal pruning (compression) of its weights

(w) into the duplicating θ. This duplicating variables should be con-

sidered as pruned copy of the weights: indeed, at the limit of µ → ∞
they both agree by satisfying w = θ.

Solution of the C step To find optimum θ
∗ of the C-step problem

(4.1), let us rewrite the ℓ0-norm using the index set Ω of size κ: we

say θi = 0 if and only if i /∈ Ω, and collectively refer to non-zero

weights as θΩ. Then, the C-step problem for µ > 0 can be written

as

min
θ,Ω

µ

2

∑

i∈Ω

(

(wi − θi)
2 +

2λ

µ
θ2i

)

+
µ

2

∑

i/∈Ω

w2
i (5)

We note that for a fixed index set Ω, the minimization of (5) wrt θ is

a convex problem with the solution of

θ
∗

Ω =
µ

µ+ 2λ
wΩ, (6)

and the loss of:

P (θ∗

Ω) =
λµ

µ+ 2λ

∑

i∈Ω

w2
i +

µ

2

∑

i/∈Ω

w2
i .

Therefore, to find the global optimum of eq. (5) it is sufficient to find

the set Ω that gives a minimal value of P (θ∗

Ω):

Ω∗ = argmin
Ω

P (θ∗

Ω).

Let us add and subtract the value of µ
2

∑

i∈Ω w2
i to P (θ∗

Ω) and make

some simplifications:

Ω∗ = argmin
Ω

P (θ∗

Ω) +
µ

2

∑

i∈Ω

w2
i −

µ

2

∑

i∈Ω

w2
i

= argmin
Ω

λµ

µ+ 2λ

∑

i∈Ω

w2
i +

µ

2

∑

i/∈Ω

w2
i +

µ

2

∑

i∈Ω

w2
i

︸ ︷︷ ︸
µ
2

∑
i w2

i

−
µ

2

∑

i∈Ω

w2
i

= argmin
Ω

∑

i∈Ω

−µ2

2(µ+ 2λ)
w2

i +
∑

i

w2
i = argmax

Ω

∑

i∈Ω

w2
i .

Here, the last step comes from the fact that
∑

i w
2
i is constant wrt Ω

and the term −µ2

2(µ+2λ)
is always negative. Thus, finding Ω∗ is equiv-

alent to selecting κ-sized subset with the largest sum among items

w2
i . This, in turn, has the solution of selecting the top κ weights in

their magnitude among w = [w1, . . . , wN ]:

Ω∗ = {i : wi ∈ Top-κ largest in magnitude items of w}. (7)

The set Ω∗ can be identified in O(N) time using medians-of-

medians modification of QUICKSELECT algorithm [23, ch. 9.3].

Overall, the C-step solution is given by first computing the Ω∗ using

eq. (7) and then computing the θ
∗

Ω using eq. (6).

Pruning properties The pruning properties of this C step is quite

interesting: we prune all but top-κ weights of w, and the remaining

values will get shrunk proportionally to their magnitude. This is in

contrast to the regular ℓ0 formulation of the pruning where all un-

pruned weights remain as is; and rather reminiscent of the shrinking

properties of the ℓ1 pruning (see illustration in Fig. 2). Additionally,

our ℓ0 + ℓ2 formulation has the advantages of both methods: we

can specify the amount of pruning precisely (unlike ℓ1 formulation),

while experiencing a shrinkage effect (unlike ℓ0 formulation).

Behavior of the algorithm Overall, the algorithm operates in the

following way. We slowly drive the value of µ → ∞ and alternate

two simple steps: the L step of neural network training, and the C

step of optimal pruning of the weights w into the duplicating θ. The

L step drives w closer to θ, however, the actual pruning happens

at the limit of µ → ∞. Such pruning is advantageous as weights

are not irrevocably destroyed: the C-step solution (i.e., the set of

pruned weights with their values) will change over the iterations to

select a better subset that has a lower loss. To run this version of

the algorithm we simply add our C-step implementation to the LC

toolkit (which is supported by design).
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Selected pruning results on LeNet300-ReLU

remaining w. test-err

reference network 100% 1.87%

variational dropout [18] 1.47% 1.92%

DNS [24] 1.78% 1.99%

DeepHoyer [25] 2.27% 1.60%

our ℓ0 + ℓ2, λ = 10−4 2.00% 1.60%

our ℓ0 + ℓ2, λ = 10−4 1.50% 1.99%

Fig. 3. Left: Results of pruning LeNet300-tanh using the ℓ0 pruning of [3], and our modified scheme ℓ0 + ℓ2 with both versions of the

algorithm and different amount (λ) of ℓ2-penalty. Our modified scheme ℓ0 + ℓ1 improves over regular ℓ0 pruning. Right: our pruned

LeNet300-ReLU models in comparison to selected results from the literature.

4.2. LC Algorithm, version 2 (penalty in the L step)

We can achieve a different version of the optimization algorithm,

if we do not substitute the duplicating variable θ into ℓ2-penalty of

(3), and leave it as is. Then, instead of reformulation (4) we get an

equivalent formulation of

min
w,θ

L(w) + λ ‖w‖22 s.t. ‖θ‖0 ≤ κ, w = θ. (8)

When we follow the similar steps as in sec. 4.1, the corresponding L

and C steps for this reformulation are as follows:

• L step of minw L(w) + λ ‖w‖22 +
µ
2
‖w − θ‖2

• C step of min
θ

µ

2
‖w − θ‖2 s.t. ‖θ‖0 ≤ κ

These L and C steps can be considered as a particular case of the

pruning formulation of the LC algorithm studied in [3] and, in fact,

can be implemented in the LC toolkit without any additional ex-

tensions to the library. Indeed, can use a loss of L′(w) = L(w) +
λ‖w‖22 instead of L(w): this means training the neural network with

a ℓ2 weight decay by itself. Both of the LC algorithms (versions 1

and 2) are equivalent: they solve the same ℓ0 + ℓ2 combination with

the same resulting solution (stationary point) under mild assump-

tions. However, only the first version of the algorithm reveals the

shrinking properties of the proposed pruning scheme, whereas the L

and C steps of the this (second) algorithm are non-informative.

5. EVALUATION

We run a set of highly controlled experiments to prune ReLU ac-

tivated LeNet300, tanh activated LeNet300, and Caffe version

of LeNet5 on the MNIST dataset. We train regular ℓ0- and ℓ1-

constrained models with various sparsities using the LC toolkit, and

compare it to ℓ0 + ℓ2 pruned networks obtained using both versions

1 and 2 of the LC algorithm. Since all evaluated algorithms are

within the family of learning-compression framework [21], we use

the same hyper-parameters across the experiments. We initialize our

models from pre-trained neural networks achieving test errors of

2.01% for LeNet300-tanh, 1.87% for LeNet300-ReLU, and 0.82%

for LeNet5. The LC algorithm is run for 30 iterations (we use aug-

mented Lagrangian version) with µt = µinit × bt at iteration t. Each

L step is trained with SGD (batch size 256) for 25 epochs with a

learning rate of 0.1 × 0.95t for LeNet300 and with a learning rate

of 0.05 × 0.95t for LeNet5 . After obtaining a pruned network we

perform finetuning for 25–50 epochs with a learning rate of 0.01.

On the left of Fig. 3 we report the results of pruning LeNet300-

tanh network using our ℓ0 + ℓ2 formulation. We prune networks

to a budget of κ = 1, 1.5, 2% of remaining weights using several

λ values, and compare to pure ℓ0 pruning. Small amounts of ℓ2
penalty improve the test errors of final networks across all sparsity

values when compared to the ℓ0-pruned networks. We also ask a

question of which version of the algorithm (1 or 2) should be used?

While we expect both algorithms to achieve same error for a given

sparsity, we observe that the networks compressed with version 2

of the algorithm have slightly better error-sparsity tradeoff. For all

subsequent experiments we use the second version of the algorithm.

On the right of Fig. 3, we report pruning results of LeNet300-

ReLU with κ of 1.5% and 2%, and the results in the literature with

similar sparsities. Our pruned models achieve comparable or better

error-sparsity tradeoff, yet have an advantage: we can specify the

number of remaining weights directly via κ, while other methods

require trial-and-error process to find the right settings.

For LeNet5 our ℓ0+ℓ2 scheme with λ = 10−5 achieves a pruned

network with κ = 1% of non-zero weights and test error of 0.89%,

while pure ℓ0-pruned network of Carreira-Perpiñán and Idelbayev

has an error of 1.06%. Our results are comparable with results of

Yang et al. [17] (κ = 0.9% with test error of 0.8%), Guo et al. [24]

(κ = 0.93% with test error of 0.91%) and Zhang et al. [15] (κ =
1.4% with test error of 0.8%).

We give the visualization of the pruned architectures and the

neurons of the first layer of LeNet300-tanh on Fig. 1. As expected

by our theoretical analysis, the ℓ0 + ℓ2 scheme exhibits a behavior

similar to the ℓ1-pruned network and has a fewer number of alive

neurons when compared to pure ℓ0 formulation.

6. CONCLUSION

We have studied the behavior of ℓ0-constrained pruning of the neu-

ral networks, which is a non-differentiable and non-convex problem.

We observed that by itself, ℓ0-pruned network results in an architec-

ture with many alive neurons having only a few non-zero weights. To

remedy such a behavior we proposed a modification of the ℓ0 prun-

ing involving a small amount of ℓ2 penalty and studied its proper-

ties using the common algorithmic framework of the LC toolkit. We

have discovered that the proposed formulation has a strong shrinkage

effect on the weights, which is similar to the effect of the ℓ1 formula-

tion of the pruning. Experimentally, we validated that our proposed

scheme achieves a better error for a given sparsity level when com-

pared to the regular ℓ0-pruned networks. This suggests that adding

the ℓ2 regularization (a regular weight decay) in small amounts is

beneficial to the large class of the pruning problems involving the

ℓ0 constraints and various magnitude-based criteria; and, perhaps,

worth considering as a rule-of-thumb addition for such algorithms.



7. REFERENCES

[1] Yerlan Idelbayev and Miguel Á. Carreira-Perpiñán, “LC: A
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