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ABSTRACT

Thetypical cutis aclusteringmethodthatis basecntheproba-
bility pnm thatpointsx, andxm, arein thesameclusteroverall pos-
sible partitions(underthe Boltzmanndistribution for themincutcost
function). We presentwo contritutionsregardingthisalgorithm. (1)
We shaw that, given a kerneldensityestimateof the data,minimis-
ing the overlapbetweerclusterdensitiess equivalentto the mincut
criterion. This givesa principledway to determinewhat af nities
andscalesto usein the typical-cutalgorithm, and more generally
in clusteringanddimensionalityreductionalgorithmsbasedn pair-
wiseaf nities. (2) Weintroduceaniteratedversionof thetypical-cut
algorithm,wherethe estimatecp,m areusedto re ne theaf nities.
We show this proceduréds equivalentto nding stationarypointsof
a certainobjective function over clusteringsandthatat the station-
ary pointsthe valueof pnm is 1 if n andm arein the samecluster
andasmallvalueotherwise. Thus,theiteratedtypical-cutalgorithm
sharpenshep,m matrixandmakesthe clusterstructuremoreobvi-
ous.

1. INTRODUCTION

Pairwise-distancealgorithmsfor clusteringuse as startingpoint a
collectionof af nity valueswnm betweerpairsof pointsx, andxm
(ratherthanthe actualfeaturevectors).Often Gaussiaraf nities are
usedwith a scaleparameter . While a numberof suchalgorithms
exist, de nition of theaf nities is problematicjn particularselecting
agood valuerequiresrunningtheclusteringalgorithmfor arange
of values.

In this papemwe shav a connectiorbetweerkerneldensityesti-
mationandthe de nition of af nities for clustering. We focuson
a particular pairwise-distancelgorithm, the typical cut [1, 5, 6],
thoughthe resultis more general. We also study an extensionof
thetypical-cutalgorithmobtainedby successiely iteratingit, which
tendsto polarisethe af nities, so a simpleinspectionis enoughto
clusterthedata.

We summarisehe typical-cutalgorithmin section2. We give
the relationwith kerneldensityestimationin section3 and exper
imentsin section4. We give the iteratedtypical-cutalgorithmin
sectionb.

2. AFFINITY -BASED CLUSTERING, MINCUT AND
TYPICAL CUT

We give a brief explanationof thetypical-cutclusteringalgorithmof
Blattetal.[1]. Assumenvehaveadatasetf x,gl-;  RP . Firstwe
de ne Gaussiarafnities wom = exp( 2(kxn Xmk=)?) 2
(0; 1] wherethe width  is taken asthe averagenearest-neighbour
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distanceoverthewholedataset. A proximity graphstructurecanbe
imposedby selectvely zeroingwnm values:ref. [1] useda nearest-
neighbougraphaugmenteavith theminimumspanningree(MST),
but othergraphsare alsopossible(e.g.the MST ensemblesf [2]).

valuesandN particles,in statisticalmechanicy). Now we de ne
thefollowing costfunctionover statess:

C(s) =

nm =1

Whm (1 Snism )

Thus, C(s) is the sumof the af nities of all pairsof pointswhose
statesaredifferent. Underthe Pottsmodel,C(s) is theenepy of the
systemstates, wherewnn are the magneticinteractionsbetween
particles. An alternatve view of C(s) resultsif we seewnm as
the weightmatrix of a graph: C(s) is the valueof the g-way graph
cut (whereeachof the g subgraphsontainverticeswith the same
spinvalue). Themincutcriterion[3] for graph-basedlusteringmin-
imisespreciselyC(s) over all clusterings.However in practicethis
oftenresultsin singletonclusterswhich haspromptednvestigation
of othergraph-cutfunctions(e.g.normalisedcuts[4] or the typical
cut).

In thetypical cut,we donotminimiseC(s) directly. Insteadwe
de ne aBoltzmanndistribution over statesat thermalequilibrium:

X
Q9= g exp( C(9=T) Z= " exp( C(5)=T)

statess

whereT > 0is thetemperaturef the systemwhich actsasascale
parameterWhenT ! 0, Q(s) tendsto a deltadistribution at the
global minimum of the enegy, which occursat the statewhereall
spinsarealigned( s, s, = 1), i.e.,thereis asinglecluster When
T! 1,Q(s)tendstoauniformdistribution,with all statesequally
likely. Intermediatel valuesresultin intermediateclusterings.At
x edT, we de ne theprobabilityp,m thatpointsx, andxm, arein
the sameclusterastheir averageco-aliggmenunderthe Boltzmann
distribution,i.e., pim = Nsyismiq = gatess Q(S) spism - Blatt
etal. [1] amguethat, whena clusterstructureexistsin the data,the
clusterscan be found by: (1) locating an appropriateT value by
inspectingthe behaiour of a certainfunction (T) (whosedetails
we omit) which displaysthe phaséransitionsof the system;and(2)
building agraphwherepointsx, andx, areconnectedf ppm > %

The connecteccomponent®f this graphgive the clusters. Blatt et
al. [1] shav goodclusteringresultsin severaldatasets.

1Theresultingnumberof clustersis not restrictedby the choiceof g [1].
It is advisableto usea large q (which givessharperesults)thoughthis also
increaseshe statespaceandsothe computationatompleity.



The averagesover Q (€.9.pnm = hs,ispm iQ) mustbe com-
putedapproximatelybecausehe partitionfunctionZ is a sumover
gV statesfor which we lack a closed-formexpression. Ref. [1]
usesa Markov-chainMonte Carjp approachwhereanaverageA =
PA(s)i, is approximatedisMi '&’Ll A(sk) by meansof asample
fscgi, from the Q distribution, obtainedusing Swendsen-\aihg
sampling(vastly moreef cient than Gibbs samplingfor this prob-
lem). Othermethodsfor approximatingpnm have beenproposed
(randomizedreessampling[5], generalisedbelief propagtion[6]).

3. RELATION WITH KERNEL DENSITY ESTIMATION

Assumewe have a kerneldensityestimatefor the dataset:

X
P(x) = Ni Kn(X Xn):

n=1

For example,we cantake a Gaussiarkernelwith x edisotropicco-

variancesKn (x  Xn) = (2 %) PZexp( i(kx xnk=)?).
Given a partition of the datasetinto q clusters(s = (s1;:::;Sn)
with s, 2 f1;:::;qg), de ne theclusterdensities
1
Pi(x;s) = N Kn(X Xn) iss,
"'h=1

(wherei =
pointsin clusteri). Thatis, P; is thekerneldensityestimatefor the
pointsin clusteri. We alsohave
XN, xd
P(x) = Wpi (x) = iPi(x):
i=1 i=1

We measurehe densityoverlapbetweertwo clusterd, j asin [7]
z

G (s)= Pi(x;9)P;(x;s) dx:
We obtain
G (s)= Pi(x;9)Pj(x;s)dx
1 X 1 X
= Wn;m . isn jismWnm = NN, . Wnm

(thatis, proportionalto thesumof theedgeghatcrossbetweerclus-
tersi andj ) if we de ne theaf nities
z
Whm =  Knp(X  Xn)Km(X  Xm)dx: (2)

For example,for the isotropicGaussiarkernelof xsclwidth we
obtainwnm = (4 %) Pexp( 3(kxn Xmk= 2)3).

A plausibleclusteringobjective function to minimise over all
partitionss is the collective densityoverlap:

) xa
C(s)= N i iGi(s)
i6]j |
2 X 2 '
=N i 1Gi (9) Gi(s)
ij =1 i=1 1
X X xXa X X
= % Wnm Wnm E =2 Wnm -
ij =1 n2i i=1 nm 2i nm 2

m2j 6 cluster s

Thuswe seethatminimisingthe collective densityoverlapis equiv-
alentto minimisingthe sumof af nities of crossingedgeswhichis
identicalto themincutobjective function,andto theenegy function
in the typical-cutBoltzmanndistribution. Beyond thosetwo meth-
ods,our resultsuggests principled,objectve way to determinethe
pairwiseaf nity betweentwo points, namelyas given by a kernel
densityestimate(which in turn was estimatedo optimisee.g.the
likelihood of the data). For example,if we wantto useisotropic
Gaussiarafnities of x edwidth , thenthe appropriate value
is that correspondingo a Gaussiankernel density estimatewith
x ed isotropic covariances2 1. Apart from relating two differ-
entproblemd(clusteringanddensityestimation)this avoidssolving
the clusteringproblemfor mary  valuesin orderto obtaina good
clustering—insteadye nd agooddensityestimatewhich maybe
moreef cient.

4. EXPERIMENTS

Herewe shav thatderiving the af nities from a kerneldensityes-
timateusingeq. (1) resultsin high-qualityaf nities thatin turnim-
prove clusteringwith e.g.thetypical-cutalgorithm.We useisotropic
Gaussiaraf nities Wom / exp( 3(kxn  Xmk= nm)?),ie.,we
assumea Gaussiarkernel densityestimate. We testthe following
rulesfor selectinghewidths nm :

1. Constant nm = a, equalto the averagenearest-neighbour
distanceover the whole dataset. This is the rule usedin the
original typical-cutpaper1].

2. Constant nm = , setasin therulein [8, pp.85-87],which
is optimalin themeanintegratedsquareerrorsense.

3. Constant nm = , setby aleave-one-oumaximumlikeli-
hoodestimator9].

4. Adaptive kerneldensityestimatowhereK , (X X ) iSiso-
tropic Gaussiarwith width , = an wherea, is theaver
agedistanceo thek nearesheighbourf x, (k is choserin
adwanceand x edfor all x,), and is chosento maximise
the likelihood. This resultsin adaptve af nities wynm =

2 2+ 3 xmk= Z¥ % 7.

5 1
Zexp 5 kxn

It is also possibleto usefull-covariancekernels,or non-Gaussian
kernelsto de ne theaf nities wnm in eq.(1).

Figure 1 shaws the resultsfor a dataset containingtwo very
differentscalesonecompactlusterandoneloosecluster We shav
theaf nity matricesfor eachselectiorrule. It is apparenthat,when
a constant is used,the traditionally establishedules (basedon
maximisinglik elihoodor minimisingtheerror)resultin signi cantly
betteraf nities thanthe typical-cutrule; while the adaptve kernel
estimatorobtainsthe bestresults.

5. ITERATED TYPICAL CUT

In thetypical cut, we hopethatthe probabilitiespnm = hs, sy ig
aresigni cantly high for pointsthat shouldbein the samecluster;
theconnecteaomponentsf thegraphde ned by thresholdingonm
give thentheclusters We canseethep,m valuesasre ned versions
of theoriginal af nities wnm . Thelatterwerepurelylocalin nature,
sincethey dependonly on x,, andxm, , andarethusnot foolproof
predictorsof whetherx,, andxm shouldbe clusteredogether The
pnm introducecontextual information, so that pairs of pointswith
thesameaf nity mayhave signi cantly differentp,m values.

It seemghennaturalto re ne theaf nities evenfurtherby feed-
ing the pnm Vvaluesbackto the typical-cutalgorithm. Thatis, we



Typical-cutrulefor [1]

Datasetf xn gho;

Leave-one-ouML estimatof9]

Meanintegratedsquareerrorrule [8]

Adaptive kerneldensityestimator

Fig. 1. Af nity matrices(wnm ) obtainedwith the differentrulesfor theaf nity scale for thedataseshovn ontheleft. Therulesderived
from the densityestimate@mprove over thetypical-cutrule. In particular the adaptve kerneldensityestimatoris ableto usedifferentscales
in differentregionsof the dataandsoproducea muchbetteraf nity matrix, asis apparentn its block structure.Note: gures 1 and2 should

ve viewedin colour.

startwith af nities wnn andobtainp,m ; thenwe de ne asinputto
thetypical-cutalgorithmthere ned af nities pnm Wnm , anditerate.
If this processconverges,the P = (pnm ) valuesmustsatisfythe
self-consistenequation:

X C(siP)
e __ 2
Pam = T /D) Sn:Sm
statess z(P
C(siP)
Z(P) = e T ; C(sP)= Wam Pam (1 spism )
statess nm =1

We caninterpretthis resultin a Markov chainsense:successk it-
erationspropagte information over the graph (de ned by wnm ),
sharpeningthe result obtainedin the rst iteration. Note that it
makesno sensdo rede netheafnities asp,m directly ratherthan
Prm Wnm . In the former case,the wnm would only initialise the
x ed-pointiterationbut eq.(2) would notdependonwym , whichis
preciselythe dataset-dependeimformation.

This equationcanbe usedasthe basisof a x ed-pointiteration.
Assumingwn,m > 08n; m, it is easyto shav thatthis equationcan
alsobederivedasthestationarypoint of thefollowing costfunction:

!

X cs;p) 1 X pa
J(P) = eXp : + = Wnm  Pnm -
statess T T nm =1 | 2
X p2 '
=Z(P)exp = Wnm  Pnm r;n

We cangain understandingf the characteof the x ed pointsof J
by examiningits extremecases:

WhenT ! 0, the Boltzmanndistribution tendsto a delta
centrecattheglobalminimumof C(s; P), namelythesingle-
clustercasewhereall spinsarealigned(s, = sm 8n; m).
We obtainpnm = 18n;m, i.e.,P is amatrix of ones.The
Hessiarof J is proportionakto  diag (wnm ) andsonegative
de nite, thusthe solutionis amaximumof J (P).

WhenT ! 1 ,theBoltzmanndistributiontendsto auniform
distribution, with all statesequallylikely. We obtainthatthe
x edpointisatpym = 1ifn = m and% if n 6 m, and
agpintheHessiarof J is proportionatto  diag (Wnm ), thus
negative de nite, andthe solutionis a maximum.

Thisis alsocon rmed by analysingexactlythesimplecaseof N = 2
datapoints,for whicheq.(2) becomep = 1=(1+(q 1)e 2¥P<T)2
(3:1). ForsmallT,p  1;forlargeT,p  ¢; andfor arangeof
intermediateT , thereare3 x ed points,of which only p 1 and
p ; arestable.

This suggestshatfor the generalcase for stableclusteringsat
intermediatevaluesof T (asdetecteck.g.usingthe (T) functionin
[1]) weshouldobtainpnm  1if n andm arein thesameclusterand
Pam % otherwise. Therefore the (possiblypermuted)matrix P
is madeup of blocksof onesalongthe diagonal(for theintra-cluster
Pnm ) @andvalues % elsavhere. Usually q is quite larger than2,
sol 1 andjustby inspectionwe cantell which pointsarein the
sameclusterwithout the needto computeconnectedccomponents.
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Fig. 2. Matrix P = (pnm ) Of contetual af nities producedaf-
ter corvergenceof theiteratedtypical-cutalgorithmfor the dataset
shavn onthetop, for 3 regimesof T, usingGaussiaraf nities with

= 0:2, q = 20 spinvaluesandM = 1000 Swendsen-\&hg
sampleqthe datasetontainsonly N = 16 pointssotheindividual
pnm Valuescanbe seen). We showv the P matrix that resultsfrom
the rst iteration (i.e., the original typical-cutalgorithm)and after
convergenceof theiteratedtypical-cutalgorithm(which occurredn
afew iterations).In the rst iteration,thevaluesof p.m canbefar
therfrom 1 (darkred)and = 0:05 (darkblue); noticethecolorbar
Thus,thresholding® and nding its connecteccomponentss nec-
essary In the iteratedversion,all ppm approximatelycorvergeto
either1 (diagonalblocks,i.e., clusters)or  (off-diagonalblocks),
thussharpeningheaf nities. Notethenumberofclustersforaglven
T neednotbethesamefor bothversions.

Thisis con rmedin theexperimentof g. 2 (usingSwendsen-\&hg
samplingto estimatethe p,m probabilities[1]), which shovs how
theinitial P containsawide rangeof valuesin (0; 1) while the nal
P (afterafew iterations)binarisesnto thetwo polesf %; 1g.

Computationallynotethatwe cannotreusethe sameSwendsen-
Wang samplefor differentiterationssincethe Boltzmanndistribu-
tion dependn P, which changesver iterations. Experimentally
we obserethatthe“1” valuescorvergevery fast(a coupleof itera-
tions)while the“ 1" valuesoscillatemildly; this is presumablydue
to thesamplingnoise.

In summary by startingwith local af nities wnm anditerating
the constructionof contextual af nities pnm de ned by the typical
cut, we obtaina sharplybinarisedaf nity matrix P wherethe clus-
teringstructureatthegivenscaleT is obvious. Thisis analternatve
to thresholdingheinitial P and nding its connectecomponents.

6. DISCUSSION

We have shawvn (1) that onecande ne pairwiseaf nities between
datapoints given a kernel density estimate,and (2) that the iter-
atedtypical cut can producesharpcontetual af nities. Although
we have focusedon the typical cut, our rst resultappliesmore
generallyto pairwise-distancealgorithmsfor clustering(e.g. nor
malisedcuts, spectralclustering[4]) and dimensionalityreduction
(e.g.Laplacianeigenmapg10]). Suchalgorithmsrequirea search
(or clever choice)over the af nity scaleparameter to succeed.
Ourresulttransformgheproblemof nding goodaf nities andgood
scales into nding gooddensityestimates—avell-researchegrob-
lem for which objective rulesexist. (Corversely given a ground-
truth clusteringof the data,we could invert this processto nd

for which this clusteringoccursanduseit for kerneldensityestima-
tion.) This point of view bringstogetherdensityestimation,prox-
imity graphsandaf nities in a principledway. For example,using
a nite-support kernel (suchasthe Epanechniv kernel,i.e., qua-
dratic up to distance , 0 beyond) automaticallyresultsin a sparse
graph. By using an adaptve kernel size we obtain both a density
estimateanda proximity graph(givenby the af nities).
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