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ABSTRACT

Thetypicalcut is aclusteringmethodthatis basedontheproba-
bility pnm thatpointsx n andx m arein thesameclusteroverall pos-
siblepartitions(undertheBoltzmanndistributionfor themincutcost
function).Wepresenttwo contributionsregardingthisalgorithm.(1)
We show that,givena kerneldensityestimateof thedata,minimis-
ing theoverlapbetweenclusterdensitiesis equivalentto themincut
criterion. This givesa principledway to determinewhat af�nities
andscalesto usein the typical-cutalgorithm,andmoregenerally
in clusteringanddimensionalityreductionalgorithmsbasedonpair-
wiseaf�nities. (2) Weintroduceaniteratedversionof thetypical-cut
algorithm,wheretheestimatedpnm areusedto re�ne theaf�nities.
We show this procedureis equivalentto �nding stationarypointsof
a certainobjective functionover clusterings;andthatat thestation-
ary pointsthevalueof pnm is 1 if n andm arein thesamecluster
andasmallvalueotherwise.Thus,theiteratedtypical-cutalgorithm
sharpensthepnm matrixandmakestheclusterstructuremoreobvi-
ous.

1. INTRODUCTION

Pairwise-distancealgorithmsfor clusteringuseas startingpoint a
collectionof af�nity valueswnm betweenpairsof pointsx n andx m

(ratherthantheactualfeaturevectors).OftenGaussianaf�nities are
usedwith a scaleparameter� . While a numberof suchalgorithms
exist,de�nition of theaf�nities is problematic,in particularselecting
agood� valuerequiresrunningtheclusteringalgorithmfor a range
of � values.

In thispaperweshow aconnectionbetweenkerneldensityesti-
mationand the de�nition of af�nities for clustering. We focuson
a particularpairwise-distancealgorithm, the typical cut [1, 5, 6],
thoughthe result is more general. We also study an extensionof
thetypical-cutalgorithmobtainedby successively iteratingit, which
tendsto polarisethe af�nities, so a simple inspectionis enoughto
clusterthedata.

We summarisethe typical-cutalgorithmin section2. We give
the relationwith kerneldensityestimationin section3 andexper-
imentsin section4. We give the iteratedtypical-cut algorithm in
section5.

2. AFFINITY -BASED CLUSTERING, MINCUT AND
TYPICAL CUT

Wegiveabrief explanationof thetypical-cutclusteringalgorithmof
Blatt etal. [1]. Assumewehaveadatasetf x n gN

n =1 � RD . Firstwe
de�ne Gaussianaf�nities wnm = exp(� 1

2 (kx n � x m k =� )2) 2
(0; 1] wherethe width � is taken asthe averagenearest-neighbour

distanceover thewholedataset.A proximity graphstructurecanbe
imposedby selectively zeroingwnm values:ref. [1] useda nearest-
neighbourgraphaugmentedwith theminimumspanningtree(MST),
but othergraphsarealsopossible(e.g.theMST ensemblesof [2]).
Givena �x edintegerq > 2, de�ne a statevectors = (s1 ; : : : ; sN )
wheresn 2 f 1; : : : ; qg is thelabelfor x n (aPottsmodelwith q spin
valuesandN particles,in statisticalmechanics1). Now we de�ne
thefollowing costfunctionoverstatess:

C(s) =
NX

n;m =1

wnm (1 � � sn ;s m ):

Thus,C(s) is the sumof the af�nities of all pairsof pointswhose
statesaredifferent.UnderthePottsmodel,C(s) is theenergy of the
systemstates, wherewnm are the magneticinteractionsbetween
particles. An alternative view of C(s) resultsif we seewnm as
theweightmatrix of a graph:C(s) is thevalueof theq-way graph
cut (whereeachof the q subgraphscontainverticeswith the same
spinvalue).Themincutcriterion[3] for graph-basedclusteringmin-
imisespreciselyC(s) over all clusterings.However in practicethis
oftenresultsin singletonclusters,which haspromptedinvestigation
of othergraph-cutfunctions(e.g.normalisedcuts[4] or the typical
cut).

In thetypicalcut,wedonotminimiseC(s) directly. Instead,we
de�ne aBoltzmanndistributionoverstatesat thermalequilibrium:

Q(s) =
1
Z

exp(� C(s)=T) Z =
X

statess

exp(� C(s)=T)

whereT > 0 is thetemperatureof thesystem,which actsasa scale
parameter. WhenT ! 0, Q(s) tendsto a deltadistribution at the
global minimum of the energy, which occursat the statewhereall
spinsarealigned(� sn ;s m = 1), i.e., thereis a singlecluster. When
T ! 1 , Q(s) tendsto auniformdistribution,with all statesequally
likely. IntermediateT valuesresult in intermediateclusterings.At
�x edT , wede�ne theprobabilitypnm thatpointsx n andx m arein
thesameclusterastheir averageco-alignmentundertheBoltzmann
distribution, i.e., pnm = h� sn ;s m i Q =

P
statess Q(s)� sn ;s m . Blatt

et al. [1] arguethat, whena clusterstructureexists in the data,the
clusterscan be found by: (1) locating an appropriateT value by
inspectingthe behaviour of a certainfunction � (T ) (whosedetails
weomit) whichdisplaysthephasetransitionsof thesystem;and(2)
building agraphwherepointsx n andx m areconnectedif pnm > 1

2 .
The connectedcomponentsof this graphgive the clusters.Blatt et
al. [1] show goodclusteringresultsin severaldatasets.

1Theresultingnumberof clustersis not restrictedby thechoiceof q [1].
It is advisableto usea largeq (which givessharperresults)thoughthis also
increasesthestatespaceandsothecomputationalcomplexity.



The averagesover Q (e.g. pnm = h� sn ;s m i Q ) must be com-
putedapproximatelybecausethepartitionfunctionZ is a sumover
qN statesfor which we lack a closed-formexpression. Ref. [1]
usesa Markov-chainMonteCarloapproach,whereanaverageA =
hA(s)i Q is approximatedas 1

M

P M
k =1 A(sk ) by meansof a sample

f sk gM
k =1 from the Q distribution, obtainedusingSwendsen-Wang

sampling(vastly moreef�cient thanGibbssamplingfor this prob-
lem). Other methodsfor approximatingpnm have beenproposed
(randomizedtreessampling[5], generalisedbeliefpropagation[6]).

3. RELATION WITH KERNEL DENSITY ESTIMATION

Assumewehaveakerneldensityestimatefor thedataset:

P (x ) =
1
N

NX

n =1

K n (x � x n ):

For example,we cantake a Gaussiankernelwith �x edisotropicco-
variances:K n (x � x n ) = (2� � 2) � D =2 exp(� 1

2 (kx � x n k =� )2).
Given a partition of the dataset into q clusters(s = (s1 ; : : : ; sN )
with sn 2 f 1; : : : ; qg), de�ne theclusterdensities

Pi (x ; s) =
1

N i

NX

n =1

K n (x � x n )� i;s n

(wherei = 1; : : : ; q indexesthe clustersandN i is the numberof
pointsin clusteri ). That is, Pi is thekerneldensityestimatefor the
pointsin clusteri . Wealsohave

P(x ) =
qX

i =1

N i

N
Pi (x ) =

qX

i =1

� i Pi (x ):

Wemeasurethedensityoverlapbetweentwo clustersi , j asin [7]

Cij (s) =
Z

Pi (x ; s)Pj (x ; s) dx :

Weobtain

Cij (s) =
Z

Pi (x ; s)Pj (x ; s) dx

=
1

N i N j

NX

n;m =1

� i;s n � j ;s m wnm =
1

N i N j

X

n 2 i
m 2 j

wnm

(thatis, proportionalto thesumof theedgesthatcrossbetweenclus-
tersi andj ) if wede�ne theaf�nities

wnm =
Z

K n (x � x n )K m (x � x m ) dx : (1)

For example,for the isotropicGaussiankernelof �x edwidth � we
obtainwnm = (4� � 2) � D =2 exp(� 1

2 (kx n � x m k =
p

2� )2).
A plausibleclusteringobjective function to minimise over all

partitionss is thecollectivedensityoverlap:

C(s) = N 2
qX

i 6= j

� i � j Cij (s)

= N 2

 
qX

i;j =1

� i � j Cij (s) �
qX

i =1

� 2
i Cii (s)

!

=

0

B
@

qX

i;j =1

X

n 2 i
m 2 j

wnm �
qX

i =1

X

n;m 2 i

wnm

1

C
A = 2

X

n;m 2
6= cluster s

wnm :

Thuswe seethatminimisingthecollective densityoverlapis equiv-
alentto minimisingthesumof af�nities of crossingedges,which is
identicalto themincutobjective function,andto theenergy function
in the typical-cutBoltzmanndistribution. Beyond thosetwo meth-
ods,our resultsuggestsa principled,objective way to determinethe
pairwiseaf�nity betweentwo points,namelyasgiven by a kernel
densityestimate(which in turn wasestimatedto optimisee.g. the
likelihood of the data). For example, if we want to useisotropic
Gaussianaf�nities of �x ed width � , then the appropriate� value
is that correspondingto a Gaussiankernel density estimatewith
�x ed isotropic covariances2� 2 I . Apart from relating two differ-
entproblems(clusteringanddensityestimation),thisavoidssolving
theclusteringproblemfor many � valuesin orderto obtaina good
clustering—instead,we �nd a gooddensityestimate,which maybe
moreef�cient.

4. EXPERIMENTS

Herewe show that deriving the af�nities from a kerneldensityes-
timateusingeq.(1) resultsin high-qualityaf�nities that in turn im-
proveclusteringwith e.g.thetypical-cutalgorithm.Weuseisotropic
Gaussianaf�nities wnm / exp (� 1

2 (kx n � x m k =� nm )2), i.e.,we
assumea Gaussiankerneldensityestimate.We test the following
rulesfor selectingthewidths� nm :

1. Constant� nm = a, equalto the averagenearest-neighbour
distanceover thewholedataset. This is therule usedin the
original typical-cutpaper[1].

2. Constant� nm = � , setasin therule in [8, pp.85–87],which
is optimalin themeanintegratedsquareerrorsense.

3. Constant� nm = � , setby a leave-one-outmaximumlikeli-
hoodestimator[9].

4. Adaptive kerneldensityestimatorwhereK n (x � x n ) is iso-
tropic Gaussianwith width � n = � an wherean is theaver-
agedistanceto thek nearestneighboursof x n (k is chosenin
advanceand�x ed for all x n ), and� is chosento maximise
the likelihood. This resultsin adaptive af�nities wnm =
�
2�

�
� 2

n + � 2
m

�� � D
2 exp

�
� 1

2

�
kx n � x m k =

p
� 2

n + � 2
m

� 2
�

.

It is also possibleto usefull-covariancekernels,or non-Gaussian
kernels,to de�ne theaf�nities wnm in eq.(1).

Figure 1 shows the resultsfor a dataset containingtwo very
differentscales:onecompactclusterandoneloosecluster. Weshow
theaf�nity matricesfor eachselectionrule. It is apparentthat,when
a constant� is used,the traditionally establishedrules (basedon
maximisinglikelihoodor minimisingtheerror)resultin signi�cantly
betteraf�nities thanthe typical-cut rule; while the adaptive kernel
estimatorobtainsthebestresults.

5. ITERATED TYPICAL CUT

In thetypical cut, we hopethat theprobabilitiespnm = h� sn ;s m i Q
aresigni�cantly high for pointsthat shouldbe in the samecluster;
theconnectedcomponentsof thegraphde�nedby thresholdingpnm

givethentheclusters.Wecanseethepnm valuesasre�ned versions
of theoriginalaf�nities wnm . Thelatterwerepurelylocal in nature,
sincethey dependonly on x n andx m , andarethusnot foolproof
predictorsof whetherx n andx m shouldbeclusteredtogether. The
pnm introducecontextual information,so that pairsof pointswith
thesameaf�nity mayhavesigni�cantly differentpnm values.

It seemsthennaturalto re�ne theaf�nities evenfurtherby feed-
ing the pnm valuesback to the typical-cutalgorithm. That is, we
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Fig. 1. Af�nity matrices(wnm ) obtainedwith thedifferentrulesfor theaf�nity scale� for thedatasetshown on theleft. Therulesderived
from thedensityestimateimprove over thetypical-cutrule. In particular, theadaptive kerneldensityestimatoris ableto usedifferentscales
in differentregionsof thedataandsoproduceamuchbetteraf�nity matrix,asis apparentin its blockstructure.Note: �gures 1 and2 should
veviewedin colour.

startwith af�nities wnm andobtainpnm ; thenwe de�ne asinput to
thetypical-cutalgorithmthere�ned af�nities pnm wnm , anditerate.
If this processconverges,the P = (pnm ) valuesmustsatisfy the
self-consistentequation:

pnm =
X

statess

e� C ( s; P )
T

Z (P )
� sn ;s m (2)

Z (P ) =
X

statess

e� C ( s; P )
T ; C(s; P ) =

NX

n;m =1

wnm pnm (1 � � sn ;s m ):

We caninterpretthis resultin a Markov chainsense:successive it-
erationspropagate information over the graph(de�ned by wnm ),
sharpeningthe result obtainedin the �rst iteration. Note that it
makesno senseto rede�ne theaf�nities aspnm directly ratherthan
pnm wnm . In the former case,the wnm would only initialise the
�x ed-pointiterationbut eq.(2) would not dependon wnm , which is
preciselythedataset-dependentinformation.

This equationcanbeusedasthebasisof a �x ed-pointiteration.
Assumingwnm > 0 8n; m, it is easyto show thatthisequationcan
alsobederivedasthestationarypointof thefollowing costfunction:

J (P ) =
X

statess

exp

 

�
C(s; P )

T
+

1
T

NX

n;m =1

wnm

�
pnm �

p2
nm

2

� !

= Z (P ) exp

 
1
T

NX

n;m =1

wnm

�
pnm �

p2
nm

2

� !

:

We cangain understandingof thecharacterof the �x edpointsof J
by examiningits extremecases:

� When T ! 0, the Boltzmanndistribution tendsto a delta
centredattheglobalminimumof C(s; P ), namelythesingle-
clustercasewhereall spinsarealigned(sn = sm 8n; m).
We obtainpnm = 1 8n; m, i.e., P is a matrix of ones.The
Hessianof J is proportionalto � diag (wnm ) andsonegative
de�nite, thusthesolutionis amaximumof J (P ).

� WhenT ! 1 , theBoltzmanndistributiontendsto auniform
distribution, with all statesequallylikely. We obtainthat the
�x ed point is at pnm = 1 if n = m and 1

q if n 6= m, and
again theHessianof J is proportionalto � diag (wnm ), thus
negativede�nite, andthesolutionis amaximum.

Thisisalsocon�rmedbyanalysingexactlythesimplecaseof N = 2
datapoints,for whicheq.(2)becomesp = 1=(1+( q� 1)e� 2w p=T ) 2
( 1

q ; 1). For smallT , p � 1; for largeT , p � 1
q ; andfor a rangeof

intermediateT , thereare3 �x ed points,of which only p � 1 and
p � 1

q arestable.
This suggeststhat for thegeneralcase,for stableclusteringsat

intermediatevaluesof T (asdetectede.g.usingthe� (T ) functionin
[1]) weshouldobtainpnm � 1 if n andm arein thesameclusterand
pnm � 1

q otherwise.Therefore,the (possiblypermuted)matrix P
is madeupof blocksof onesalongthediagonal(for theintra-cluster
pnm ) andvalues� 1

q elsewhere. Usually q is quite larger than2,
so 1

q � 1 andjust by inspectionwe cantell which pointsarein the
sameclusterwithout the needto computeconnectedcomponents.
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Fig. 2. Matrix P = (pnm ) of contextual af�nities producedaf-
ter convergenceof the iteratedtypical-cutalgorithmfor thedataset
shown on thetop, for 3 regimesof T , usingGaussianaf�nities with
� = 0:2, q = 20 spin valuesand M = 1000 Swendsen-Wang
samples(thedatasetcontainsonly N = 16 pointssotheindividual
pnm valuescanbe seen).We show the P matrix that resultsfrom
the �rst iteration(i.e., the original typical-cutalgorithm)andafter
convergenceof theiteratedtypical-cutalgorithm(whichoccurredin
a few iterations).In the�rst iteration,thevaluesof pnm canbefar-
therfrom 1 (darkred)and 1

q = 0:05 (darkblue);noticethecolorbar.
Thus,thresholdingP and�nding its connectedcomponentsis nec-
essary. In the iteratedversion,all pnm approximatelyconverge to
either1 (diagonalblocks,i.e., clusters)or 1

q (off-diagonalblocks),
thussharpeningtheaf�nities. Notethenumberof clustersfor agiven
T neednotbethesamefor bothversions.

This is con�rmed in theexperimentof �g. 2 (usingSwendsen-Wang
samplingto estimatethe pnm probabilities[1]), which shows how
theinitial P containsawide rangeof valuesin (0; 1) while the�nal
P (aftera few iterations)binarisesinto thetwo polesf 1

q ; 1g.
Computationally, notethatwecannotreusethesameSwendsen-

Wangsamplefor different iterationssincethe Boltzmanndistribu-
tion dependson P , which changesover iterations. Experimentally
we observe thatthe“1” valuesconvergevery fast(a coupleof itera-
tions)while the“ 1

q ” valuesoscillatemildly; this is presumablydue
to thesamplingnoise.

In summary, by startingwith local af�nities wnm anditerating
the constructionof contextual af�nities pnm de�ned by the typical
cut, we obtaina sharplybinarisedaf�nity matrix P wheretheclus-
teringstructureat thegivenscaleT is obvious.This is analternative
to thresholdingtheinitial P and�nding its connectedcomponents.

6. DISCUSSION

We have shown (1) that onecande�ne pairwiseaf�nities between
datapoints given a kernel densityestimate,and (2) that the iter-
atedtypical cut canproducesharpcontextual af�nities. Although
we have focusedon the typical cut, our �rst result appliesmore
generallyto pairwise-distancealgorithmsfor clustering(e.g. nor-
malisedcuts,spectralclustering[4]) anddimensionalityreduction
(e.g.Laplacianeigenmaps[10]). Suchalgorithmsrequirea search
(or clever choice)over the af�nity scaleparameter� to succeed.
Ourresulttransformstheproblemof �nding goodaf�nities andgood
scales� into �nding gooddensityestimates—awell-researchedprob-
lem for which objective rulesexist. (Conversely, given a ground-
truth clusteringof the data,we could invert this processto �nd �
for which thisclusteringoccursanduseit for kerneldensityestima-
tion.) This point of view bringstogetherdensityestimation,prox-
imity graphsandaf�nities in a principledway. For example,using
a �nite-support kernel(suchasthe Epanechnikov kernel, i.e., qua-
dratic up to distance� , 0 beyond) automaticallyresultsin a sparse
graph. By usingan adaptive kernel sizewe obtainboth a density
estimateandaproximity graph(givenby theaf�nities).
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