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Abstract. The problem of counterfactual explanations is that of minimally adjusting attributes in a source input instance so that it is classiﬁed
as a target class under a given classiﬁer. They answer practical questions
of the type “what should my annual income be for my loan to be approved?”, for example. We focus on classiﬁcation and regression trees,
both axis-aligned and oblique (having hyperplane splits), and formulate
the counterfactual explanation as an optimization problem. Although
this problem is nonconvex and nondiﬀerentiable, an exact solution can
be computed very eﬃciently, even with high-dimensional feature vectors and with both continuous and categorical features. We also show
how the counterfactual explanation formulation can answer a range of
important practical questions, providing a way to query a trained tree
and suggest possible actions to overturn its decision, and demonstrate it
in several case studies. The results are particularly relevant for ﬁnance,
medicine or legal applications, where interpretability and counterfactual
explanations are particularly important.
Keywords: Interpretability . Counterfactual examples . Decision trees.
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Introduction

In the last decade, deep learning and machine learning models have become
widespread in many practical applications. This has been beneﬁcial as these
models provide intelligent, automated processing of tasks that up to now were
hard for machines. However, at the same time, concerns related to the ethics and
safety of these models have arisen as well. One is the problem of interpretability, i.e., explaining how these models function. This is an old problem, which
has been studied (possibly under diﬀerent names, such as explainable AI) since
decades ago in statistics and machine learning (e.g. [2,11,14,21]). A second problem is explaining why the model made a decision or how to change it [28]. This
problem is more recent and has become more pressing due to concerns over the
opaqueness of current AI systems. That said, related problems have been studied
in data mining or knowledge discovery from databases [30,1,23,9], in particular
in applications such as customer relationship management (CRM).
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Much of the recent works focus on a speciﬁc version of the second problem
that focuses on changing a classiﬁer’s decision in a prescribed way [28]. This
problem is called counterfactual explanation [28]. Formally, a counterfactual explanation seeks a minimal change to a given input’s features that will change
the classiﬁer’s prediction in the desired way. These explanations are very helpful in understanding the behavior of a model for a given instance, as they can
answer questions like what input feature the model focuses on to make a certain
prediction. Mathematically, the problem of counterfactual explanations can be
formulated as an optimization problem. The objective is to minimize the change
in input features subject to classiﬁed as user-deﬁned class. This similar formulation has been used in deep nets for adversarial examples and model inversion
[26,25,31,13,22,10,17,16]. There are also formulations that are speciﬁc for linear
models [27,24,6]. Most algorithms to solve the optimization assume diﬀerentiability of the classiﬁer with respect to its input instance so that gradient-based
optimization can be applied. However, none of these algorithms apply to decision
trees, which deﬁne nondiﬀerentiable classiﬁers.
Decision trees have long been widely used in applications and are regularly
highly ranked in user surveys such as KDnuggets.com or data mining and machine learning reviews such as [29]. This is particularly owing to their ease of
interpretability compared to more accurate classiﬁers such as neural nets or decision forests. However, the prediction accuracy of decision trees learned using
the recently introduced Tree Alternating Optimization (TAO) algorithm [7,3,38]
is much higher than using traditional algorithms such as CART or C5.0. This
applies both to the traditional, axis-aligned trees, but also to the far more accurate oblique trees (having hyperplane splits) and sparse oblique trees (having
hyperplane splits with few nonzero weights), as well as to trees of more complex forms [34,37], and to forests using bagging, boosting or other ensembling
mechanisms, but where each tree is trained with TAO [8,12,33,35,36]. Finally,
the stronger predictive power of sparse oblique decision trees together with their
interpretability and fast inference makes them useful for other uses, such as in
understanding deep neural networks [18,19] or compressing deep neural networks
[20].
For these reasons, solving counterfactual explanations for decision trees is
important in practice. Our recent work from [4,5] shows that the counterfactual
problem can be solved exactly and eﬃciently in a decision tree. We showed
that the counterfactual problem in decision trees is equivalent to solving the
counterfactual problem in each leaf region and picking the best among them
(see section 2). This exact formulation for solving the counterfactual problem
in decision trees allows us to extend the problem, which can answer some very
interesting questions. For instance, what is the closest class to change from the
original class, what is the closest boundary if changing the only feature, which
feature has the lowest cost to change the class to a target class, and more. We
describe these extended problems in detail in section 3. These problems are very
diﬃcult and probably very expensive to answer in other models like a neural
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network. However, we show that in decision trees using the [4,5] framework, we
can solve these extended problems exactly and eﬃciently.
Next, we ﬁrst brieﬂy describe our formulation of the counterfactual problem
and how to solve it exactly (section 2); this follows closely the main results of
[4,5]. Then we describe each extended problem in detail (section 3). Finally, in
section 4 we discuss these extended problems along with real-life use cases.

2
2.1

Solving counterfactual exactly in decision trees
Leaf region: deﬁnition

Assume we are given a classiﬁcation tree that can map an input instance x ∈
RD , with D real features (attributes), to a class in {1, . . . , K}. Assume the
tree is rooted, directed and binary (where each decision node has two children)
with decision nodes and leaves indexed in the sets D and L, respectively, and
N = D ∪ L. We index the root as 1 ∈ D. For example, in ﬁg. 1 we have
N = {1, . . . , 15}, L = {5, 8, 9, 11, . . . , 15} and D = N \ L. In oblique decision
trees each decision node i ∈ D has a real-valued decision function fi (x) deﬁned
by a hyperplane (linear combination of all the features) fi (x) = wiT x + bi , with
ﬁxed weight vector wi ∈ RD and bias bi ∈ R. For axis-aligned trees, wi is an
indicator vector (having one element equal to 1 and the rest equal to 0). The
decision function fi (x) send down an input instance x ∈ RD to i’s right child if
fi (x) ≥ 0 and down i’s left child otherwise. Each leaf i ∈ L is labeled with one
class label yi ∈ {1, . . . , K}. For an input instance x the tree predicts its label by
sending down x via the decision nodes, to exactly one leaf and outputting its
label. The parameters {wi , bi }i∈D and {yi }i∈L are estimated by TAO [3,7] (or
another algorithm) when learning the tree from a labeled training set.
The tree partitions the input space into |L| regions, one per leaf, as shown in
ﬁgure 1 (bottom panel). Each region is an axis-aligned box in case of axis-aligned
trees and a polytope for oblique trees. This region is deﬁned by the intersection
of the hyperplanes found in the path from the root to the leaf. Speciﬁcally, deﬁne
a linear constraint zi (wiT x + bi ) ≥ 0 for decision node i where zi = +1 if going
down its right child and zi = −1 if going down its left child. Then we deﬁne
the constraint vector for leaf i ∈ L as hi (x) = (zj (wjT x + bj ))j∈Pi \{i} , where
Pi = {1, . . . , i} is the path of nodes from the root (node 1) to leaf i. We call
Fi = {x ∈ RD : hi (x) ≥ 0} the corresponding feasible set, i.e., the region in
input space of leaf i. For example, in ﬁg. 1 (top) the path from the root to leaf
14 is P14 = {1, 3, 6, 10, 14} and its region is given by:

 
w1T x + b1
f1 (x)
 −f3 (x)   −w3T x − b3 

 
h14 (x) = 
 −f6 (x)  =  −w6T x − b6  ≥ 0.
T
−w10
x − b10
−f10 (x)
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Counterfactual problem in decision trees

In this section we brieﬂy describe the counterfactual problem in a decision tree.
Assume we are given a source input instance x ∈ RD which is classiﬁed by
the tree as class y, i.e., T (x) = y, and we want to ﬁnd the closest instance x∗
that would be classiﬁed as another class y 6= y (the target class). We deﬁne
the counterfactual explanation for x as the (or a) minimizer x∗ of the following
problem:
min E(x; x) s.t. T (x) = y, c(x) = 0, d(x) ≥ 0
(1)
x∈RD

where E(x; x) is a cost of changing attributes of x, and c(x) and d(x) are
equality and inequality constraints (in vector form). The fundamental idea is
that problem (1) seeks an instance x that is as close as possible to x while being
classiﬁed as class y by the tree and satisfying the constraints c(x) and d(x).
The constraint T (x) = y makes the problem severely nonconvex, nonlinear
and nondiﬀerentiable because of the tree function T (x). However as described
in [4,5] this problem can be solved exactly and eﬃciently. In [4] we show that
problem (1) is equivalent to:
min min E(x; x)
i∈L x∈RD

s.t. yi = y, hi (x) ≥ 0, c(x) = 0, d(x) ≥ 0.

(2)

In English, what this means is that solving problem (1) over the entire space can
be done by solving it within each leaf ’s region (deﬁned by hi , section 2.1) and
then picking the leaf with the best solution. This is shown in ﬁgure 1 (bottom
panel). That is, the problem has the form of a mixed-integer optimization where
the integer part is done by enumeration (over the leaves (L)) and the continuous
part (within each leaf) by other means to be described later.
Hence, the problem we still need to solve is the problem over a single leaf
i ∈ L (having the desired label yi = y), and henceforth we focus on this. We
write it as:
min E(x; x)

x∈RD

s.t. hi (x) ≥ 0, c(x) = 0, d(x) ≥ 0.

(3)

here, hi (x) is the set of hyperplanes that represents decision rule of the nodes
in the path from root to leaf i (section 2.1). If the function E(x; ·) is convex
over x and the constraints c(x) and d(x) are linear, then this problem is convex
(since for oblique trees hi (x) is linear). In particular, if E is quadratic then the
problem is convex quadratic program (QP), which can be solved very eﬃciently
with existing solvers. See [4,5] for more details.
2.3

Separable problems: a special case for axis-aligned trees

Our earlier work [4,5] provides following result, which vastly simpliﬁes the problem for axis-aligned trees.
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Fig. 1. Top: an oblique classiﬁcation tree with K = 3 classes (colored white, light
gray and gray) from [4].A decision node i sends an input instance x to its right child
if fi (x) ≥ 0 and to its left child otherwise. The decision function fi (x) = wiT x + bi ,
where w and b are weights and the bias respectively. Bottom the space of the input
instances x ∈ R2 , assumed two-dimensional, partitioned according to each leaf’s region
in polytopes (the region boundaries are labeled with the corresponding decision node
function). The source instance x is in the white class and the counterfactual one (using
the ℓ2 distance) subject to being in the gray class is x∗ .
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Theorem 1. In problem (1), assume that each constraint depends on a single
element of x (not necessarily the same) and that the objective function is sepPD
arable, i.e., E(x; x) =
d=1 Ed (xd ; xd ). Then the problem separates over the
variables x1 , . . . , xD .
This means that, within each leaf, we can solve for each xd independently, by
minimizing Ed (xd ; xd ) subject to the constraints on xd . Further, the solution is
given by the following result.
Theorem 2. Consider the scalar constrained optimization problem, where the
bounds can take the values ld = −∞ and ud = ∞:
min Ed (xd ; xd )

xd ∈R

s.t.

ld ≤ xd ≤ ud .

(4)

Assume Ed is convex on xd and satisﬁes Ed (xd ; xd ) = 0 and Ed (xd ; xd ) ≥ 0
∀xd ∈ R. Then x∗d , deﬁned as the median of xd , ld and ud , is a global minimizer
of the problem:


ld , xd < ld
x∗d = median(xd , ld , ud ) = ud , xd > ud .
(5)


xd , otherwise
We can apply these theorems to axis-aligned trees (assuming each of the extra
constraints c(x) and d(x) depends individually on a single feature), because each
of the constraints hi (x) ≥ 0 in the path from the root to leaf i involve a single
feature of x. Within each leaf i ∈ L we can represent the constraints (which
represents the path from the root to i) as bounding box li ≤ x ≤ ui , and solve
elementwise by applying the median formula described above. After solving the
counterfactual problem in each leaf, we return the result of the best leaf. This
makes solving the counterfactual explanation problem exceedingly fast for axisaligned trees.
2.4

Categorical variables

Although many popular benchmarks in machine learning use only continuous
variables, in practice, most of the datasets contain categorical variables. This is
true especially in legal, ﬁnancial, or medical applications, for instance, use cases
in section 4.
In this work we handle categorical variables as described in [4,5]. That is
we encode the categorical variables as one-hot. This means, if an original categorical variable can take C diﬀerent categories, we encode it using C dummy
binary variables jointly constrained so that exactly one of them is 1 (for the
corresponding category): x1 , . . . , xC ∈ {0, 1} s.t. 1T x = 1.
Since we only need to read the values of dummy variables during training,
we treat them as if they were continuous and without the above constraints.
However, when solving the counterfactual problem, we modify those variables,
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so we need to respect the above constraints. This makes the problem a mixedinteger optimization, where some variables are continuous and others binary
(the dummy variables). While these problems are NP-hard in general, in many
practical cases, we can expect to solve them exactly and quickly using modern
mixed-integer optimization solvers, such as CPLEX or Gurobi [15].

3

Exploring diﬀerent types of counterfactual explanation
questions

The counterfactual problem (2) accommodates a variety of useful, practical questions about the source instance (x). We list each below and explain how that
can be solved exactly.
1. Finding the closest boundary. The minimum-distance change to x that changes
its original class k. Solve the problem (3) in every leaf except the ones with
label k, and pick the solution with the lowest cost.
2. Critical attribute for change to the target class y. Which attribute has the
lowest cost to change the class of x to a target class y, if changing only one
attribute? For given a attribute d, we add all other attributes to the equality
constraint (c(x) = 0) and solve the counterfactual problem (2). We repeat
this process for each attribute in x and pick the attribute for which the
counterfactual (x∗ ) has the lowest cost.
3. Critical attribute for changing the class. Which attribute has the lowest cost
to change the class of x to any other class if changing only one attribute?
For each attribute, we solve the ﬁnding the closest boundary problem, where
other attributes are in the equality constraint; and pick the attribute for
which the counterfactual (x∗ ) have the lowest cost.
4. Robust counterfactuals. Here, we want to ﬁnd the counterfactuals that are
well inside a leaf region rather than on the boundary, so they are more robust
to ﬂipping their class due to small changes. This problem can easily be
solved by shrinking the leaf region size in problem 3.That is in problem 3,
the constraint “hi (x) ≥ 0” becomes “hi (x) ≥ ǫ”, where ǫ > 0.
We can also use the counterfactual problem (2) to explore more practical
problems that are related to the regression trees.Consider a regression tree T ,
where T (x) and T (x∗ ) represent the predicted value of the source instance (x)
and the counterfactual (x∗ ). Similar, to above we list each problem below and
explain how that problem can be solved exactly.
1. T (x∗ ) > T (x): ﬁnd the minimum change in x that increase its predicted
value. For this we only consider the leaves whose label is larger than the
T (x), and solve problem (3) in each of them and pick the x∗ with the lowest
cost.
2. T (x∗ ) ≥ T (x) + β ﬁnd the minimum change in x that increase its predicted
value atleast by β. Same as above, the only diﬀerence is the leaves we
consider have the label greater than T (x) + β.

8

Suryabhan Singh Hada and Miguel Á. Carreira-Perpiñán

3. α ≥ T (x∗ ) ≥ β ﬁnd the minimum change in x that change its predicted
value between α and β. It is again same as the previous two, but this time
we only consider the leaves with label between α and β.
All these extended problems can be applied to any type of decision tree with
hard thresholds, but here we only focus on oblique trees.

4

Experiments

Since we show all extension problems (section 3) can be solved exactly by converting them into the problem (2), we do not need to assess the optimality and
validity of the generated counterfactual examples experimentally. Instead, we
apply each problem to a real-life dataset [32] and explain their usage with three
use case studies.
– Our ﬁrst use case deals with the students’ grades in secondary education of
two Portuguese schools. For each student, we have social, demographic, and
school-related attributes and their ﬁnal grades. In this study, we focus on
the students who have failing grades, and we suggest the changes that can
improve students’ grades by applying our extension problems.
– Next, we focus on the loan applicants as credit risk from the German credit
dataset. We focus on the applicants that are a bad credit risk. Our goal here
is not only to generate counterfactuals that can classify these candidates as
good credit risk but also to suggest more changes to have a stronger credit
proﬁle. We do this by generating counterfactuals that are more robust to
small changes.
– Our last use case study focuses on the median value of owner-occupied homes
in multiple suburbs of Boston. We treat this as a regression problem whose
goal is to predict the value of the home. Then we apply our formulations to
explore what factors aﬀect the value of a home at diﬀerent price points.
In all the case studies, our model is an oblique decision tree that we train using
a recently proposed algorithm called tree alternating optimization (TAO) [3,7].
To generate counterfactuals we use ℓ2 distance as our cost function (E). Also,
these datasets contain categorical variables, so to generate counterfactuals, we
use Gurobi [15] to solve the mixed-integer optimization problem.
Next, we describe each dataset in brief and then discuss each use case study
in detail.
4.1

Dataset Information

All our datasets are from UCI [32], and they are described in the same order as
the user case study. Since none of the datasets contains a separate test set, we
randomly divide the instances into training (80%) and test (20%) sets.
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Student Portuguese grades Each instance have three grades, but we use only
the final grades, and remove the other two from the attributes. The final
grades are in the range of 1 to 20. So, we divide these grades into ﬁve categories. These categories are as follows:
– If the grades are greater or equal to 16, then excellent.
– If grades are either 15 or 14, then good.
– If grades are either 14 or 13, then satisfactory.
– If grades are in range between 12 and 10, then sufficient.
– If grades are 9 or lower, then fail.
The prediction task is to determine the final grades of a student. There are 649
instances, and each has 30 attributes (after removing the two grades). Out
of 30 attributes, 11 are integer, and the rest are categorical. We convert each
categorical attribute into a one-hot encoding attribute. Thus each instance
of the dataset has 64 attributes.
German Credit The prediction task is to determine whether an applicant is
considered a good or a bad credit risk for 1 000 loan applicants. There are 20
attributes, out of which 7 are integer, and the rest are categorical. Similarly
to the above dataset, we convert each categorical attribute to a one-hot
encoding attribute. Thus each instance of the dataset has 61 attributes.
Boston housing dataset We use this dataset for regression. The task is to
predict the median price of owner-occupied homes. There are 506 instances,
and each instance describes a Boston suburb or town. For each instance,
there is 13 attribute all continuous except one which is binary.
4.2

Use case study 1

Our oblique tree for this classiﬁcation task achieves 56.92% test error and 33.14%
train error. The tree has a depth of 9 and 34 leaves.
First consider a student whose attributes are described in the second column
of table 1. The current final grades of the student is fail. If create a counterfactual
with target class as excellent, the following attributes change (third column in
table!1):
–
–
–
–

reduce previous class failures from 2 to 1.
mother’s job should be changed from services to teacher.
father’s job should be changed from services to teacher.
change higher education plan from no to yes.

However, it is hard to jump from failing grades to excellent grades in real life.
Also, it requires changing many attributes, which might not be feasible like
mother’s job and father’s job. Instead, the student can try making small changes,
which are enough for passing the class. For this, we try to ﬁnd the closest other
class boundary problem here since any other class will lead to passing the class.
The closest class we ﬁnd is sufficient and requires the following change (fourth
column in table 1).
– reduce previous class failures from 2 to 1.
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This is also expected the closest class to change is sufficient as this lowest thing
to be considered as passing the class. Moreover, it does not suggest big changes
like changing parent’s jobs, but only change previous class failures which easier
to achieve.
Next, we consider another student (ﬁfth column in table 1). This student
also failed the class. If we upgrade the grades directly to satisfactory allowing
only attribute to change, then the attributes that will change the class with the
lowest cost will be (sixth column in table 1):
– reduce free time from high(4) to very low(1).
This also makes sense as reducing free time after school can be devoted to studies.
That said, it is still a large change. So, we search for the closest diﬀerent class
allowing only one attribute to change (last column in table 1). The closet class
would be sufficient, and the attribute with the lowest cost is:
– reduce going out frequency from medium(3) to low(2).
This makes sense as, again, time spent on going out can be used for studies.
Also, the numeric cost to change to lower grade (sufficient) is 3 times lower than
the upper grade (satisfactory).
4.3

Use case study 2

The predictive task in the study is to predict how much a loan applicant is of
credit risk. Our oblique tree achieves a test error of 18.5% and a train error of
17.5% for this dataset. The depth of the tree is 8.
The goal here is to generate diverse counterfactuals, where each subsequent
counterfactual is more robust than the previous one. When generating a counterfactual, the algorithm generates a counterfactual in each target leaf that is
closest to the input instance. If all the attributes are continuous, then this generated counterfactual will always exist on the boundary of the leaf, as shown in the
ﬁg. 1. However, if we shrunk these leaves ’ regions, we can force the algorithm
to generate counterfactuals inside the leaf region (generating robust counterfactuals). As described in section 3, for a leaf i this can be done by adding a small
positive constant (ǫ > 0) in eq (3).
min E(x; x)

x∈RD

s.t. hi (x) ≥ ǫ, c(x) = 0, d(x) ≥ 0.

(6)

Consider an example described in the table 2. This instance is classiﬁed as bad
creditor. Next, we generate a counterfactual for it. The generated counterfactual
will able to change its label from bad to good creditor. However, it is either
on the boundary of the target leaf region or very close to it (due to categorical
variables). This means the changes suggested by the counterfactual (x∗1 ) will
only suggest changes that are the bare minimum for a good creditor. However,
if we force the algorithm to generate counterfactuals deep in the leaf region, it
will suggest the changes that make the counterfactual much better creditor.
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Table 1. Example illustrating the construction of counterfactual instances with our
extended formulations for an oblique decision tree on the Student Portuguese grades
dataset. Column 2-4: For source x1 , x∗11 and x∗12 represents counterfactual with the
given target class and the closest class respectively. Column 5-7: For source x2 , both
counterfactuals are generated by changing only one attribute that has the lowest cost.
x∗21 and x∗22 represent counterfactual with the given target class and the closest class,
respectively. “=” means the attribute value is the same as in the source instance.
Attribute

school
sex
age
address
family size
parent’s status
mother’s
education
father’s
education
mother’s job
father’s job
reason
guardian
traveltime†
study time⋄
failures
school support
family support
paid
activities
nursery
plan for
higher education
internet access
in romantic
relationship
family relationship‡
free time‡
going out‡
frequency
workday alcohol ‡
consumption
weekend alcohol ‡
consumption
health‡
absences
Grades
†
⋄

∗
∗
x1 , x11 , target x12 ,
source
class
closest
instance excellent
class

x∗21 , target x∗22 ,
x2 ,
source
class
closest
instance satisfactory class
only one attribute
can change

GP
male
18
urban
>3
together
2

=
=
=
=
=
=
=

=
=
=
=
=
=
=

MS
male
17
urban
>3
together
1

=
=
=
=
=
=
=

=
=
=
=
=
=
=

1
services
services
other
mother
1
1
2
no
no
no
no
no
no
yes
no
3
2
5

=
teacher
teacher
=
=
=
=
1
=
=
=
=
=
yes
=
=
=
=
=

=
=
=
=
=
=
=
1
=
=
=
=
=
=
=
=
=
=
=

1
other
other
home
mother
1
2
0
no
no
yes
no
no
yes
yes
no
4
4
3

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
1
=

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
2

2

=

=

2

=

=

5
5
4
fail

=
=
=
=
=
=
excellent suﬃcient

4
5
4
fail

=
=
=
=
=
=
satisfactory suﬃcient

1– <15 min, 2– 15 to 30 min., 3– 30 min. to1 hour or 4 – > 1 hour).
1– <2 hour, 2– 2 to 5 hour, 3– 5 hour to 10 hour or 4 – > 10 hour).
‡
from 1 – very low to 5 – very high.
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Table 2. Counterfactual solution trajectory as a function of ǫ for Credit dataset. ℓ2
distance is also mentioned between source instance (x) and the counterfactual x∗ .
Attribute

x, source
instance

x∗1 ,
x∗2 ,
x∗3 ,
x∗4 ,
ǫ = 0.00 ǫ = 0.10 ǫ = 0.20 ǫ = 0.25
ℓ2 = 1.73 ℓ2 = 1.73 ℓ2 = 2.00 ℓ2 = 2.23

existing checking
duration

< 0 DM
15 months

=
16 months

=
=

credithistory

critical account

=

=

=

=

=

=

=
=
=
=
=
=
=
=
=
stores
=
=
=
=
=
=
Good

=
=
=
=
=
=
3
=
=
stores
=
=
=
=
=
=
Good

=
=
=
=
=
=
3
=
=
=
=
1
=
=
=
=
Good

=
=
=
=
=
=
3
=
=
=
=
1
=
=
=
=
Good

furniture/
equipment
credit amount
1478
< 100 DM
savings
employment since
≥ 7 years
iInstallment rate
4
status and sex
male : single
none
other debtors
residence since
4
property
car or other
age
44
none
other installment plans
housing
own
existing credits
2
skilled employee
job
people liable
2
telephone
yes
foreignworker
yes
Credit
Bad
purpose

=
=
=
16 months
delay in delay in
paying oﬀ paying oﬀ
in the past in the past

This is also evident from the table 2. As we increase the value of ǫ, the number
of features changed also increases. Thus, creating a user proﬁle (x∗4 ) that is a
better creditor than the ﬁrst counterfactual (x∗1 ). This can also be seen as the
distance between the original instances and the counterfactual increases as the
leaf regions get smaller (increasing value of ǫ).
These kinds of problems can be very useful, as shown in the above case. Here,
we give a solution for now and give a strategy to become much better creditor.
In theory, the distance between the source instance and counter should increase with the value of ǫ continuously, but in the presented case, it happens in
intervals. The reason is due to the presence of integer and categorical attributes
because the solution can only change when an attribute changes by an integer
or category.
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Table 3. Example illustrating the construction of counterfactual instances for regression with our extended formulations for an oblique decision tree on the Boston housing
dataset. We show the dataset attributes, source instance x, and 3 counterfactual instances (with diﬀerent Median home value) with various conditions. We have rounded
each attribute value to 2 decimal places.“=” means the attribute value is the same as
the source after rounding.
Attribute

x, source
instance

x∗
T (x∗ ) > T (x∗ ) ≥ 25 ≥ T (x∗ )
T (x) T (x) + 5
≥ 30

crime rate
2.37
residential land zoned proportion
0.0
proportion of non-retail business
19.58
0
tract bounds river
nitric oxides concentration
0.87
avg. rooms per dwelling
4.92
proportion of units before 1940
95.70
distances to Boston employment centres 1.46
accessibility to highways
5.00
property-tax rate
403.00
14.70
pupil-teacher ratio
proportion of african american by town 391.71
% lower status of the population
29.53
Median home value in $1000’s
14.74

4.4

2.15
0.02
19.48
=
0.39
5.13
95.67
1.17
5.04
=
14.47
=
29.39
15.96

1.93
=
=
1
0.39
5.73
95.71
=
5.1
=
14.58
=
29.54
20.52

1.81
0.03
19.48
=
0.385
8.09
95.66
1.16
5.41
402.99
14.60
391.67
29.41
29.14

Use case study 3

This user study deals with predicting the median home value of diﬀerent suburbs
and towns in Boston. We train a regression tree for this task. Our tree achieves
a test mean squared error of 14.57 and train mean squared error of 13.19. The
depth of the tree is 6, and the number of leaves is 21.
We consider an instance that has attributes described in the second column
of table 3. We apply our extension problems here to determine how for the given
instance (x), the attributes need to change to accommodate the new median
home value. We investigate three scenarios:
T (x∗ ) > T (x) meaning have higher median home value. Almost all of the attributes change (third column of the table 3), the ones that change the most
are as follows. The crime rate, nitric oxides concentration, distances to Boston
employment centres, and pupil-teacher ratio decreases which make sense. Because having low crime rate means safer neighborhood and low nitric oxides
concentration means the air quality is better. Also, having low pupil-teacher
ratio means more teacher per student, which is beneﬁcial for the families
with children in school, and then distances to Boston employment centers
is important for the people who need employment maybe for other family
members. On the other side, the average rooms per dwelling increases, which
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is reasonable as it means bigger homes and thus higher prices.
T (x∗ ) > T (x) + 5 meaning the median home value should be greater than 19.72.
As shown in the fourth column of the table 3 the crime rate and nitric oxides concentration further decrease. The pupil-teacher ratio also decreases but
compare to the previous scenario it is higher by a small reason. It may be
the increased value of average rooms per dwelling and tract bounds river compensate for it.
25 ≥ T (x∗ ) ≥ 30 meaning the median home value should be between 25 and 30.
As shown in the ﬁfth column of the table 3 again the crime rate and nitric
oxides concentration plays an important role in the value. The biggest change
is the average rooms per dwelling which almost doubled. This is expected as
described earlier.
This case study shows for this particular instances the crime rate, nitric oxides
concentration and average rooms per dwelling plays an important role in deciding
the median home value of the home. Also, average rooms per dwelling compensates
for some attributes like pupil-teacher ratio.

5

Conclusion

Classiﬁcation and regression trees are very important in applications such as
education, business, law and medicine, where counterfactual explanations are
of particular relevance. These can be formulated as a constrained optimization
problem and solved exactly and eﬃciently for both continuous and categorical
features, possibly in an interactive way. The formulation can be applied to answer
a variety of practical questions and we have illustrated this in several case studies.
Python code implementing the algorithm is available at the authors’ web page.
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Proc. of the IEEE Int. Conf. Acoustics, Speech and Sig. Proc. (ICASSP’21). pp.
3140–3144. Toronto, Canada (Jun 6–11 2021)
35. Zharmagambetov, A., Gabidolla, M., Carreira-Perpiñán, M.Á.: Improved boosted
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