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Abstract

Gaussianmean-shift(GMS) is a clustering algorithm
that hasbeenshownto producegoodimage segmentations
(where each pixel is representedas a feature vector with
spatialandrange components).GMSoperatesby de�ning
a Gaussiankernel densityestimatefor the data and clus-
tering togetherpointsthat converge to the samemodeun-
der a �xed-point iterativescheme. However, thealgorithm
is slow, since its complexity is O(kN 2), where N is the
numberof pixels and k the average numberof iterations
per pixel. We studyfour acceleration strategies for GMS
basedonthespatialstructureof imagesandonthefact that
GMSis anexpectation-maximisation(EM) algorithm: spa-
tial discretisation,spatial neighbourhood,sparseEM and
EM–Newton algorithm. We showthat the spatial discreti-
sationstrategy can accelerate GMSby one to two orders
of magnitudewhile achieving essentiallythesamesegmen-
tation; andthat theotherstrategiesattain speedupsof less
thananorderof magnitude.

The mean-shiftalgorithm is a hill-climbing algorithm
thatoperatesasfollows. Givena datasetf x n gN
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whereK (t) is a kernel function (e.g. K (t) = e� t= 2 for
theGaussian).Then,rearrangingthestationary-pointequa-
tion r p(x) = 0 onecaneasilyobtainthe iterative scheme
x ( � +1) = f (x ( � ) ) with

f (x) =
NX

n =1

K 0
�

k x � x n
� k2 �

P N
n 0=1 K 0

�
k x � x n 0

� k2 � xn (2)

(whereK 0 = dK =dt), called mean-shiftalgorithm. The
�x ed points of f are the stationarypoints of the density
p. The mean-shiftalgorithm can be shown to converge
to modesof the kerneldensityestimateundermild condi-
tions. The algorithm originatesin [8] (thoughnot in the

form above) andhasbeensubsequentlydevelopedby oth-
ers[1, 4, 5].

The mean-shiftalgorithm can be applied to clustering
by declaringeachmodeof the kernel densityestimateas
representative of onecluster, andassigninga datapoint x n

(or indeedany point x 2 RD ) to themodeit convergesto,
f 1 (xn ). Sincethe algorithmdoesnot dependon param-
eterssuchasstepsizes,the clusteringis uniquelyde�ned
giventhekerneldensityestimate,i.e., giventhebandwidth
� . The algorithmhasbeenproven particularlysuccessful
in imagesegmentation[5] whereeachdatapoint x n , i.e.,
eachpixel, is representedby spatialandrangefeatures,e.g.
(i; j ; I ) or (i; j ; L � ; u� ; v� ) where(i; j ) is the pixel loca-
tion in theimageandI and(L � ; u� ; v� ) thepixel valuein a
greyscaleor colourimage,respectively.

Different kernelsgive rise to different versionsof the
mean-shift algorithm. Here, we focus exclusively on
Gaussianmean-shift(GMS),wherethekerneldensityesti-
mateis aGaussianmixtureandthealgorithmcanbewritten
in thefollowing, elegantform [1]:

p(njx ( � ) ) =
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x ( � +1) =
P N

n =1 p(njx ( � ) )xn (3b)

i.e., the new iteratex ( � +1) is the dataaverageunder the
posteriorprobabilitiesgiven the current iteratep(njx ( � ) ).
GMSproducesbettersegmentationsthantheEpanechnikov
kernel [5] but requiresa large bandwidth(� � 1

5 of the
image side) and is far slower to converge. Indeed, the
Epanechnikov kernelhas�nite supportandsoconvergence
occursin a �nite numberof steps[5]. However, GMS is an
expectation-maximisation(EM) algorithm[3, 2] wherethe
E step(eq.(3a))computestheposteriorprobabilitiesp(njx)
and the M step(eq. (3b)) updatesthe iteratex. Thus, its
convergencehaslinearorder[2, 11], requiringmany itera-
tions to attaingoodaccuracy. Besides,eachiterationcosts
O(N ) for eachdatapoint,sothatclusteringthewholedata
setcostsO(kN 2) wherek is the averagenumberof itera-
tions.This is particularlyexpensivefor imagesegmentation
wherethenumberof pixelsN is large.



Our objective in this paperis to studywaysof acceler-
ating GMS for imagesegmentation.We proposefour dif-
ferentstrategieswhich cansigni�cantly reducethecompu-
tationalcostwhile obtainingalmostthesamesegmentation.
They exploit the grid structureof imagedataandthe fact
thatGMS is anEM algorithm. For simplicity, we focuson
ascalarbandwidth� , thesamefor all kernels.

The rest of the paperis organisedas follows. We in-
troducethe accelerationstrategies and their evaluation in
termsof computationalcostandclusteringerror(section1),
describeeachstrategy in detail (sections2–5)andgive ex-
perimentalresultswith differentbandwidths(section6). Fi-
nally, wediscusstheresultsandrelatedwork (section7).

1. Overview of strategiesand their evaluation

Let us �rst determinethebottlenecksof theGMS algo-
rithm. We have a dataset of N points (pixels) in D di-
mensions(e.g.3 for greyscaleimages,5 for colourimages,
higher if usingtexture or edgefeatures).Assumethat the
averagenumberof iterationsperdatapoint (perpixel) is k,
sothatthecomplexity of thealgorithmis O(kN 2D).

Bottleneck1 The averagenumberof iterationsk is large,
typically around100 (dependingon the convergence
toleranceandthebandwidth� ). This high numberof
iterationsis spentnot only nearthe modeof conver-
gencebut alsoin slow crawls up ridgesof p(x).

Bottleneck2 The cost per iteration is large, about2N D
multiplications.This is requiredto obtaintheposterior
probabilityp(njx) for eachdatapoint (theE step,N D
multiplications)and to obtain the next iteratex ( � +1)

(theM step,N D multiplications).

A successfulaccelerationtechniquefor GMS mustaddress
one or both bottlenecks. We proposethe following four
different strategies (we will call ms the exact GMS algo-
rithm). ms1, spatial discretisation, dividesthe spatialdo-
mainof the imageinto cellsof subpixel sizeandforcesall
pointsprojectingon thesamecell to converge to thesame
mode;it reducesthe total numberof iterations.ms2, spa-
tial neighbourhood, usesa subsetof points(ratherthanall
N ) in eq.(3), namelythenearestneighboursin thespatial
domainratherthanin thefull D -dimensionalfeaturespace;
it reducesthecostper iteration. ms3, sparseEM, is based
on NealandHinton's idea[13] of interleaving full E steps
with partialE steps,whereonly afraction(theplausibleset)
of theposteriorprobabilitiesp(njx) areupdated;it reduces
thecostperiterationfor mostiterations.ms4, EM–Newton,
startswith EM stepsandlaterswitchesto Newton'smethod,
which hasquadraticconvergence;it reducesthetotal num-
berof iterations.

Any accelerationtechniquefor GMSshouldbeevaluated
with respectto computationalcostandsegmentationerror.

ms: 1 ms1: 1 ms2: e
ms3: 2 if full step,e if partialstep
ms4: 1 if EM step,

�
1 + D +1

4

�
if Newtonstep,�

3
2 + D +1

4

�
if EM stepafterfailedNewtonstep

Table1.Costperiteration(in numberof multiplicationsrelativeto
ms, the exact Gaussianmean-shiftalgorithm)for eachof the ac-
celeratedmethods,assumingN datapointsin D dimensions(with
N � D ). e 2 (0; 1] is the fraction of the datasetused(neigh-
boursfor ms2, plausiblesetfor ms3). For ms2e is constant,while
for ms3 e variesacrossiterations.Thenumberof exponentialsfor
eachmethodgenerallyscalesin thesameproportionasthenumber
of multiplications,soweconsideronly thelatterin thetable.

Thememorycostis modestfor all ourstrategiessowefocus
on the time cost. Ratherthan measuringthis as running
time, which dependson the actualhardwareandsoftware
(andis certainlymisleadingin ourMatlabimplementation),
wemeasureit in normalisediterations,whereanexactGMS
iteration(i.e., 2N D multiplications)equals1. The costof
eachstrategy's iterationis determinedin the next sections
andsummarisedin table1.

Ourgoldstandardis thesegmentationproducedby GMS
(for a given bandwidth)without using any pre- or post-
processing(suchas removing small clusters),irrespective
of the perceptualquality of the segmentation. We usea
simplepercentmeasureof clusteringerrorP 2 [0; 100]ob-
tainedby matchingcorrespondingclustersbetweenthetwo
segmentations,countingthenumberof misclusteredpixels
over the whole imageanddividing by N . This simpleer-
ror measureworks well sincethe strategiesgenerallypro-
ducevery similar segmentations,having the samenumber
of clustersand differing only in a few pixels nearcluster
boundaries.

Clusteringerrorscanarisefor two reasons.First, if the
iterative schemefor theapproximatemethoddoesnot con-
verge to a modeof p(x), thenthe convergencepointswill
not coincidewith the modes,and theremay be more or
fewer convergencepointsthanmodes.This is thecasefor
ms1 andms2. However, the error canbe kept undercon-
trol dependingon theparameterof themethod(at a higher
computationalcost). Second,even if the acceleratediter-
ative schemedoesconverge to a modeof p(x), the mode
of convergencefor a givenstartingpoint x n maybediffer-
entfrom thatusingexactGMS,in particularfor pointsnear
clusterboundaries.This is thecasefor ms3 andms4.

2. ms1: spatial discretisation

We considereachpixel in the spatialdomainasa unit
squarecentredatlocation(i; j ) andsubdividedinto ann� n
grid of cells(�g. 1). Theparameterof thismethodis n. The
idea is that all points x 2 RD (the featurespace)whose
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Figure 1. Left: discretisationof the spatialdomainfor n = 3.
Every pixel (i; j ) is subdividedinto n � n cells. Every point x 2
RD whosespatialprojection(x1 ; x2) falls in agivencell (suchas
the oneshowed) hasthe samefateasall otherpointsprojecting
on thatcell. Right: a pathx (0) ; x (1) ; � � � 2 RD visits cells in the
spatialdomain;iteratesfrom a laterpixel stopiteratingwhenthey
reachavisitedcell.

spatialprojection(x1; x2) belongsto the samecell share
the samefate, i.e., converge to the samemode. Thus, if
we startGMS from a datapoint x n andat someiteration
x ( � ) projectsonacell thatwehavepreviouslyvisitedwhile
iteratingGMS for someotherdatapoint x m , thenwe stop
iterating,andmarkevery iterateof x n 's pathasvisitedand
asconverging to xm 'smode.

The intutition why this ideashouldwork is the follow-
ing. Considera greyscaleimagefor simplicity, with fea-
turesx = (i; j ; I ) 2 R3. Theimagede�nesa 2D manifold
becausethe intensityI is a functionof thespatiallocation
(i; j ). Sincethe GMS iteratesmust lie in the convex hull
of thedatapoints[1] andmoreover lie in high-densityareas
(sinceEM increasesthedensitymonotonically),theiterates
will typically lie very nearthesaidmanifold. Thus,the it-
eratepathsthat go througha given location(i; j ) do so at
approximatelythe sameintensity I (i; j ). This meansthat
thepathsarewell approximatedby their 2D projectionsin
thespatialdomain.Naturally, this situationdoesnot apply
with non-imagedata;therethediscretisationshouldinvolve
all D variables(whichsuffersfrom thecurseof dimension-
ality).

Thenumberof modesfoundby ms1 is lessthanor equal
to the numberof modesfound by GMS. Clusteringerrors
occurwhenpathseventuallyconverging to differentmodes
travel temporarily close together, thus competingfor the
samecells(usuallyalongclusterboundaries).Theerrorcan
bereducedasmuchasdesiredby usinga �ne enoughdis-
cretisation(high enoughn), sincethe total numberof iter-
atesfor all pathsis �nite giventheconvergencetolerance.

The orderin which pixels areselectedfor GMS affects
theresult,becausefuturepathsdependon which cellshave
beenalreadyvisited. We have found that selecting�rst a
collectionof pixels distributedasa uniform grid over the
imageandthentherestof pixelsattainsa lower error than
selectingpixels rowwise,with no changein computational
cost(usinga randomorderalsolowersthe error but hasa
largervariance).

Eachiterationin ms1 is anexactGMS iteration,so the
total cost is the numberof iterationsperformed.The sav-
ings in ms1 comefrom the fact that the long crawls along
densityridgesanduponconvergenceneara mode(which
consumea largenumberof iterations)aredoneonly for the
�rst few pixels. Essentially, oncea pathhasbeentravelled
once,it isnottravelledagain;unlikewith exactGMS,where
almostidenticalpathsaretravelledby many differentpixels
converging to the samemode[2], anda given cell may be
visitedmany timesduringonepath.

3. ms2: spatial neighbourhood

We approximatethe E and M steps at each itera-
tion by using a subset of the data: the sums over
all n in eqs. (3a)–(3b) are replaced with sums over
n 2 N (x ( � ) ). Here, N (x) = f n 2 f 1; : : : ; N g :
k(x �

1; x �
2) � (xn 1; xn 2)k1 � r g consistsof aspatialneigh-

bourhoodof x given by the datapoints correspondingto
pixelswithin distancer (usingthe1 -norm)of x 's nearest
pixel location(x �

1; x �
2). N (x) contains(2br c + 1)2 pixels

(whereb�c is the �oor function) for pixels both in the in-
terior of the imageandcloseto the boundary(by shifting
theneighbourhoodinsidethe imageasneeded).Thus,the
amountof computationis the samefor any pixel: one it-
erationof ms2 costse 2 (0; 1] iterationsof GMS, where
e = (2br c + 1)2=N is theproportionof thedatasetusedin
the iteration. Importantly, notethat the costof �nding the
nearestneighboursin the spatialdomainis negligible, un-
like that of �nding nearestneighboursin the whole space.
Theparameterof thismethodis r (or equivalentlye).

Thecomputationalsavingsof thismethodarisefrom the
reductionof thecostper iteration.Theoverall speedupde-
pendson the total numberof iterationscarriedout, which
is investigatedexperimentallyin section6. Thems2 itera-
tion doesnot convergeto a modeof p(x), thoughtheerror
shouldbesmall if theneighbourhoodsizesigni�cantly ex-
ceedsthe bandwidth. The numberof modesmay be less
than,equalto or greaterthanthatof GMS.

4. ms3: sparseEM

ThesparseEM algorithm[13] is anacceleratedEM al-
gorithm that preserves the convergenceguaranteeof EM.
We will describeit in the context of the GMS algorithm
for simplicity. The ideaconsistsof recastingtheEM algo-
rithm asanalternatemaximisationof thefreeenergy func-
tion F (~p; x) de�ned below in anenlargedparameterspace
with N + D variables(~p; x) 2 RN + D , wherex 2 RD is
theusualGMSiterate,and~p = ( ~p1; : : : ; ~pN )T representsa
distribution over f 1; : : : ; N g suchasp(njx); let uscall px

the posteriordistribution, i.e., px (n) = p(njx). The free
energy functionis de�ned as

F (~p; x) = logp(x) � D (~pkpx ) (4)



wherep(x) is the usualdensityof eq. (1) andD (�k�) the
Kullback-Leiblerdivergence. The key observation [13] is
that the maximaof F correspondto maximaof p(x) and
vice versa.TheEM algorithmis analternatemaximisation
of F : the E stepmaximisesF with respectto ~p for �x ed
x (which resultsin ~p = px , as is obvious from eq. (4))
andtheM stepmaximisesF with respectto x for �x ed ~p
(which canbe seenby taking partial derivativesof F ). A
secondkey observation is to realisethat even thoughthe
maximisationwith respectto ~p (the E step)hasa closed
form solution,it is a computationallycostly solutionsince
we must compute~pn = p(njx) 8n 2 f 1; : : : ; N g, at a
costof O(N ). In the spirit of incrementalalgorithms,or
inexact searchesin optimisation,it may be moreef�cient
to maximisewith respectto M < N componentsof ~p in
thehopethatwemakesigni�cant progresstowardsanmax-
imum at a lower computationalcost. We call this a partial
E step,asopposedto a (usual)full E stepwhereall com-
ponentsof ~p areupdated.Note thatno matterwhich com-
ponentsor how many of themwe update,we will increase
F (evenif p(x) temporarilydecreases)and—aslong asall
componentsareupdatedperiodically—we will eventually
convergeto amaximumof F andthusamaximumof p(x).

Computationalsavings occurwhenwe do many partial
stepsupdatingthesamesetS � f 1; : : : ; N g of components
(calledplausibleset). Thepartialstepupdatestheposterior
probabilitiesfor n 2 S while the full step,which is taken
at infrequentiterations,selectsa new plausiblesetandup-
datesall components(asin a usualE step). Thecostfor a
partial stepis thenroughly 2ED multiplicationswhereE
is thenumberof componentsin S, while thecostfor a full
stepis the usual2N D multiplicationsplus the costof de-
terminingtheplausiblesetS (seebelow). Thealgorithm's
details(omittedherefor lackof space)arein [13].

In summary, the sparseEM algorithmwill infrequently
run a full iteration whereall componentprobabilitiesare
updated(andbothF andp(x) increase)at a slightly higher
costthana usualEM iteration;andfrequentlya partialiter-
ation whereonly a portion of the componentsareupdated
(and F increasesbut not necessarilyp(x)) at the propor-
tional costof the usualEM iteration. The overall costde-
pendson the total numberof iterations,but generallyis
smallerthanfor EM.

Wehavenow two importantissuesleft: thechoiceof the
plausiblesetS at a full step,and the decisionwhetherto
take a full step.Theintuition behindtheplausiblesetis, as
in ms2, thatmostof theprobabilitymass(andthusmostof
the effect on the iterate)is due to a relatively small num-
ber of components,thosecloserto the currentiterate. We
chooseasmany components(in decreasingorderof poste-
rior probability)asnecessaryto accountfor atotalprobabil-
ity 1 � � with � 2 [0; 1), i.e.,

P
n 2 S p(njx) � 1 � � . Thus,

the numberof components(and the fraction of dataused

e = E=N ) variesafter eachfull step. We have observed
experimentallythatthisadaptsbetterto theparticularprob-
lem thanchoosingtheE nearestneighboursof x for �x ed
E. The parameterof this methodis � . Given the poste-
rior probabilities,thecostof computingtheplausiblesetis
roughlythecostof sortingtheposteriorprobabilities,which
requiresO(N logN ) comparisons.Wetakethesortingcost
to besimilar to thecostof a usualE step(N D multiplica-
tions), so that the costof the full andpartial stepsin units
of usualEM stepsis 2 ande, respectively. Thesortingcost
might bereducedby notingthat theold list of components
is partially orderedat the currentfull E step,andusinga
sortingalgorithmtailoredfor partially sortedlists.

Thedecisionwhento takeafull step,i.e.,whento update
theplausibleset,is asfollows. Werunpartialstepsuntil the
distancebetweenconsecutive iteratesis lessthan10� 3, or
we reach20 steps;thenwe take a full step. We found this
rule to work bestover different � , � and images. Finally,
notethatms3 alwaysstartsandendsata full E step.

5. ms4: EM–Newton

This combinesGMS (anEM algorithm)with Newton's
method. A similar ideawasproposedin [1], wheregradi-
ent ascentwascombinedwith Newton's method. Experi-
encewith theEM algorithmin general[11] andwith GMS
[1] suggeststhat the EM algorithm is ef�cient at quickly
moving from the startingpoint to a point wherep(x) is
high,but thenit slows down considerably, particularlynear
a modedue to its linear convergencerate. In that case,
taking insteada Newton stepcanmake fasterprogressto-
wardsthe mode. This will be particularlynoticeablenear
the mode,whereNewton's methodquadraticconvergence
will pin down the solution to machineprecisionin just a
few steps.However, away from themodetheNewton step
maynot improveasmuchastheEM step,andmayevengo
downhill or be unde�nedor too long if the Hessianis not
positivede�nite.

Let usderive theNewtonstepfor thekerneldensityesti-
mate(1). ThegradientandHessianof thedensityare:

g(x) =
p(x)
� 2

NX

n =1

p(njx)(xn � x ) =
p(x)
� 2 (xEM � x )

H (x) =
p(x)
� 2 H (x); with

H (x) = � I +
1
� 2

NX

n =1

p(njx)(xn � x )(xn � x )T

wherexEM is theEM stepfrom (3b). TheNewtonstepis

xN = x � H � 1(x)g(x) = x � H
� 1

(x)(xEM � x ): (5)

We seethat,in computingtheNewton step,we gettheEM
step for free. Given the EM step, the cost of the New-



ton step is roughly the cost of computingthe H matrix,
namelyN D (D +1)

2 multiplications,becausethecostof solv-
ing the linear systemin H is O(D 3) which is negligible
whenN � D , the casein imagesegmentationandmost
clusteringapplications.

The crucial issue in the combinationEM–Newton is
whento try theNewtonstep.WeenableNewtonstepswhen
thecurrentsequenceof iterationsslows down. Speci�cally,
at iteration� + 1 andsubsequentiterationswetry aNewton
stepif




 x ( � ) � x ( � � 1)




 < � for �x ed� . If theNewtonstep

fails, i.e., p(x ( � +1)
N ) < p(x ( � ) ) (or the Hessianis closeto

singular),thenwerevert to theEM stepanddisableNewton
stepsuntil the EM stepsslow down again. Thus, the �rst
step(or �rst few steps)is alwaysan EM step,and the �-
nal few stepsarealwaysNewton steps,achieving quadratic
convergence.Theparameterof thismethodis � .

The cost of an iteration dependson its type: an EM
iterationcosts2N D multiplications;a successfulNewton
iteration costs2N D + N D (D +1)

2 multiplications; and a
failed Newton iterationreverting to the EM iterationcosts
3N D + N D (D +1)

2 multiplications(theadditionalcostbeing
dueto thecomputationof p(x) for bothx N andxEM).

6. Experimental results

Weevaluatetheperformanceof the4 accelerationstrate-
giesin termsof normalisediterations(sothatiterationsfrom
differentmethodscanbedirectlycompared;seetable1) and
percentclusteringerror P with respectto GMS. We test
eachmethodon several greyscaleand colour images. In
bothcases,weprescalethegreyscaleor (L � ; u� ; v� ) values
sothatwecanuseanisotropickernelwith bandwidth� and
obtaingoodsegmentationswith GMS. Thus,eachcompo-
nentof thefeaturevectorx hasnow pixel units,asdoes� .
For eachimagewe try severaldifferent� (to obtaindiffer-
entnumbersof clusters).Weruneachmethodwith thesame
convergencecriterion (that the change




 x ( � +1) � x ( � )




 in

the iteratebe smaller than 10� 3 pixels) and the resulting
convergencepointsareconsideredto be the samemodeif
they lie lessthan1 pixel apart.We obtainedsimilar results
over severalgreyscaleandcolour images,sowe reportnu-
mericalresultsonly for thecameraman imageof �g. 2.

For ms2, theparameterr is relativeto thesmallestimage
side, e.g. for cameraman 100 � 100 a value r = 0:31
meansa neighbourhoodradiusof 0:31 � 100 = 31 pixels,
anda proportionof datapointsusede = (2br c + 1)2=N =
0:40. For ms4, � is relative to the bandwidth� , e.g. for
� = 16 a value� = 0:1 meansa distance0:1 � 16 = 1:6
pixelsbetweenconsecutive iterates.

We ranevery methodfor a rangeof valuesof its param-
eter (�g. 3). For ms3 the error is always nearzero (be-
cause,unlike ms2, sparseEM convergesto thetruemodes
nomatterthevalueof � ) andthecomputationalcostis low-
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Figure2.Original imagecameraman 100� 100, totalnumberof
iterations(blue)andnumberof clusters(red)for msasa function
of thebandwidth� .

estat � � 10� 4; besides,the iterationsratio curve is very
�at, sousing10� 3 or 10� 5 makeslittle difference.For the
other methods,their respective parametertradesoff error
vs cost. We set the optimal value for every method's pa-
rameterasthatwhich minimisestheiterationsratio subject
to achieving an error P < 3% (or as small as possible);
see�g. 5. This ensuresan almostperfectsegmentation.
For ms1 this resultsin n � 3–6 andan iterationsratio of
0.01–0.1(10–100� speedup),dependingon theimageand
� . Using larger n further reducesthe error at a slightly
highercomputationalcost. For ms4 thereis considerable
freedomto choose� (despitethe jaggedcurve of �g. 5),
becausealthoughthecostdecreaseswith � while theerror
increaseswith � , the changeis very small; � = 0:1 works
well andresultsin speedups1.5� –6� . The error increase
with � is expectedsincethis meansmoreNewton stepsare
taken insteadof EM steps.For ms2, the iterationsratio is
approximatelyequal to the fraction e = (2br c + 1)2=N
of datapointsused(wherer is the spatialneighbourhood
side). This indicatesthat the averagenumberof iterations
perpixel is aboutthesameasfor ms. TheerrorP decreases
ase increases.Thus,by usinga high enoughr (or e) we
canreduceP to anacceptablelevel. However, it seemsdif-
�cult to selectanoptimal r in advancegiven a new image
and� value,andthe error canbe large if usinga slightly
too small r . The reasonis that ms2 doesnot converge to
the true modesof the density. Signi�cant speedups(up to
5� ) occurfor small� but not for large� .

Fig. 4 showssomeoptimalsegmentations,all beingvery
similar to themssegmentation,andthemodesfoundby all
methodsbeingessentiallythesame(thusthesamenumber
of clusters),with a few misclusteredpixels only. The pic-
tureshowing thenumberof iterationsfor eachpixel, which
dependsstronglyon � , indicateswhich imageregionstake
longest(red) or shortest(blue), and indirectly re�ects the
�atnessof thedensityp(x). Often(but not always)clusters
areidenti�able in thispicturefor ms, asthey areaspeaksin
thehistogramof iterations.Theiterationspicturesfor ms2
and ms3 tend to be very similar to that of ms, and like-
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Figure 4. Segmenta-
tion results for each
method under its op-
timal parameter value
for � = 12. For each
method we give: (A)
the number of modes,
error P and number
of iterations; (B) the
colour-codedsegmenta-
tion with modesmarked
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wise their histogramslook like a horizontallycompressed
versionof thatof ms. Thereasonis that thesemethodsare
themostsimilar to ms, beingbasedon usinga datasubset
but otherwiserunningEM-like steps.Thepicturefor ms1
is completelydifferent:only ahandfulof pointsrun theav-
eragenumberof msiterations(thepixelsthatwereselected
�rst, distributed as a grid over the image,visible as light
spots);theoverwhelmingmajority runaverysmallnumber
of iterations(lessthan4),asshown in thehistogramaswell,
whichpeaksat1.

Fig. 6 shows the error P and numberof iterationsfor
every methodunderits optimalparametervalue,asa func-
tion of � . All methodscanattainsigni�cant speedupswith
a smallerror; thespeedupsarelargerwhenms takesmore
iterations(for small � ). The beststrategy by far is ms1,
with speedups10� –100� , followedby ms4, with speedups
1.5� –6� . ms3givesamodestspeedup(from 3� for low �
to no speedupfor large� ), althoughit is thesafeststrategy
in termsof low P. Finally, ms2 givessimilar or slightly
largerspeedupsthanms3 but canincura largeerror.

Fig. 7 shows the following regardingms1. (1) Of the
n2N cells available,only f (n)N (wheref (n) is a sublin-
earfunctionof n) areused,i.e., visitedby an iterate,inde-
pendentlyof the imageand� . (2) The averagenumberof
iterationsperpixel k (= total numberof iterations=N ) ap-
proximatelyequalsf (n), independentlyof the imagesize
N . Thesublinearnatureof f (n) is alsoapparentin �g. 3.
The sparseusageof cells resultsfrom most iterateslying
aroundthe modesandridgesleadingto modes.Theseare
travelledby the�rst few paths,sparinglaterpathsfrom trav-
elling themagain. The remainingareasaresparselypop-
ulatedby iterates,typically a single one per pixel. Since
the total numberof iterationsroughly equalsthe number
of visited cells (excluding the few cells which arevisited
morethanonce,usuallyby the�rst few pixels),theaverage
numberof iterationsbecamesf (n). Thus,ms1's effective
memorycostis lessthannN cells (with n � 3–6) andits
computationalcostis O(kN 2), likethatof GMS,but where
theaveragenumberof iterationsperpixel is k � f (n), i.e.,
2–4,insteadof 30–150asfor GMS.

To studytheeffectof imagesize,weranall experiments
with half-sizeimagesandcorrespondinglyhalf-size� . The
resultswereverysimilar to thefull-size images(sameopti-
malparameters,similarcurves)but thenumberof iterations
wasabout4� smaller, indicatingthat the averagenumber
of iterationsperpixel is thesame.

Wealsoranall experimentswith amoreaccurateconver-
gencecriterion,10� 6 pixelsratherthan10� 3. Theresulting
curveswerealmostidenticalexcept that the numberof it-
erationsfor ms, ms2 andms3 roughly doubled,while for
ms1 andms4 it remainedapproximatelyequal.Thereason
is thattheformermethodshavea linearrateof convergence
(beingessentiallyEM steps),while ms4 hasquadraticcon-
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ms1, asa functionof thediscretisationlevel n, for � = 16 (very
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curve decreasesfasterthan1=n, solessthannN cellsarevisited.
Right: averagenumberof iterationsperpixel for ms1asafunction
of imagesizeN . Eachcurve correspondsto a differentn andis
roughlyconstant,with avaluef (n) thatgrowssublinearlywith n.

vergenceand ms1 runs to convergenceonly a handful of
points.Thus,ms1 andms4 canberanat a higheraccuracy
level for free(thoughfor imagesegmentationa toleranceof
10� 3 is generallygoodenough).

7. Discussionand relatedwork

The accelerationstrategies we have proposedcan be
classi�ed in 3 types: discretisationmethods(ms1), neigh-
bourhoodmethods(ms2andms3) andhybrid EM–Newton
(ms4). Neighbourhoodmethodsreducethe computational
costper iterationwhile theothermethodsreducethenum-
ber of iterations.All thesestrategiesarenew exceptms3,
which is thesparseEM algorithmof [13], thoughouradap-
tation to GMS andour rule whento take full stepsis new.
Our generalconclusionsregardingperformanceareasfol-
lows. (1) With parameterssetoptimally, all methodscan
obtainnearlythe samesegmentationasGMS with signi�-
cantspeedups;near-optimalparametervaluescaneasilybe
setin advancefor ms1, ms3 andms4, andsomewhatmore
heuristicallyfor ms2. (2) ms1 attainsthe largestspeedup
by far (10� –100� with clusteringerror < 3%, depend-
ing on theimageand� ). It reducesthecomputationalcost
O(kN 2) of GMS by reducingk from 30–150(theaverage
numberof iterationsperpixel with GMS) to 2–4,yielding
speedupsof one to two ordersof magnitudefor a typical
image.Besides,if desiredtheerrorcanbefurther reduced
at a smalladditionalcost. (3) ms4 rankssecondbest,with
1.5� –6� speedups.(4) Theneighbourhoodmethodsattain
moremodestspeedups(1� –3� ); of these,ms3 attainsthe
lowest(near-zero)errorof all strategies,while ms2 canre-
sult in unacceptablylarge errors for a suboptimalsetting
of its parameter. For the largerbandwidths,theneighbour-
hoodmethodsdo not improve over GMS, sincetheneigh-
bourhoodsizebecomescomparableto thedatasetsize.(5)
Someof thesemethodsareorthogonalto eachother (e.g.
ms1 andms4) soit is possibleto usethemin combination
andobtainlargerspeedups.



Earlierproposalsof neighbourhoodmethodswith mean-
shift [6, 9] or EM algorithms[12] have focusedon fast,
approximatealgorithmsfor rangesearchsuchas kd-trees
or locality-sensitive hashing. However, rangesearchal-
gorithmsscalepoorly with the dimension(thoughthey do
work well up to, say, dimension5) andwith thenumberof
neighboursrequested.Thelatteris particularlyproblematic
with GMS,which requiresbandwidthsof theorderof 0.1–
0.3 the imagesideandthusvery largeneighbourhoods.In
contrast,ms2avoidstherangesearchcostaltogether(using
insteada �x ed pixel neighbourhood),while ms3 searches
for neighboursonly at full EM steps,whichareinfrequent.

AnotherapproachtoaccelerateGMSis touseafasterbut
altogetherdifferent optimisationalgorithm on the Gauss-
ian kernel density estimate(e.g. a quasi-Newton method
[14]). While this is a valid idea and may producegood
clusterings,it is alsolikely that the segmentationwill dif-
fer signi�cantly from that producedwith GMS. Preserv-
ing the modes'attractionbasinswas our rationaleto use
a hybrid EM–Newton algorithm(ms4) thatstartswith EM
steps(which direct the iteratetowardsthe right mode)and
switchesto Newtonstepslateron,achieving quadraticcon-
vergence(which providesa high accuracy at almostno ad-
ditional cost). In fact, forcing thevery �rst stepin ms4 to
be a Newton stepratherthanan EM stepconsistentlyin-
creasesthe error between1 and10 percentagepoints(the
errorhappeningmainlyatpixelsnearclusterboundaries).

The fastGausstransform(FGT) [7, 10] approximately
evaluatesasumof N Gaussianssuchaseq.(1) atM points
in O(M + N ) time ratherthan the naive O(M N ). The
FGT couldbecombinedwith any of our techniques,since
its improvementis orthogonalto them. Unfortunately, the
constantin its computationordergrows exponentiallywith
thedimensionD (essentially, thenumberof monomialsin a
polynomialseriesin D variablesgrows exponentiallywith
D for a �x edapproximationerror).For imagedatasetsizes
(N . 106), the FGT is competitive with naive evaluation
for D � 3 only. An improvedFGT hasbeenrecentlypro-
posed[15] whichhandlesup to D = 10.

8. Conclusion

Wehaveproposedfour strategies,all veryeasyto imple-
ment,to accelerateGaussianmean-shiftsegmentation(us-
ing spatialand rangefeatures). The bestof these,based
on discretisingthe spatial domain, achieves 10� –100�
speedupswith a very small error (controlled by the dis-
cretisationlevel). This will facilitatethe practicalapplica-
tion of GMS,whichattainsbettersegmentationsthan�nite-
supportkernelsbut is much more computationallycostly
in a naive implementation. In practice, one may often
postprocessthe segmentation(e.g. to remove small clus-
ters),which may allow to run the acceleratedmethodat a
coarserdiscretisationlevel and further reducethe compu-

tationalcost. The otherstrategiesproducedmuchsmaller
speedups:upto 6� for theEM–Newtonalgorithmandupto
3� for neighbourhood-basedstrategies(spatialneighbour-
hood,sparseEM). All themethodsarereadilyextendedto
thecasewherethebandwidthis adaptive (dependenton the
pixel) andnon-isotropic.ThesparseEM andEM–Newton
algorithmsarealsoapplicableto clusteringnon-imagedata.
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[3] M. Á. Carreira-PerpĩnánandC. K. I. Williams. Onthenum-
berof modesof aGaussianmixture.In L. Grif�n andM. Lill-
holm,editors,ScaleSpaceMethodsin ComputerVision, vol.
2695of LectureNotesin Comp.Sci., pages625–640,2003.

[4] Y. Cheng.Meanshift, modeseeking,andclustering. IEEE
Trans.PAMI, 17(8):790–799,Aug. 1995.

[5] D. Comaniciu and P. Meer. Mean shift: A robust ap-
proachtoward featurespaceanalysis. IEEE Trans.PAMI,
24(5):603–619,May 2002.

[6] D. DeMenthon. Spatio-temporalsegmentationof video by
hierarchicalmean shift analysis. In Statistical Methods
in Video ProcessingWorkshop(SMVP2002), Copenhagen,
Denmark,June1–22002.

[7] A. Elgammal,R. Duraiswami, and L. S. Davis. Ef�cient
kerneldensityestimationusingthefastGausstransformwith
applicationsto color modelingand tracking. IEEE Trans.
PAMI, 25(11):1499–1504,Nov. 2003.

[8] K. Fukunaga andL. D. Hostetler. Theestimationof thegra-
dientof adensityfunction,with applicationin patternrecog-
nition. IEEETrans.Info.Theory, IT–21(1):32–40,Jan.1975.

[9] B. Georgescu,I. Shimshoni,andP. Meer. Meanshift based
clusteringin highdimensions:A textureclassi�cationexam-
ple. In ICCV, pages456–463,2003.

[10] L. GreengardandJ.Strain.ThefastGausstransform.SIAM
J. Sci.Stat.Comput., 12(1):79–94,Jan.1991.

[11] G. J. McLachlanandT. Krishnan. TheEM Algorithm and
Extensions. JohnWiley & Sons,New York, 1997.

[12] A. W. Moore. Very fastEM-basedmixturemodelclustering
usingmultiresolutionkd-trees.In NIPS, pp.543–549,1999.

[13] R. M. NealandG. E. Hinton. A view of theEM algorithm
thatjusti�es incremental,sparse,andothervariants.In M. I.
Jordan,editor, Learning in Graphical Models, pages355–
368.MIT Press,1998.

[14] C. Yang, R. Duraiswami, D. DeMenthon,and L. Davis.
Mean-shiftanalysisusingquasi-Newton methods.In ICIP,
pages447–450,2003.

[15] C. Yang,R. Duraiswami,N. A. Gumerov, andL. Davis. Im-
proved fastGausstransformandef�cient kerneldensityes-
timation. In ICCV, pages464–471,2003.


