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Abstract

Gaussianmean-shift(GMS) is a clustering algorithm
that hasbeenshownto producegoodimage segmentations
(whee eadh pixel is representedas a feature vector with
spatialand range components)GMSopermatesby de ning
a Gaussiankernel densityestimatefor the data and clus-
tering together pointsthat corveme to the samemodeun-
dera xed-point iterative scheme However, the algorithm
is slow sinceits compleity is O(kN?2), whee N is the
numberof pixelsand k the avelage numberof iterations
per pixel. We studyfour accelention strategies for GMS
basedonthe spatialstructure ofimagesandonthefactthat
GMSis an expectation-maximisatio(EM) algorithm: spa-
tial discretisation,spatial neighbourhoodsparse EM and
EM-Neavton algorithm. We showthat the spatial discreti-
sation strategy can acceleate GMS by one to two orders
of magnitudewhile achieving essentialljthe samesegmen-
tation; andthat the other strategiesattain speedupsf less
thanan order of magnitude

The mean-shiftalgorithm is a hill-climbing algorithm
thatoperatessfollows. Givenadatasetfx,g\.; RP,
de ne akerneldensityestimate
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whereK (t) is a kernelfunction (e.g.K (t) = e 2 for
the Gaussian)Then,rearranginghe stationary-poinequa-
tionr p(x) = 0 onecaneasilyobtaintheiteratve scheme
xC*D = f(x()) with
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(whereK © = dK=dt), called mean-shiftalgorithm The
x ed points of f are the stationarypoints of the density
p. The mean-shiftalgorithm can be shavn to corvemge
to modesof the kerneldensityestimateundermild condi-
tions. The algorithm originatesin [8] (thoughnot in the

form above) and hasbeensubsequentlylevelopedby oth-
ers[1, 4,5].

The mean-shiftalgorithm can be appliedto clustering
by declaringeachmode of the kernel density estimateas
representatie of onecluster andassigninga datapointx ,
(or indeedary pointx 2 RP) to the modeit corvergesto,
f! (xn). Sincethe algorithm doesnot dependon param-
eterssuchas stepsizes,the clusteringis uniquelyde ned
giventhe kerneldensityestimatej.e., giventhe bandwidth

. The algorithmhasbeenproven particularly successful
in imagesegmentation[5] whereeachdatapoint x,, i.e.,
eachpixel, is representetly spatialandrange featurese.g.
(i;j;1) or(i;j;L ;u ;v ) where(i;j) is the pixel loca-
tionin theimageand!l and(L ;u ;v ) thepixelvaluein a
greyscaleor colourimage,respectiely.

Different kernelsgive rise to different versionsof the
mean-shift algorithm. Here, we focus exclusively on
Gaussiarmean-shif{GMS), wherethe kerneldensityesti-
mateis a Gaussiamixtureandthealgorithmcanbewritten
in thefollowing, elegantform [1]:
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i.e., the new iteratex( *Y is the dataaverageunderthe
posteriorprobabilitiesgiven the currentiterate p(njx( )).

GMS producedettersgmentationshanthe Epanechnikv

kernel [5] but requiresa large bandwidth( % of the
image side) and is far slower to corverge. Indeed,the
Epanechnikv kernelhas nite supportandsoconvergence
occursin a nite numberof stepg5]. However, GMSis an
expectation-maximisatioEM) algorithm[3, 2] wherethe
E step(eq.(3a))computesheposteriomprobabilitiesp(njx)

andthe M step(eq. (3b)) updatesthe iteratex. Thus, its

convergencehaslinearorder[2, 11], requiringmary itera-
tionsto attaingoodaccurag. Besidesgachiterationcosts
O(N) for eachdatapoint, sothatclusteringthewhole data
setcostsO(kN 2) wherek is the averagenumberof itera-
tions. Thisis particularlyexpensve for imagesegmentation
wherethe numberof pixelsN is large.



Our objective in this paperis to studywaysof acceler
ating GMS for imagesegmentation.We proposefour dif-
ferentstratgieswhich cansigni cantly reducethe compu-
tationalcostwhile obtainingalmostthe samesggmentation.
They exploit the grid structureof image dataandthe fact
thatGMS is an EM algorithm. For simplicity, we focuson
ascalabandwidth , thesamefor all kernels.

The rest of the paperis organisedas follows. We in-
troducethe acceleratiorstrategies and their evaluationin
termsof computationatostandclusteringerror(sectionl),
describeeachstrateyy in detail (sections2—-5) andgive ex-
perimentatesultswith differentbandwidthgsectionb). Fi-
nally, we discusgheresultsandrelatedwork (section?).

1. Overview of strategiesand their evaluation

Let us rst determinethe bottlenecksf the GMS algo-
rithm. We have a datasetof N points (pixels) in D di-
mensionge.g.3 for greyscaleimages5 for colourimages,
higherif usingtexture or edgefeatures). Assumethat the
averagenumberof iterationsperdatapoint (per pixel) is k,
sothatthe compleity of thealgorithmis O(kN 2D).

Bottleneck 1 The averagenumberof iterationsk is large,
typically around100 (dependingon the corvergence
toleranceandthe bandwidth ). This high numberof
iterationsis spentnot only nearthe modeof conver
gencebut alsoin slow crawls up ridgesof p(x).

Bottleneck2 The costper iterationis large, about2N D
multiplications.Thisis requiredto obtainthe posterior
probabilityp(njx) for eachdatapoint (the E step,N D
multiplications)andto obtainthe next iteratex( *%)
(theM step,N D multiplications).

A successfubccelerationtechniquefor GMS mustaddress
one or both bottlenecks. We proposethe following four
different stratgyies (we will call ms the exact GMS algo-
rithm). msl, spatial discretisation dividesthe spatialdo-
main of theimageinto cells of subpixel sizeandforcesall
points projectingon the samecell to corverge to the same
mode;it reduceghe total numberof iterations. ms2, spa-
tial neighbourhoogdusesa subsef points(ratherthanall
N) in eq.(3), namelythe nearesheighboursn the spatial
domainratherthanin thefull D -dimensionafeaturespace;
it reduceghe costperiteration. ms3, spaiseEM, is based
on NealandHinton's idea[13] of interleaving full E steps
with partialE stepswhereonly afraction(theplausibleset)
of the posteriomprobabilitiesp(njx) areupdatedjt reduces
thecostperiterationfor mostiterations.ms4, EM—Newton,
startswith EM stepsandlaterswitchego Newton's method,
which hasquadraticcornvergencejit reduceghetotal num-
berof iterations.

Any acceleratiotechniqudor GMS shouldbeevaluated
with respecto computationabostand segmentatiorerror.

ms 1 msl 1 ms2:. e
ms3:  2if full step,eif partialstep
ms4: 1if EMstep, 1+ 2L if Newtonstep,

3+ DL if EM stepatfterfailed Newton step

Tablel. Costperiteration(in numberof multiplicationsrelative to

ms, the exact Gaussiamrmean-shiftalgorithm)for eachof the ac-
celeratednethodsassumindN datapointsin D dimensiongwith

N D). e 2 (0;1] is thefraction of the datasetused(neigh-
boursfor ms2, plausiblesetfor ms3). For ms2 e is constantyhile

for ms3 e variesacrossterations. Thenumberof exponentialsor

eachmethodgenerallyscalesn thesameproportionasthenumber
of multiplications,sowe considernly thelatterin thetable.

Thememorycostis modesfor all ourstratgyiessowefocus
on the time cost. Ratherthan measuringthis as running

time, which depend=n the actualhardware and software
(andis certainlymisleadingn our Matlabimplementation),
wemeasurét in normalisedterationswhereanexactGMS

iteration(i.e., 2N D multiplications)equalsl. The costof

eachstratgy's iterationis determinedn the next sections
andsummarisedh tablel.

Ourgoldstandards thesegmentatiomproducedy GMS
(for a given bandwidth)without using ary pre- or post-
processingsuchasremaoving small clusters),irrespectve
of the perceptualquality of the sggmentation. We usea
simplepercentmeasuref clusteringerrorP 2 [0; 100]ob-
tainedby matchingcorrespondinglustershetweerthe two
segmentationscountingthe numberof misclusterecixels
over the wholeimageanddividing by N. This simpleer
ror measurenvorks well sincethe strategjies generallypro-
ducevery similar sggmentationshaving the samenumber
of clustersand differing only in a few pixels nearcluster
boundaries.

Clusteringerrorscanarisefor two reasons First, if the
iterative schemdor the approximatemethoddoesnot con-
verge to a modeof p(x), thenthe corvergencepointswill
not coincide with the modes,and there may be more or
fewer convergencepointsthanmodes. This is the casefor
ms1 andms2. However, the error canbe keptundercon-
trol dependingon the parametenf the method(at a higher
computationakost). Second,evenif the acceleratedter-
ative schemedoescorverge to a modeof p(x), the mode
of corvergencefor a givenstartingpoint x,, may be differ-
entfrom thatusingexact GMS, in particularfor pointsnear
clusterboundariesThisis the casefor ms3 andms4.

2. msl: spatial discretisation

We considereachpixel in the spatialdomainasa unit
squarecentredatlocation(i; j ) andsubdvidedintoann n
grid of cells( g. 1). Theparameteof thismethodis n. The
ideais thatall pointsx 2 RP (the featurespace)whose
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Figure 1. Left discretisationof the spatialdomainfor n = 3.
Every pixel (i; j ) is subdvidedinton n cells. Every pointx 2
RP whosespatialprojection(x1; x2) fallsin agivencell (suchas
the one shaved) hasthe samefate asall other points projecting
onthatcell. Right apathx©@ :x®: 2 RP visitscellsin the
spatialdomain;iteratesfrom alater pixel stopiteratingwhenthey
reachavisitedcell.

spatial projection (x1; X2) belongsto the samecell share
the samefate, i.e., cornverge to the samemode. Thus, if

we start GMS from a datapoint x,, andat someiteration
x( ) projectson acell thatwe have previously visitedwhile

iterating GMS for someotherdatapoint X, , thenwe stop
iterating,andmark every iterateof x,,'s pathasvisitedand
ascorvergingto X, 's mode.

The intutition why this ideashouldwork is the follow-
ing. Considera greyscaleimagefor simplicity, with fea-
turesx = (i;j;1) 2 R®. Theimagede nesa 2D manifold
becausehe intensityl is a function of the spatiallocation
(i;j). Sincethe GMS iteratesmustlie in the corvex hull
of thedatapoints[1] andmoreaorerlie in high-densityareas
(sinceEM increaseshedensitymonotonically) theiterates
will typically lie very nearthe saidmanifold. Thus,theit-
eratepathsthat go througha givenlocation(i; j) do soat
approximatelythe sameintensity| (i; j ). This meansthat
the pathsarewell approximatedy their 2D projectionsin
the spatialdomain. Naturally, this situationdoesnot apply
with non-imagedata;therethediscretisatiorshouldinvolve
all D variablegwhich suffersfrom the curseof dimension-
ality).

Thenumberof modedoundby ms1is lessthanor equal
to the numberof modesfound by GMS. Clusteringerrors
occurwhenpathseventuallycorverging to differentmodes
travel temporarily close together thus competingfor the
samecells(usuallyalongclusterboundaries)Theerrorcan
bereducedasmuchasdesiredby usinga ne enoughdis-
cretisation(high enoughn), sincethe total numberof iter-
atesfor all pathsis nite giventhecorvergencetolerance.

The orderin which pixels are selectedor GMS affects
theresult,becausduture pathsdependon which cellshave
beenalreadyvisited. We have found that selecting rst a
collection of pixels distributed as a uniform grid over the
imageandthenthe restof pixels attainsa lower errorthan
selectingpixels rowwise, with no changein computational
cost(usinga randomorderalsolowersthe error but hasa
largervariance).

Eachiterationin msl is an exact GMS iteration,sothe
total costis the numberof iterationsperformed. The sav-
ingsin ms1 comefrom the factthatthe long crawls along
densityridgesand upon corvergenceneara mode (which
consumea large numberof iterations)aredoneonly for the

rst few pixels. Essentially oncea pathhasbeentravelled
once,it is nottravelledagain; unlike with exactGMS,where
almostidenticalpathsaretravelledby mary differentpixels
converging to the samemode[2], anda given cell may be
visitedmary timesduringonepath.

3. ms2: spatial neighbourhood

We approximatethe E and M steps at each itera-
tion by using a subsetof the data: the sums over
all n in egs. (3a)—(3b) are replaced with sums over
n 2 N(x(J)). Here, N(x) =
K(X1;X2)  (Xn1;Xn2)k;  rgconsistof aspatialneigh-
bourhoodof x given by the datapoints correspondingo
pixelswithin distancer (usingthel -norm)of x's nearest
pixel location(x; X,). N (x) contains(2brc + 1)? pixels
(whereb cis the oor function) for pixels bothin the in-
terior of the imageand closeto the boundary(by shifting
the neighbourhoodnsidethe imageasneeded).Thus,the
amountof computationis the samefor ary pixel: oneit-
erationof ms2 costse 2 (0; 1] iterationsof GMS, where
e= (2brc+ 1)?=N is theproportionof the datasetusedin
the iteration. Importantly notethatthe costof nding the
nearesneighbourdgn the spatialdomainis negligible, un-
like thatof nding nearesneighboursn the whole space.
The parametenof thismethodis r (or equialentlye).

The computationasavings of this methodarisefrom the
reductionof the costperiteration. The overall speeduple-
pendson the total numberof iterationscarriedout, which
is investigatedexperimentallyin section6. The ms2 itera-
tion doesnot cornverge to a modeof p(x), thoughthe error
shouldbe smallif the neighbourhoodizesigni cantly ex-
ceedsthe bandwidth. The numberof modesmay be less
than,equalto or greatetthanthatof GMS.

4. ms3: sparseEM

The sparseEM algorithm[13] is anacceleratedEM al-
gorithm that preseres the corvergenceguaranteeof EM.
We will describeit in the contet of the GMS algorithm
for simplicity. Theideaconsistsof recastinghe EM algo-
rithm asan alternatemaximisationof the free enegy func-
tion F (p; x) de ned belov in anenlagedparametespace
with N + D variables(p;x) 2 RN*P, wherex 2 RP is
)T represents

the posteriordistribution, i.e., px(n) = p(njx). Thefree
enepgy functionis de ned as

F(p;x) = logp(x) D (pkpx) (4)



wherep(x) is the usualdensityof eq. (1) andD ( k) the
Kullback-Leiblerdivergence. The key obsenration [13] is
that the maximaof F correspondo maximaof p(x) and
vice versa.The EM algorithmis analternatemaximisation
of F: the E stepmaximisesF with respecto p for x ed
X (which resultsin p = py, asis olvious from eq. (4))
andthe M stepmaximisesk with respecto x for x edp
(which canbe seenby taking partial derivativesof F). A
secondkey obsenration is to realisethat even thoughthe
maximisationwith respectto p (the E step)hasa closed
form solution, it is a computationallycostly solutionsince

costof O(N). In the spirit of incrementalalgorithms,or
inexact searchesn optimisation,it may be more ef cient
to maximisewith respecto M < N component®f p in
the hopethatwe make signi cant progressowardsanmax-
imum at a lower computationatost. We call this a partial
E step,asopposedo a (usual)full E stepwhereall com-
ponentsof p areupdated.Note thatno matterwhich com-
ponentsor how mary of themwe update we will increase
F (evenif p(x) temporarilydecreasesdind—adong asall
componentsare updatedperiodically—we will eventually
corvergeto amaximumof F andthusa maximumof p(x).

Computationakarings occurwhenwe do mary partial
stepsupdatingthesamesetS
(calledplausiblese). The partial stepupdateghe posterior
probabilitiesfor n 2 S while the full step,which is taken
atinfrequentiterations,selectsa new plausiblesetandup-
datesall componentgasin a usualE step). The costfor a
partial stepis thenroughly 2ED multiplicationswhereE
is the numberof componentsn S, while the costfor afull
stepis the usual2N D multiplicationsplus the costof de-
terminingthe plausiblesetS (seebelown). Thealgorithm's
details(omittedherefor lack of space)rein [13].

In summarythe sparseEM algorithmwill infrequently
run a full iteration whereall componentprobabilitiesare
updatedandbothF andp(x) increasepntaslightly higher
costthanausualEM iteration;andfrequentlya partialiter-
ation whereonly a portion of the componentsare updated
(andF increasedut not necessarilyp(x)) at the propor
tional costof the usualEM iteration. The overall costde-
pendson the total numberof iterations, but generallyis
smallerthanfor EM.

We have now two importantissuedeft: the choiceof the
plausiblesetS at a full step,andthe decisionwhetherto
take afull step.Theintuition behindthe plausiblesetis, as
in ms2, thatmostof the probabilitymass(andthusmostof
the effect on the iterate)is dueto a relatively small num-
ber of componentsthosecloserto the currentiterate. We
chooseasmary componentgin decreasingrderof poste-
rior probability)asnecessar@ accounfor atotal probabil-
ity 1 with 2 [0;1),i.e., ,,gp(njx) 1 .Thus,
the numberof componentgand the fraction of dataused

e = E=N) variesafter eachfull step. We have obsered
experimentallythatthis adaptdetterto the particularprob-
lem thanchoosingthe E nearesneighboursf x for x ed
E. The parameternof this methodis . Given the poste-
rior probabilities,the costof computingthe plausiblesetis
roughlythecostof sortingthe posteriomprobabilities which
requiresO(N logN ) comparisonsWetake thesortingcost
to be similar to the costof a usualE step(N D multiplica-
tions), sothatthe costof the full and partial stepsin units
of usualEM stepsis 2 ande, respectiely. The sortingcost
might be reducedby notingthatthe old list of components
is partially orderedat the currentfull E step,andusinga
sortingalgorithmtailoredfor partially sortedlists.
Thedecisionrwhento take afull step,i.e.,whento update
theplausibleset,is asfollows. We run partialstepsuntil the
distancebetweenconsecutie iteratesis lessthan10 2, or
we reach20 steps;thenwe take a full step. We foundthis
rule to work bestover different , andimages. Finally,
notethatms3 alwaysstartsandendsatafull E step.

5. ms4: EM-Newton

This combinesGMS (an EM algorithm)with Newton's
method. A similar ideawasproposedn [1], wheregradi-
entascentwas combinedwith Newton's method. Experi-
encewith the EM algorithmin general11] andwith GMS
[1] suggestghat the EM algorithmis efcient at quickly
moving from the starting point to a point where p(x) is
high, but thenit slows down considerablyparticularlynear
a mode due to its linear corvergencerate. In that case,
taking insteada Newton stepcan make fasterprogresgo-
wardsthe mode. This will be particularly noticeablenear
the mode,whereNewton's methodquadraticconvergence
will pin down the solutionto machineprecisionin just a
few steps.However, away from the modethe Newton step
maynotimprove asmuchasthe EM step,andmayevengo
downhill or be unde nedor too long if the Hessianis not
positive de nite.

Let usderive the Newton stepfor the kerneldensityesti-
mate(1). ThegradientandHessiarof thedensityare:

X
00 = P27 by %)= P ke x)
n=1
H(x) = L);)W(x); with
_ 1 X
Hx)= 1+ 5 p(njx)(Xn X)(Xn X)7
n=1

wherexgy is the EM stepfrom (3b). The Newton stepis

H 'X)(Xem X): (5)

We seethat,in computingthe Newton step,we getthe EM
stepfor free. Giventhe EM step, the cost of the New-

Xxn=X H x)gx) = x



ton stepis rou%hly the cost of computingthe H matrix,
namelyN2L D myitiplications,becausehe costof solv-
ing the Ilnear systemin H is O(D?3) which is negligible
whenN D, the casein imagesegmentationand most
clusteringapplications.

The crucial issuein the combinationEM—Newton is
whento try theNewton step.We enableNewton stepsvhen
thecurrentsequencef iterationsslows dowvn. Speci cally,
atiteration + 1andsubsequeriterationswetry aNewton
stepif x() x(C D < for xed . If theNewtonstep
fails, i.e., p(x{, ™) < p(x()) (or the Hessiaris closeto
singular) thenwe revertto theEM stepanddisableNewton
stepsuntil the EM stepsslov down again. Thus,the rst
step(or rst few steps)is alwaysan EM step,andthe -
nal few stepsarealwaysNewton stepsachiezing quadratic
convergence.The parametepf this methodis .

The cost of an iteration dependson its type: an EM
iterationcosts2N D multiplications; a successfuNewton
iteration costs2N D + NP myltiplications; and a
failed Newton iterationreverting to the EM iteration costs
3N D + Y22 mytiplications(theadditionalcostbeing
dueto the computatiorof p(x) for bothx y andxgy).

6. Experimental results

We evaluatethe performancef the4 acceleratiorstrate-
giesin termsof normalisedterationgsothatiterationsfrom
differentmethodscanbedirectlycomparedseetablel) and
percentclusteringerror P with respectto GMS. We test
eachmethodon several greyscaleand colour images. In
bothcaseswe prescalghegreyscaleor (L ;u ;v ) values
sothatwe canuseanisotropickernelwith bandwidth and
obtaingoodseggmentationsvith GMS. Thus,eachcompo-
nentof the featurevectorx hasnow pixel units,asdoes .
For eachimagewe try severaldifferent (to obtaindiffer-
entnumberf clusters) Weruneachmethodwith thesame
corvergencecriterion (thatthe change x( *1 x() in
the iteratebe smallerthan 10 2 pixels) and the resulting
cornvergencepointsare consideredo be the samemodeif
they lie lessthanl pixel apart. We obtainedsimilar results
over several greyscaleand colourimages sowe reportnu-
mericalresultsonly for thecameraman imageof g. 2.

For ms2, theparameter isrelativetothesmallesimage
side, e.g. for cameraman 100 100avaluer = 0:31
meansa neighbourhoodadiusof 0:31 100= 31 pixels,
andaproportionof datapointsusede = (2brc+ 1)?=N =
0:40. For ms4, s relative to the bandwidth , e.g.for

= l6avalue = 0:1 meansadistance0:l 16= 1.6
pixelsbetweerconsecutie iterates.

We ranevery methodfor arangeof valuesof its param-
eter (g. 3). For ms3 the error is always nearzero (be-
causeunlike ms2, sparseEM corvergesto thetrue modes
no matterthevalueof ) andthecomputationatostis low-

x 10°
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o

Iterations
Clusters

Figure2. Originalimagecameraman 100 100, totalnumberof
iterations(blue) andnumberof clusters(red) for ms asa function
of thebandwidth .

estat 10 4; besidesthe iterationsratio curve is very
at, sousing10 2 or 10 5 malkeslittle difference.For the
other methods their respectie parameteitradesoff error
vs cost. We setthe optimal value for every methods pa-
rameterasthatwhich minimisestheiterationsratio subject
to achiering anerror P < 3% (or as small as possible);
see g. 5. This ensuresan almostperfectsegmentation.
For msl thisresultsin n ~ 3-6 andan iterationsratio of
0.01-0.1(10-100 speedup)dependingon theimageand

Using larger n further reducesthe error at a slightly
highercomputationakost. For ms4 thereis considerable
freedomto choose (despitethe jaggedcune of g. 5),
becausealthoughthe costdecreasewith  while the error
increasewith |, thechanges very small; = 0:1 works
well andresultsin speedupd.5 -6 . Theerrorincrease
with  is expectedsincethis meansmoreNewton stepsare
takeninsteadof EM steps.For ms2, the iterationsratio is
approximatelyequalto the fractione = (2brc + 1)2=N
of datapointsused(wherer is the spatialneighbourhood
side). This indicatesthat the averagenumberof iterations
perpixel is aboutthesameasfor ms. TheerrorP decreases
ase increases.Thus, by usinga high enoughr (or €) we
canreduceP to anacceptabldevel. However, it seemglif-
cult to selectanoptimalr in advancegivena new image
and value,andthe error canbe largeif usinga slightly
too smallr. Thereasonis thatms2 doesnot corverge to
the true modesof the density Signi cant speedupgup to
5 )occurfor small butnotfor large .

Fig. 4 shavs someoptimal sggmentationsall beingvery
similar to thems sggmentationandthe modesfound by all
methodsbeingessentiallythe same(thusthe samenumber
of clusters),with a few misclusteredpixels only. The pic-
ture shaving the numberof iterationsfor eachpixel, which
dependsstronglyon , indicateswhich imageregionstake
longest(red) or shortest(blue), and indirectly re ects the
atnessof thedensityp(x). Often (but not always)clusters
areidenti able in this picturefor ms, asthey areaspeaksn
the histogramof iterations. Theiterationspicturesfor ms2
and ms3 tend to be very similar to that of ms, andlike-
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legend).In this gure, theiterationscurvesareratioswith respect
to the numberof iterationsof ms, i.e., inversespeedupgthus, a
ratio of 0:5 meansthe methodtook half the numberof iterations
asms,ora2 speedup).

Figure6. ClusteringerrorP (percentiandnumberof iterationsfor
eachmethodunderits optimal parametewalue, as a function of
thebandwidth .



wise their histogramdook like a horizontally compressed
versionof thatof ms. Thereasoris thatthesemethodsare
the mostsimilar to ms, beingbasedon usinga datasubset
but otherwiserunning EM-lik e steps. The picturefor ms1
is completelydifferent: only a handfulof pointsrunthe av-
eragenumberof msiterations(the pixelsthatwereselected
rst, distributedasa grid over the image, visible as light
spots);the overwhelmingmajority run avery smallnumber
of iterationg(lessthan4), asshavn in thehistogramaswell,
which peaksat1.

Fig. 6 shaws the error P and numberof iterationsfor
every methodunderits optimal parametewalue,asa func-
tionof . All methodscanattainsigni cant speedupsvith
a smallerror; the speedupsrelargerwhenms takesmore
iterations(for small ). The beststratgy by far is ms1,
with speedup40 —-100 , followedby ms4, with speedups
1.5 —6 . ms3givesamodestspeedugfrom3 for low
to no speedugor large ), althoughit is the safeststrateyy
in termsof low P. Finally, ms2 givessimilar or slightly
largerspeedupshanms3 but canincur alargeerror.

Fig. 7 shows the following regardingmsl. (1) Of the
n°N cellsavailable,only f (N)N (wheref (n) is a sublin-
earfunctionof n) areused,i.e., visited by aniterate,inde-
pendentlyof theimageand . (2) The averagenumberof
iterationsper pixel k (= total numberof iterations=N ) ap-
proximatelyequalsf (n), independentlyof the imagesize
N . Thesublineamatureof f (n) is alsoapparenin g. 3.
The sparseusageof cells resultsfrom mostiterateslying
aroundthe modesandridgesleadingto modes. Theseare
travelledby the rst few pathssparingaterpathsfrom trav-
elling themaggin. The remainingareasare sparselypop-
ulatedby iterates,typically a single one per pixel. Since
the total numberof iterationsroughly equalsthe number
of visited cells (excluding the few cells which are visited
morethanonce,usuallyby the rst few pixels),theaverage
numberof iterationsbecamed (n). Thus,ms1's effective
memorycostis lessthannN cells (with n  3-6) andits
computationatostis O(kN ?), like thatof GMS, but where
theaveragenumberof iterationsperpixelisk f (n),i.e.,
2-4,insteadof 30—150asfor GMS.

To studytheeffect of imagesize,we ranall experiments
with half-sizeimagesandcorrespondinghhalf-size . The
resultswerevery similar to thefull-size imagessameopti-
mal parameterssimilar curves)but thenumberof iterations
wasabout4 smaller indicatingthat the averagenumber
of iterationsper pixel is thesame.

We alsoranall experimentswith amoreaccurateonver-
gencecriterion,10 © pixelsratherthan10 3. Theresulting
cuneswere almostidentical exceptthat the numberof it-
erationsfor ms, ms2 and ms3 roughly doubled,while for
ms1andms4 it remainedapproximatelyequal. Thereason
is thattheformermethodshave alinearrateof corvergence
(beingessentiallfEM steps)while ms4 hasquadraticcon-
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Figure7. Left proportionof cells (out of n>N cells) visited by
ms1, asafunctionof the discretisatiorevel n, for = 16 (very
similar curveswere obtainedfor otherbandwidths/images)The
curve decreasefasterthan1=n, solessthannN cellsarevisited.
Right averagenumberof iterationsperpixel for ms1asafunction
of imagesizeN . Eachcurve correspondso a differentn andis
roughlyconstantwith avaluef (n) thatgrows sublinearlywith n.

vergenceand msl runsto corvergenceonly a handful of
points. Thus,ms1 andms4 canberanatahigheraccurag
level for free (thoughfor imagesegmentatioratoleranceof
10 3 is generallygoodenough).

7. Discussionand relatedwork

The accelerationstratgies we have proposedcan be
classi edin 3 types: discretisatiormethodg(ms1), neigh-
bourhoodmethodqdms2 andms3) andhybrid EM—Newton
(ms4). Neighbourhoodnethodsreducethe computational
costperiterationwhile the othermethodsreducethe num-
ber of iterations. All thesestrat@iesarenew exceptms3,
whichis thesparseéEM algorithmof [13], thoughour adap-
tationto GMS andour rule whento take full stepsis new.
Our generalconclusiongegarding performancere asfol-
lows. (1) With parametersetoptimally, all methodscan
obtainnearlythe samesegmentationas GMS with signi -
cantspeedupsnearoptimal parameteraluescaneasilybe
setin advancefor ms1, ms3 andms4, andsomeavhatmore
heuristicallyfor ms2. (2) msl attainsthe largestspeedup
by far (10 —100 with clusteringerror < 3%, depend-
ing ontheimageand ). It reduceshe computationatost
O(kN ?) of GMS by reducingk from 30-150(the average
numberof iterationsper pixel with GMS) to 2—4, yielding
speedup®f oneto two ordersof magnitudefor a typical
image. Besidesjf desiredthe errorcanbe furtherreduced
at a smalladditionalcost. (3) ms4 rankssecondbest,with
1.5 —6 speedups(4) Theneighbourhoodnethodsattain
moremodestspeedupgl -3 ); of these ms3 attainsthe
lowest(nearzero)error of all stratgjies,while ms2 canre-
sult in unacceptablyarge errorsfor a suboptimalsetting
of its parameterFor the larger bandwidthsthe neighbour
hoodmethodsdo not improve over GMS, sincethe neigh-
bourhoodsizebecomegomparableéo the datasetsize. (5)
Someof thesemethodsare orthogonalto eachother(e.g.
msl1 andms4) soit is possibleto usethemin combination
andobtainlargerspeedups.



Earlierproposal®of neighbourhoodanethodswith mean-
shift [6, 9] or EM algorithms[12] have focusedon fast,
approximatealgorithmsfor rangesearchsuchas kd-trees
or locality-sensitve hashing. However, rangesearchal-
gorithmsscalepoorly with the dimension(thoughthey do
work well up to, say dimension5) andwith the numberof
neighbourgequestedThelatteris particularlyproblematic
with GMS, which requiresbandwidthsof the orderof 0.1—
0.3theimagesideandthusvery large neighbourhoodsln
contrastms2 avoidstherangesearctrostaltogethefusing
insteada x ed pixel neighbourhood)while ms3 searches
for neighbouronly atfull EM stepswhich areinfrequent.

Anotherapproacho accelerat&MSis to useafasterbut
altogetherdifferent optimisationalgorithm on the Gauss-
ian kernel density estimate(e.g. a quasi-N&ton method
[14]). While this is a valid idea and may producegood
clusteringsiit is alsolikely thatthe segmentationwill dif-
fer signi cantly from that producedwith GMS. Preserv-
ing the modes' attractionbasinswas our rationaleto use
a hybrid EM—Newton algorithm(ms4) that startswith EM
steps(which directthe iteratetowardsthe right mode)and
switchesto Newton stepdateron, achieving quadraticcon-
vergence(which providesa high accurag at almostno ad-
ditional cost). In fact, forcing the very rst stepin ms4 to
be a Newton stepratherthanan EM stepconsistentlyin-
creaseghe error betweenl and 10 percentaggoints (the
errorhappeningnainly at pixels nearclusterboundaries).

The fast Gausstransform(FGT) [7, 10] approximately
evaluatesasumof N Gaussiansuchased.(1) atM points
in O(M + N) time ratherthanthe nave O(MN). The
FGT could be combinedwith ary of our techniquessince
its improvementis orthogonatto them. Unfortunately the
constanin its computatiorordergrows exponentiallywith
thedimensiorD (essentiallythenumberof monomialsn a
polynomialseriesin D variablesgrows exponentiallywith
D for a x edapproximatiorerror). Forimagedatasetsizes
(N . 10°), the FGT is competitve with naive evaluation
forD  3only. Animproved FGT hasbeenrecentlypro-
posed15] which handlesupto D = 10.

8. Conclusion

We have proposedour stratayies,all very easyto imple-
ment,to acceleratgaussiarmean-shiftsggmentation(us-
ing spatialand rangefeatures). The bestof these,based
on discretisingthe spatial domain, achiezes 10 —100
speedupswith a very small error (controlled by the dis-
cretisationlevel). This will facilitatethe practicalapplica-
tion of GMS, which attainsbettersegmentationshan nite-
supportkernelsbut is much more computationallycostly
in a nave implementation. In practice, one may often
postprocesshe segmentation(e.g. to remove small clus-
ters), which may allow to run the accelerategnethodat a
coarserdiscretisatiorlevel and further reducethe compu-

tationalcost. The other stratgjies producedmuch smaller
speedupsupto6 for theEM—Newtonalgorithmandupto
3 for neighbourhood-basestratgies (spatialneighbour
hood,sparseEM). All the methodsarereadily extendedto
the casewherethe bandwidthis adaptve (dependentnthe
pixel) andnon-isotropic. The sparseEM and EM—Newton
algorithmsarealsoapplicableto clusteringnon-imagelata.
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