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Introduction. Dimensionality reduction is an important task in machine learning. It arrises when
there is a need for exploratory analysis of a dataset, to reveal hidden structure of the data, or as a preprocessing step, by extracting low-dimensional features that are useful for nearest-neighbor retrieval,
classification, search or other applications, in an unsupervised way. We focus on a well-known class
of dimensionality reduction algorithms, called embedding algorithms based on pairwise affinities.
Here, a dataset consisting of N objects is represented by a weighted graph where each object is a
vertex and weighted edges indicate similarity or distance between objects. Nonlinear embeddings,
such as the elastic embedding (EE; [2]), stochastic neighbor embedding (SNE; [4]) or t-SNE [5]
are desirable because they produce embeddings that are much better than those of linear or spectral
methods, particularly when the high-dimensional data have a complex cluster and manifold structure. Also, the runtime of nonlinear (and spectral) embedding algorithms is independent of the input
dimensionality, and so they can easily handle very high-dimensional objects such as images. The
fundamental disadvantage of nonlinear embeddings is their slow optimization which has prevented
their widespread use (particularly in exploratory data analysis, where interactivity is important). It
has been noted [6] that each iteration of all those methods scales quadratically on the number of
points N , therefore becoming a bottleneck of the algorithm. Thus, no matter how good the optimization algorithm is, as long as computation of E(X) and ∇E(X) is quadratic on N , the method
will not scale to large datasets.
Fast computation using N -Body methods. The objective function of many nonlinear embeddings have the form E(X; λ) = E + (X) + λE − (X) where X is the desired set of low-dimensional
coordinates. The terms E + (X) and E − (X) ensure that the projections of similar objects are close
and the projections of dissimilar objects are distant, respectively, and the parameter λ controls the
relative importance of each of these two pieces of information. For instance for the elastic embedding the objective function is equal to
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with K being a Gaussian or Student’s t kernel respectively and wnm and wnm are the elements of
positive and negative affinity matrices. For the algorithms above E + (X) and E − (X) are computed
as a sum of the mutual interactions between all the points in the dataset. Thus, naively, each evaluation of the objective function and the gradient costs O(N 2 ) and is expensive when N is large.
We propose to use N -Body methods to approximate these computations, which enabled us to scale
up existing limit in the number of points from N = 20 000 to N > 1 000 000 points. Generally,
there are two ways to achieve the speed-up with N -Body methods: using the tree structure (e.g.
with Barnes-Hut algorithm [1]) or the Fast Multipole Method expansion (FMM; [3]). The BarnesHut algorithm replaces the interaction between a distant target point and a series of adjacent source
points with a single interaction with the center of mass of the source points. The FMM uses a series
expansion to decouple the interactions between points into two components, each computed in linear time. Both types of methods are able to efficiently approximate the objective function and the
gradient evaluation, but they do not scale well when the dimensionality is large (d > 5). Thus, in
this abstract we are going to concentrate on the visualization problems where the dimension does
not exceeds d = 3. Among the two approaches, FMM is more desirable, because it can reduce the
computation from quadratic to linear, while tree-based methods usually achieve O(N log N ) cost.
In addition, algorithms like Barnes-Hut, does not have defined clear error bounds, which are present
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Figure 1: The embeddings of 1 020 000 digits using Elastic Embedding algorithm from infinite
MNIST dataset with FMM and Barnes-Hut (BH) using gradient decent (GD), fixed-point iteration
(FP) and L-BFGS. Top: the objective value change with respect to the number of iterations and the
runtime. Bottom: the embedding of FMM and BH with L-BFGS after 3 hours of optimization.
for FMM. Additional computational gains are achieved by starting with crude, but quickly computed
approximation and gradually increasing its quality with iterations. Our theoretical and experimental
analysis reveal the benefit of this approach.
Experiments. For the following experiment we used the infinite MNIST dataset where 960 000
handwritten digits were generated using elastic deformations to the original MNIST dataset. Together with the original MNIST digits the dataset consists of 1 020 000 points. We run the optimization for 11 hours using gradient descent, fixed-point iteration [2] and L-BFGS algorithms with both
FMM and Barnes-Hut methods. In fig. 1 Barnes-Hut and FMM show similar decrease per iteration (right plot), but FMM is much faster in terms of runtime. Bellow, you can see the embedding
after 3 hours of optimization using FMM and Barnes-Hut. The former looks much better than the
latter, showing clearly the separation between digits. On average, we observed FMM being 5 − 7
times faster than Barnes-Hut. We also tried to run exact method on this dataset, but after 8 hours of
optimization the algorithm only reached the second iteration.
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