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Abstract—We develop a nonparametric method to infer the
drift and diffusion functions of a stochastic differential equa-
tion. With this method, we can build predictive models starting
with repeated time series and/or high-dimensional longitudinal
data. Typical use of the method includes forecasting the future
density or distribution of the variable being measured. The
key innovation in our method stems from efficient algorithms
to evaluate a likelihood function and its gradient. These
algorithms do not rely on sampling; instead, they use repeated
quadrature and the adjoint method to enable the inference to
scale well as the dimensionality of the parameter vector grows.
In simulated data tests, when the number of sample paths
is large, the method does an excellent job of inferring drift
functions close to the ground truth. We show that even when
the method does not infer the drift function correctly, it still
yields models with good predictive power. Finally, we apply the
method to real data on hourly measurements of ground level
ozone, showing that it is capable of reasonable results.

Keywords-nonparametric inference, stochastic differential
equations, adjoint method

I. INTRODUCTION

Consider a noisy, time-dependent system with a scalar

observable. We define a time series to be a sequence of

measurements, at regularly spaced times, of one sample path

(or one realization) of the system. Suppose we have access to

many sample paths; we observe all of the paths at regularly

spaced times, thereby obtaining many time series. Starting

with this type of data, we consider two questions:

1) How can we use all of the time series data to infer a

fundamental equation of motion?

2) How well does such a model perform in predicting the

future distribution of the observable variable?

We frame this problem as a non-parametric inference

problem for the drift and diffusion functions of a general

stochastic differential equation (SDE):

dXt = f(Xt)dt+ g(Xt)dWt. (1)

Here Xt is a scalar stochastic process and Wt is the Wiener

process. In this SDE, the drift function f and the diffusion

function g are considered to be unknown. We assume we

observe (1) at times tj = j∆t for some fixed time-step

∆t > 0, for j = 0, . . . ,M . At each time tj , we collect ν
samples of Xtj and label these samples as xj ∈ R

ν . We let

x = x0, x1, . . . , xM denote all of the collected observations.

Our goal is to use x to infer f and g from (1). We can then

use (1) to predict the future distribution of Xt.

The type of data we have described arises in a diverse

set of practical examples: time series measurements of large

numbers of neurons [1], bid-ask prices in online auctions

[2], or the position of a moving robotic arm [3]. The

data we describe can also be viewed as a particular case

of longitudinal high-dimensional data, of importance in a

variety of biomedical contexts [4], [5].

The crux of our method is an algorithm for the efficient

computation of a log likelihood function and its gradient.

This likelihood function is the density p(x|θ) under the

model (1)—here θ, the parameter vector in our statistical

model, is a vector of Hermite basis expansion coefficients

that give finite-dimensional representations of the drift and

diffusion functions that we seek to infer. We evaluate the

likelihood deterministically, without recourse to sampling-

based methods. The mathematical innovation in our work

consists of the way in which we evolve densities forward in

time. Rather than solve a partial differential equation (e.g.,

the Fokker-Planck equation), we iteratively apply quadrature

to the Chapman-Kolmogorov equation associated with a

time-discretization of (1). In this way, we evaluate the

Markovian pieces p(xj+1|xj ,θ) that make up the overall

likelihood. We call our method density tracking by quadra-

ture (DTQ).

While the DTQ method is by itself efficient, what is

most relevant for the current nonparametric estimation prob-

lem is our ability to combine the DTQ method with the

adjoint method to compute the gradient ∇θp(x|θ). The

adjoint method enables us to compute this gradient with

a computational cost (in time) that does not scale with

the dimension of θ. This is important for nonparametric

estimation, because we do not know the dimension of θ

a priori—indeed, it may be quite large. Of course, we can

also apply the methods developed in this paper to parametric

inference problems where the functional forms of f and

g are known. Such problems are much more commonly

studied in the literature—see [6]–[8].

Equipped with efficient algorithms to compute the like-

lihood and its gradient, we use quasi-Newton optimization



methods to compute θ, and by implication, infer the drift

(f ) and diffusion (g) functions from data.

In prior work, we have shown that the DTQ method

computes a convergent approximation to the true density

of the SDE (1). The convergence requires regularity of both

f and g, together with restrictions on the rates at which the

temporal and spatial grid spacing tends to zero [9]. In the

context of parametric inference for the SDE (1), we have

shown how to use the DTQ method to compute both the

log likelihood and its gradient [10]. However, this earlier

calculation of the gradient proceeds via a direct method,

rather than the adjoint method considered in the present

work. Finally, we have also used the DTQ method for

Bayesian inference for both one- and two-dimensional SDE

models [11], [12]. None of our past work considered the

nonparametric inference of the drift and diffusion functions

f and g.

Our work is related to but distinct from prior work carried

out in both the machine learning and statistics communities.

First, nonparametric inference of the drift function for the

SDE model (1) has been approached using Gaussian process

approximations [13], [14]; it is not immediately clear how

well such an approach will carry over to the setting where

we have multiple sample paths, each observed on a relatively

coarse time scale. In [2], the authors seek to infer an empir-

ical SDE from the type of data just described. However, the

class of stochastic differential equations considered there is

rather different than the drift-diffusion SDE (1) considered

here. The work of [15] also fits the context of using data to

infer general stochastic models; here the authors propose a

model whose stochastic structure is completely unspecified.

In contrast, by constraining the model to be (1), we form

a connection to statistical physics, e.g., the Fokker-Planck

and Langevin equations. In this framework, our question is:

given enough realizations of a stochastic system, how well

can we infer its potential function?

Moving outside the SDE framework, there are several

approaches to use high-dimensional longitudinal data to

build predictive models: a tree-based method [16], methods

from functional data analysis [17], and time series methods

[3], to name just a few. The purpose of the present work

is to introduce and study our method; in future work, we

plan to conduct a detailed comparison of our SDE-based

method against these other methods. Note that all of our

codes are available at the following URL: https://github.com/

hbhat4000/sdeinference—see the “adjoint” directory.

We detail our mathematical methods in Section II, after

which we provide brief notes on its R implementation in

Section III. In Section IV, we report on several tests of our

method using both artificial and real data sets. We show

that the method does an excellent job of accurately inferring

drift functions in the Hermite context, and we also show

that the method can be used to generate predictive models.

This is especially true if one is interested in forecasting the

future distribution (e.g., the PDF or CDF) of a particular

variable. Finally, we apply the method to develop an SDE

model for ground level ozone pollution. The model performs

reasonably well on a distributional forecasting problem.

II. METHODOLOGY

We assume that f and g are square-integrable, i.e.,

f, g ∈ L2(R). The Hermite functions {ψi(x)}∞i=0 form an

orthonormal basis of L2(R); additionally, we have that any

φ ∈ L2(R) can be represented as an expansion in Hermite

functions,

φ(x) =
∞∑

i=0

ciψi(x), (2)

where the coefficient cj can be computed via cj =∫
φ(x)ψi(x) dx. The j-th Hermite function is defined by

ψj(x) = (−1)j(2jj!
√
π)−1/2ex

2/2 d
j

dxj
e−x2

. (3)

For further definitions and properties of the Hermite func-

tions, we refer the reader to [18].

To finite-dimensionalize the inference problem for (1), we

expand the unknown functions f and g in the Hermite basis

and then truncate the expansions:

f(x) ≈
Nf∑

i=0

θiψi(x) = f̂(x;θ) (4a)

g(x) ≈
Ng∑

i=0

θNf+1+iψi(x) = ĝ(x;θ). (4b)

These approximations of f and g induce an approximation

of the original SDE (1) by the approximate SDE

dXt = f̂(Xt;θ)dt+ ĝ(Xt;θ)dWt. (5)

Properties of the Hermite functions guarantee that both f̂
and ĝ and their derivatives are globally bounded. This is

sufficient for the existence of a unique solution Xt of (5);

moreover, we are guaranteed that for t > 0, the random

variable Xt has a density function p(x, t).
Let θ = (θ0, . . . , θNf

, θNf+1, . . . , θNf+Ng+1). Then the

inference problem consists of using the data x to compute θ.

We now describe a maximum likelihood method for doing

this. In Section II-A, we start by explaining the inference

method for the case where ν = 1, i.e., we have collected only

one observation at each point in time tj . Later, in Section

II-C, we discuss the generalization of the method for the

case where we have many observations at each point in time

(ν > 1).

A. Inference for one time series

We compute the maximum likelihood estimator of θ by

minimizing the negative log likelihood of of the observed



time series given by

− logL(θ) = −
M−1∑

j=0

log pXtj+1
(xj+1|Xtj = xj ;θ), (6)

where pXtj+1
(xj+1|Xtj = xj ;θ) is the conditional density

of Xtj+1
= xj+1 given Xtj = xj . In our work, we

approximate the transition density using a method called

density tracking by quadrature (DTQ). The first step of the

DTQ method is to discretize (5) in time using the Euler-

Maruyama scheme. We select an internal time step h, a small

fraction of ∆t, and set hF = ∆t where F ∈ Z and F ≥ 2.

Then the Euler-Maruyama discretization gives

X̃j+n/F = X̃j+(n−1)/F + f̂(X̃j+(n−1)/F ; θ)h

+ ĝ(X̃j+(n−1)/F ; θ)h
1/2Zj+n/F , (7)

for n = 1, . . . , F . Here {Zj+n/F } is an i.i.d. family of

Gaussian random variables with mean 0 and variance 1.

The random variable X̃j is intended to approximate Xtj

when the index j is an integer. When the index j is not an

integer, X̃j represents a random variable that interpolates

in time between the random variables that have been sam-

pled to give us our data. The idea now is to approximate

pXtj+1
(xj+1|Xtj = xj ;θ) in (6) with pX̃j+1

(xj+1|X̃j =

xj ;θ). The Chapman-Kolmogorov equation for the Markov

chain (7) is:

pX̃j+n/F
(y|X̃j = xj ;θ)

=

∫

z

pX̃j+n/F
(y|X̃j+(n−1)/F = z;θ)

× pX̃j+(n−1)/F
(z|X̃j = xj ;θ) dz. (8)

Here y and z represent any value in the state spaces of

the random variables X̃j+n/F and X̃j+(n−1)/F , respectively.

Now let Gh
θ(y, z) denote the probability density funtion of

a Gaussian random variable with mean z + f̂(z;θ)h and

variance ĝ(z;θ)2h, evaluated at y. From (7) we observe that,

for each n ∈ {1, . . . , F},

pX̃j+n/F
(y|X̃j+(n−1)/F = z;θ) = Gh

θ(y, z), (9)

and (8) becomes

pX̃j+n/F
(y|X̃j = xj ;θ)

=

∫

z

Gh
θ(y, z)pX̃j+(n−1)/F

(z|X̃j = xj ;θ) dz. (10)

When n = 1 on the right-hand side, we see that conditioning

on X̃j = xj forces pX̃j
(z|X̃j = xj ;θ) = δ(z − xj). This

enables us to evaluate (10) at n = 1 to obtain

pX̃j+1/F
(y|X̃j = xj ;θ) = Gh

θ(y, xj). (11)

Starting with (11), we can now compute (10) iteratively

to obtain the transition density pX̃j+n/F
(y|X̃j = xj ;θ).

We compute (10) using quadrature. We first truncate the

infinite domain of the integral to (−zA, zA), and introduce

the spatial grid spacing k > 0 such that k = (zA)/A. Let us

use superscripts to denote spatial grid locations, for example,

za = ak for all integers a ∈ [−A,A]. By applying the

trapezoidal rule to the right-hand side of (10), we get

pX̃j+n/F
(y|X̃j = xj ;θ)

≈ k

A∑

a1=−A

Gh
θ(y, z

a1)pX̃j+(n−1)/F
(za1 |X̃j = xj ;θ). (12)

Let kGh
θ(y

a2 , za1) be the (a2, a1) element of a matrix

K(2A+1)×(2A+1). We also define the a1-th element of the

vector p̂j+n/F by p̂a1

j+n/F = pX̃j+n/F
(ya1 |X̃j = xj ;θ).

Now (12) reduces to matrix-vector multiplication:

p̂j+n/F = Kp̂j+(n−1)/F . (13)

Starting with the initial vector p̂j+1/F , given by the right-

hand side of (11) discretized on the spatial grid, we apply

(13) F − 1 times to get p̂j+1 = KF−1p̂j+1/F , where

p̂j+1 is the approximation of the transition density function

pX̃j+1
(y|X̃j = xj ;θ) on the spatial grid. To find the value of

the transition density at y = xj one could use interpolation

on p̂j+1. Instead of using interpolation, in our method we

first compute p̂j+(F−1)/F using (13), i.e.,

p̂j+(F−1)/F = KF−2p̂j+1/F . (14)

Now define the vector ΓF−1 by Γ
aF−1

F−1 =
kGh

θ0
(xj+1, y

aF−1), where aF1
is any integer between

−A and A. Let T denote transpose. Putting everything

together, we obtain, respectively, the transition density and

the negative log likelihood:

pX̃j+1
(xj+1|X̃j = xj ,θ) ≈ [ΓF−1]

T
p̂j+(F−1)/F , (15)

− logL(θ) ≈ −
M−1∑

j=0

log
(
[ΓF−1]

T
KF−2p̂j+1/F

)
. (16)

B. An adjoint-based computation of the gradient

To compute the maximum likelihood estimator of θ using

a numerical optimization technique, we need to compute the

gradient of − logL(θ) with respect to θ. In this section we

discuss an adjoint-based approach to compute this gradient

of the negative log likelihood. Let us first consider (14),

which can be written as a system of block matrices to

compute p̄j+1 = (p̂Tj+1/F , · · · , p̂Tj+(F−1)/F )
T as follows:

K̄p̄j+1 = vj+1, (17)

where vj+1 = (p̂Tj+1/F , · · · ,0)T , and

K̄ =




I O O · · · O

−K I O · · · O

O −K I · · · O
...

...
. . .

. . .
...

O O · · · −K I



.



Here 0 denotes a zero row vector of the same length as

p̂j+1/F . Also, O denotes a zero matrix and I denotes an

identity matrix, both with the same dimension as that of the

matrix K. Therefore, the block matrix K̄ has dimension

(2A+ 1)(F − 1)× (2A+ 1)(F − 1). Now define wj+1 =
(0,0, · · · ,0,ΓT

F−1)
T , a vector of the same length as p̄j+1.

Then we can write the negative log likelihood in (16) as

−L(θ) ≈ −
M−1∑

j=0

log
(
wj+1

T p̄j+1

)
.

Let us define the Lagrangian as follows:

L(p̄j+1,θ, ūj+1) =
M−1∑

j=0

[
− log

(
wj+1

T p̄j+1

)

+ ūj+1
T
(
K̄p̄j+1 − vj+1

)]
.

Here, p̄j+1 is the state solution from (17) and ūj+1 is a

vector of Lagrange multipliers. Now, by taking the variations

of the Lagrangian with respect to ūj+1 and p̄j+1, we obtain

the state equation,

Lūj+1
(p̄j+1,θ, ūj+1) = K̄p̄j+1 − vj+1 = 0, (18)

and the adjoint equation,

Lp̄j+1
(p̄j+1,θ, ūj+1) = − wj+1

wj+1
T p̄j+1

+ K̄
T
ūj+1 = 0.

(19)

In the above equations, we have used the subscript on

L to denote the variables with respect to which we have

differentiated. Recall that θ is the vector of coefficients in the

drift and the diffusion of (5), i.e., θ = (θ0, . . . , θNf+Ng+1).
We compute the gradient of the log likelihood by taking the

derivative of the Lagrangian with respect to each θi:

Lθi(p̄j+1,θ, ūj+1) = −
M−1∑

j=0

p̄j+1
T ∂wj+1

∂θi

wj+1
T p̄j+1

+

M−1∑

j=0

QT ūj+1 = −∂L(θ)
∂θi

, (20)

where

Q =
∂K̄

∂θi
p̄j+1 − ∂

∂θi
vj+1. (21)

We rewrite (20) as

− ∂L(θ)
∂θi

= −
M−1∑

j=0

p̂Tj+(F−1)/F
∂ΓF−1

∂θi

ΓT
F−1p̂j+(F−1)/F

−
M−1∑

j=0

[
∂

∂θi
p̂j+1/F

]T
uj+1/F

−
M−1∑

j=0

F−2∑

ℓ=1

[
∂K

∂θi
p̂j+ℓ/F

]T
uj+(ℓ+1)/F . (22)

Let ūj+1 = (uTj+1/F , u
T
j+2/F , · · · , uTj+(F−1)/F )

T . Then,

the adjoint equation (19) can be written as the following

temporally evolving system of equations, which can be

solved backward in time for n = 1, · · · , F − 2:

uj+(F−(n+1))/F −KTuj+(F−n)/F = 0, (23a)

uj+(F−1)/F =
1

ΓT
F−1p̂j+(F−1)/F

ΓF−1, (23b)

The adjoint method to compute the gradient can now be

summarized. For each fixed j, the procedure is as follows.

1 Given the unknown parameter vector θ, solve the

state/forward problem equation (13) to find p̄j+1. This

is the same as solving the time evolution system in (14).

2 Given θ and p̄j+1, solve the adjoint equation (19) to

find ūj+1. This is same as solving the time evolution

system in (23a-23b).

3 With p̄j+1, ūj+1, use (22) to compute the gradient.

We follow this procedure for each Markovian piece of the

likelihood p(xj+1|xj ,θ). For each piece, we need F steps in

time to solve for the state p̄ and F steps in time to solve for

the adjoint ū. In total, across the entire time series, we need

2MF steps to compute the log likelihood and its gradient.

In particular, note that the number of steps in time does not

depend on the dimension of θ. This is in sharp contrast to a

direct (i.e., non-adjoint) method computation of the gradient,

in which one would have to perform a forward evolution in

time (analogous to (14)) for each component of θ. Such a

method would require MF (1 + |θ|) steps to compute the

log likelihood and its gradient, where |θ| = Nf +Ng +2 is

the dimension of θ.

C. Inference for many time series

In this section, we reinterpret x = x0, x1, . . . , xM as

a sequence of vector-valued observations. For each s =
1, 2, . . . , ν, the sequence xs0, x

s
1, . . . , x

s
M is a scalar time

series. With these changes, the log likelihood becomes

logL(θ) ≈
M−1∑

j=0

ν∑

aF=1

log pX̃j+1
(xaF

j+1|X̃j = {xsj}νs=1;θ).

(24)

The derivation of the above negative log likelihood is

identical to that given in Section II-A. The only real change

is that when ν > 1, we use the samples {xsj}νs=1 of the

random variable X̃j to estimate the density of X̃j as follows:

pX̃j
(z) ≈ 1

ν

ν∑

q=1

δ(z − xqj). (25)

This approximation is a density estimate that corresponds to

the spatial derivative of the empirical cumulative distribution

function of the samples. By logic analogous to (11) in Sec-

tion II-A, we can then compute the initial density function



pX̃j+1
(y|X̃j = {xsj}νs=1;θ) by

pX̃j+1/F
(y|X̃j = xj , θ) =

∫

z

Gh
θ (y, z)pX̃j

(z) dy

≈ 1

ν

ν∑

q=1

Gh
θ (y, x

q
j). (26)

We calculate the negative log likelihood by repeatedly ap-

plying (8), starting with the initial density given by (26) for

n = 2. We make the approximation (25) so that we can

evolve the density along each sample path with the same

initial condition. Otherwise, we would have to repeat the

calculation (16) ν times.

Now let us redefine p̂j+1/F such that its a1-th element is

(26) evaluated at the spatial grid point ya1 . Then we can use

(14) to compute p̂j+(F−1)/F . We also redefine ΓF−1 to be a

matrix of dimension ν×(2A+1) whose (aF , aF−1) entry is

Γ
aF ,aF−1

F−1 = kGh
θ (x

aF
j+1, y

aF−1). Note that the superscript in

xaF
j+1 is used to denote the aF -th sample observation taken

at time tj+1, whereas the superscript in yaF−1 denotes the

spatial grid location. With these changes, (16) becomes

− logL(θ) ≈ −
M−1∑

j=0

ν∑

aF=1

log
(
ΓF−1p̂j+(F−1)/F

)
aF
.

(27)

D. Gradient computation

To compute the gradient using the adjoint method, we

write the negative log likelihood in (27) as

−L(θ) ≈ −
M−1∑

j=0

ν∑

aF=1

log
(
eTaF

Wj+1p̄j+1

)
, (28)

where p̄j+1 comes from (17), and eaF
is the aF -th canonical

basis unit vector. Consider a row vector γaF, the aF -th row

of the matrix ΓF−1. Then, each aF -th row of the matrix

Wj+1 consists of the vector (0,0, · · · ,0, γaF), where 0

denotes a zero row vector of length 2A+1. Note that Wj+1

is of dimension ν × (2A+ 1)(F − 1).
Now the Lagrangian is given by

L(θ) =

M−1∑

j=0

[
−

ν∑

aF=1

log
(
eTaF

Wj+1p̄j+1

)

+ ūj+1
T
(
K̄p̄j+1 − vj+1

)]
.

As a result, (18) remains the same. However, (19) becomes

Lp̄j+1
(p̄j+1,θ, ūj+1)

= −
ν∑

aF=1

W T
j+1

eaF

eTaF
Wj+1p̄j+1

+ K̄
T
ūj+1 = 0. (29)

Let us denote the quantity eTaF
Wj+1p̄j+1 by a constant

caF
that depends on aF . Then,

∑ν
aF=1

WT
j+1eaF

eT
aF

Wj+1p̄j+1
is a

vector of length (2A+1)(F −1) given by (0,0, · · · ,yT )T ,

where y = (
∑ν

aF=1

γ1
aF

caF
, · · · ,∑ν

aF=1

γ(2A+1)
aF

caF
)T . Here γℓaF

denotes the ℓ-th element of the vector γaF
.

Now we can write (29) as the system of equations

uj+(F−(n+1))/F −KTuj+(F−n)/F = 0, (30a)

uj+(F−1)/F = y, (30b)

which can be solved backward. Equation (20), required to

compute the gradient, becomes

Lθi(p̄j+1,θ, ūj+1) = −
M−1∑

j=0

ν∑

aF=1

eaF

T ∂Wj+1

∂θi
p̄j+1

eaF
TWj+1p̄j+1

+

M−1∑

j=0

QT ūj+1 = −∂L(θ)
∂θi

, (31)

while (21), required to compute QT , remains the same.

As a consequence of (31), only the first term in the right

hand-side of (22) changes while other two terms remain the

same. After all of these changes, the algorithm to compute

the gradient of (28) remains the same as explained in

Section (II-B). There are only two changes to make: (1)

in the second step, we compute the adjoint solution by

solving the system in (30a-30b) backwards; (2) we compute

the gradient using (22) after replacing the first term by

−
∑ν

aF=1

∂γaF
∂θi

p̂j+(F−1)/F

γaFp̂T
j+(F−1)/F

.

E. Dirichlet penalty term

Thus far, we have assumed that the dimensionality of θ,

which by (4) is Nf +Ng +2, has been fixed ahead of time

by the user. In any practical data science context, the danger

is that by choosing Nf and Ng sufficiently large, one can

infer functions f̂(x) and ĝ(x) that do not yield predictive

models on test data, even though the models may fit the

training data arbitrarily well. In many data science settings,

we use computational methods such as cross-validation to

choose optimal values of parameters such as Nf and Ng .

Because our methodology already requires substantial com-

putational effort, we seek an alternative method to choose

parameters so as to avoid overfitting. Beyond computational

considerations, we also seek a method that naturally con-

strains θ, guiding the optimizer away from large magnitude

coefficients without the use of, e.g., ad hoc box constraints.

We describe this method using f̂ , but all of our consider-

ations apply to ĝ as well.

We begin with the Dirichlet energy of f̂ :

E =

∫
∞

x=−∞

|f̂ ′(x)|2 dx. (32)

Minimizers of E consist of constant functions f̂ . For a

constant γ ≥ 0, we propose to add γE to the negative log

likelihood. Minimizing the resulting penalized log likelihood



will yield estimates of f̂ that are less oscillatory than

would obtained by minimizing the negative log likelihood

alone. This is analogous to the penalty term used in natural

smoothing splines; the only difference is that we penalize

the L2 norm of f̂ ′ rather than f̂ ′′.
Due to properties of the Hermite basis, it is possible to

substitute (4a) in (32) and evaluate E in closed form. The

main property that we employ is

ψ′

j(x) =

√
j

2
ψj−1(x)−

√
j + 1

2
ψj+1(x).

With this, we obtain

E(θ) =
1

2
θ21+

Nf

2
θ2Nf

+

Nf−1∑

j=1

(√
j + 1

2
θj+1 −

√
j

2
θj−1

)2

(33)

The overall penalized objective function is then

J(θ) = − logL(θ) + γE(θ) (34)

with the negative log likelihood defined by (24) and constant

γ ≥ 0.

III. IMPLEMENTATION

Using R, we have implemented the algorithms described

in Section II. Specifically, we have coded functions that take

as input a trial value of θ and the data matrix x, and that

return as output the penalized objective function (34) and

its gradient with respect to θ. We pass these functions to a

gradient-based optimizer. In this work, we make use of two

R packages for optimization:

1) nloptr [19]: this package is an R interface to NLopt, a

general-purpose optimization package [20]. From this

package, we use the low-storage BFGS method labeled

as “NLOPT LD LBFGS.” Internally, this method uses

a line search method to find an optimal step size once

the step direction has been chosen.

2) trustOptim [21]: this package implements trust region

methods for nonlinear optimization. Essentially, the

method finds an optimal step direction once a step size

(the trust region radius) has been computed. From this

package, we use the SR1 (Symmetric Rank 1) method.

Both of the optimization methods are quasi-Newton methods

that seek to numerically approximate the Hessian using

previously computed gradients. Such methods are well-

suited for our problem: the adjoint method described in

Section II enables us to compute the gradient of the log

likelihood with computational effort that does not depend

on the dimensionality of θ.

Note that though the methods described in Section II

are valid for nonparametric inference of both f and g, for

the present paper, we have implemented the nonparametric

inference only for the drift function f . In the present

implementation, we treat the diffusion function g as para-

metric; in the results that follow, we treat g as an unknown

constant. Preliminary tests indicate that though simultaneous

nonparametric inference of both f and g is possible, as one

might expect, such inference requires more sample paths

than are required for nonparametric of f only. The present

code is written entirely in R; the adjoint-based computation

of the gradient features a highly intuitive but relatively slow

“for” loop over each time series or sample path (from 1 to

ν). In future work, we will reimplement this code in either

C++ or Scala (in conjunction with Apache Spark), eliminate

the sample path bottleneck, and study simultaneous nonpara-

metric inference of the drift and diffusion functions.

IV. RESULTS

A. Hermite inference test

In our first set of tests, we use artificial data generated with

known drift and diffusion functions f and g. In particular,

for each i ∈ {0, 1, 2, 3, 4}, we consider (1) with

f(x) = ψi(x) (35)

and a fixed diffusion coefficient g = 1. For each resulting

SDE, we generate ν sample paths using the Euler-Maruyama

scheme with initial condition X0 = 0. When we step the

solution forward in time, we use the fixed time step hEM =
10−4, i.e.,

X̃n+1 = X̃n + f(X̃n)hEM + g(X̃n)h
1/2
EM Zn+1 (36)

where Zn+1 is an independent sample of a standard Gaus-

sian (mean 0 and variance 1) random variable. Here X̃n

is intended to approximate XnhEM
. We step the solution

forward in time until T = 4, i.e., until n = T/hEM. However,

we retain the solution only at times t = 0, 1, 2, 3, 4, i.e.,

when n = t/hEM. In this way, each sample path we generate

consists of the solution of (1) sampled at five points in time,

one of which is the initial condition.

For each choice of f given by (35), we generate artificial

data sets with ν = 100, 1000, and 10000 sample paths.

For this problem, the parameter vector θ consists of

coefficients (θ0, . . . , θNf
) in (4a) together with one coef-

ficient θNf+1 that we use to parameterize the unknown

(yet constant) diffusion function g. In the following set of

tests, we set Nf = 4. We give the optimizer an initial

guess consisting of θ0 = (1, 1, . . . , 1); for each of three

values of the penalty parameter γ ∈ {0, 50, 500}, we run

the optimizer to find an inferred parameter vector θ̂. When

we run the optimizer, we must choose internal parameters for

the DTQ method. We choose an internal DTQ time step of

h = 0.02, spatial grid spacing k = h0.6, and grid truncation

A = 2⌈π/k1.5⌉. These parameters are chosen so that the

DTQ method preserves the total probability of the density

function as it evolves.

Because we generated the artificial data ourselves, we

know that the ground truth parameter vector consists of

θi = 1, θ5 = 1, and all other entries of θ equal zero. In
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Figure 1. We plot the two-norm error between the true and inferred
parameter vectors as a function of the number of sample paths ν. Note that
both axes are log-scaled. For each value of ν, there are 15 data points
corresponding to 3 possible values of γ, the penalty parameter, and 5
possible drift functions f(x). In particular, the asterisk, square, triangle,
diamond, and circles correspond to, respectively i = 0, 1, 2, 3, 4 in (35).
Overall, we see that the error decreases as the number of sample paths
increases; for the γ = 0 case, a least-squares line has slope −0.5285,

consistent with an error rate of ν−1/2.

Figure 1, we plot the two-norm error between the inferred

and ground truth parameter vectors, i.e., ‖θ̂ − θ‖2, as a

function of ν, the number of samples. Note that both axes on

this plot have been logarithmically scaled. The overall trend

is clear: as we feed our algorithm a larger number of sample

paths, we obtain estimates that are closer to the ground truth

values. We also see that, for this simple test, the penalty term

is not necessary; the best performance is achieved by setting

γ = 0. If we isolate the γ = 0 data points from the plot and

fit a least-squares regression line to the log-transformed data,

the line has slope −0.5285, consistent with an error decay

rate of ν−1/2. When the number of sample paths is limited,

i.e., ν = 100, it is possible to achieve better performance by

setting γ = 50. Even in this case, the improved inference is

observed for some, but not all, choices of ψi(x) in (35).

In Figure 2, we focus our attention on the results obtained

when γ = 0 and ν = 10000, i.e., the best results from

Figure 1. For each i = 0, 1, 2, 3, 4, we plot the true drift

function ψi(x) (in green) together with the inferred drift

function f̂(x) (in red). Using the R function optimHess, we

recover the numerical value of the Hessian matrix at the

optimal solution θ̂. This numerical Hessian is the observed

Fisher information matrix I(θ). Let θSE denote the square

root of the diagonal of I(θ)−1; this vector is an estimate

of the standard error of θ̂. Using these standard errors, we

compute all 25 = 32 possible curves f̂(x) that result from

taking θ∗ = (θ0±θSE
0 , . . . , θ4±θSE

4 ). We plot the upper and

lower envelopes of these curves as dotted lines in Figure 2.

Overall, Figure 2 shows excellent agreement between the

true and inferred drift functions. When there is disagreement,

the true drift function almost always lies between the dotted

lines, i.e., between our upper/lower band estimates for f̂ .

For this same case (γ = 0 and ν = 10000), we

also mention the inferred values of the constant diffusion

coefficient ĝ. Recall that the true value is g = 1. For

each i, the inferred values are 0.993,1.012,0.994,0.986, and

0.995. The standard errors for these estimates—obtained in

the same way as above—are 0.00762, 0.00636, 0.00873,

0.00936, and 0.00883.

B. Prediction test

In the next test, we focus our attention on the predictive

power of the inferred model. For a particular data set x, we

set a window size w ≥ 2. Let a ∨ b denote the maximum

of the two integers a and b. For each j ≥ 1, we then

use the windowed data {x(j−w+1)∨1, . . . , xj} to train our

model, i.e., to run our optimization method and infer a

parameter vector θ̂. We then use this inferred parameter

vector in (5). Using the true data vector xj as a vector

of initial conditions, we step (5) forward in time until

we reach the time corresponding to xj+1. Let us label

the samples thus obtained as x̂j+1; we treat these samples

as predictions. We then compute the Kolmogorov-Smirnov

distance Ej = supz |Fx̂j+1
(z) − Fxj+1

(z)|. Here Fy stands

for the empirical CDF of the sample vector y.

To see what the test error is like when we know the drift

function perfectly, we also use f̂(x) = sinx in (5) and

compute the error just as above for each j. In what follows,

we refer to this as the “control” parameter.

Note that in this test, we do not use the penalty parameter,

i.e., we set γ = 0.

As we go through the data set, incrementing j by 1 and

computing the test set error repeatedly, we try to avoid

recomputing the parameter vector from scratch. Specifically,

the parameter vector θ̂ that is obtained using training data

that includes xj is used as an initial guess when we optimize

with training data that includes xj+1. For this test, we use

the nloptr optimization package mentioned above. If the

optimizer fails to find a minimizer, we restart the optimizer

with an initial guess perturbed by uniformly distributed

U(−0.1, 0.1) noise and an initial diffusion coefficient of 0.7.

For the very first initial guess, we take θ = (0, . . . , 0, 0.7).
As in the first test, we set Nf = 4.

For the internal DTQ parameters, we use the same pa-

rameters as in Section IV-A, except for the grid truncation

level A. We compare two values for A: A1 = ⌈π/k1.5⌉ and

A2 = 2A1.

As for the artificial data generation, we again follow the

procedure in Section IV-A. Compared to what we described

above, the only differences are that we now take T = 50
and ν = 100; despite the small Euler-Maruyama time step

hEM, we still save the solution only at integer times t.
We perform the above test for window sizes w = 2, w =

10, and w = 50. Because T = 50, w = 50 corresponds to
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Figure 2. For each value of i, we plot the true drift function ψi(x) (in green), the inferred drift function f̂(x) (in red), and upper/lower standard error

bands about f̂(x) (in dotted lines). Overall, we find excellent agreement between the true and inferred drift functions. These results correspond to the
γ = 0, ν = 10000 results from Figure 1. Further details are given in the main text.

using all available past data to train the model.

We plot the results in Figure 3. The plotted curves lead to

four main conclusions. First, there are several test set error

curves that stay consistently below 0.15, indicating good

agreement between the predicted and true CDFs. This is

true in spite of the fact that the true drift function f(x) =
sinx explicitly violates an assumption made in Section II;

in particular, f(x) is not square-integrable, i.e., f /∈ L2.

Second, in the DTQ method, we must pay attention to

the size of the spatial domain. If we set A = A1, it turns

out that the spatial domain is too small to preserve the total

area under the density curve as it evolves forward in time.

As we will see, this leads to unreasonably large estimates of

the coefficient vector θ. Once we set A = A2, the method

performs far better.

Third, the window size has an insignificant effect on the

test set error. The three test set error curves corresponding

to A = A2 are quite close to one another, even when w is

as small (w = 2) or as large (w = 50) as possible.

The fourth conclusion is perhaps the most interesting one:

the seemingly ideal case in which f̂(x) = f(x) = sinx
leads to rather poor test set error, as we can see from the

control curve. We hypothesize that because the number of

sample paths is fairly small (ν = 100), the artificial data

we have generated may at times be more consistent with a

drift function other than f(x). In Figure 4, we have plotted

five drift functions: the true drift f(x) together with four

inferred drifts corresponding to the j = 50 points in Figure

3. The A = A1 case leads to unreasonably large coefficients,

which we see immediately in the plot. The A = A2 cases

lead to perfectly reasonable drift functions, only one of

which bears much resemblance to f(x) = sinx. Overall,

we are encouraged by the fact that our method can pick out

predictive models from the data even when the inference is

far from the ground truth.

C. Real data test

Our final test involves real data obtained from the Califor-

nia Air Resources Board [22]. Specifically, we obtained data

consisting of hourly measurements of ground level ozone

(in parts per million) conducted daily at numerous sites

across California in the years 2010-2011. We first narrowed

our scope to 25 sites in the San Joaquin Valley. For these

sites, we treated each day as a separate time series with

24 points. When fewer than 24 were available, we used

linear interpolation to impute missing points; however, this

procedure was only applied if the time series had at least 16
points to begin with.

In this way, we formed a data set consisting of ν = 16675
sample paths, each with 24 points. To allow us to use a large

spatial grid spacing in the DTQ method, we multiplied each
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ozone level by a factor of 10. We then applied our inference

method to this data set.

The specific DTQ parameters used are: h = 0.02, k = h,

and A = ⌈0.5/k1.5⌉. As before, we take Nf = 6.

As one might expect, with a real data set, the objective

function required penalization in order to yield reasonable

results. We chose a penalty parameter of γ = 50 based on

several trials.

We fit the model using the first 6 hours worth of data, i.e.,

a window size of w = 6. The drift function together with

upper/lower standard error bands is displayed in Figure 5.

For this test, the inferred diffusion coefficient is ĝ =

0.141. Note that when running using the nloptr optimiza-

tion package for this test, we have constrained the diffusion

function via ĝ ≥
√
k. In the DTQ method, as the diffusion

function approaches zero at a particular point, it becomes

impossible to resolve the Gaussian kernel Gh
θ on a spatial

grid with fixed spacing k > 0. In the particular inference

problem we describe here, the optimizer does tend to send

the diffusion constant to its lower bound—we believe this

indicates the need for a spatially-dependent (rather than

constant, as assumed here) diffusion function ĝ.

Following the same procedure outlined in Section IV-B,

we generated predictions for the next 6 hours. The

Kolmogorov-Smirnov errors between the true and predicted

CDFs are, respectively, 0.148, 0.161, 0.164, 0.179, 0.190,

and 0.220. The errors in the true and predicted means are,

respectively, 0.0549, 0.0657, 0.0772, 0.0867, 0.1069, and

0.1333. As expected, the errors increase as we get further

away from the last data point used to build the model. Please

note that to convert the errors in the mean to parts per

million, we must divide by 10; we believe the resulting

errors indicate reasonable agreement between predictions

and reality.

V. CONCLUSION

In this paper, we have developed a new nonparamet-

ric method to infer the drift and diffusion functions for

a stochastic differential equation. We have demonstrated

through three tests that the method has the capability to

succeed. There are three main future directions that we plan

to pursue. First, we have only explored the Hermite function

basis in this work and we believe other bases may yield

better results for particular data sets. Second, we have not

yet tested the method on inference problems where we seek
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Figure 5. The inferred drift f̂(x) for hourly ozone levels in the San
Joaquin Valley, together with upper/lower standard error bands.

a non-constant diffusion function g(x). Third, we plan to

seek out improved methods to find optimal values of the

penalization parameter γ. All of these tasks will be enabled

by porting computationally intensive parts of our algorithm

to a compiled language, a task we have already begun.
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