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Abstract

Intenselasershave applicationsin medicine(e.g., lasersurgery),communications,remotesensingof

the atmosphere,andmore. Whenan intenselaserbeampropagatesin a Kerr medium,suchasair,

water, or glass,the beamcanbecomea long andvery narrow filamentasa resultof its nonlinear

interactionwith themedium,a phenomenoncalledself-focusing.Laserexperimentssincethe1960’s

show that a sufficiently intenselaserbeampropagating in a Kerr mediumcanbreakup into several

longandnarrow filaments,aphenomenonknown asmultiple filamentationor beambreakup.Multiple

filamentationcanbeeithera “curse” (e.g.,in eyesurgery)or ablessing,dependingon theapplication.

In both caseswe needto know what causesthis phenomenonin order to control it. The nonlinear

Schr̈odingerequation(NLS), which is derived from the nonlinearMaxwell equations,is the model

equationfor self-focusing.TheNLS model,however, hasseveralweaknesses.Oneweaknessis that

the NLS model predictsa “catastrophic”self-focusingprocess(i.e., singularity formation), which

correspondsto infinite energy density. Physicalquantities,however, do not becomeinfinite. Indeed,

in experiments, the self-focusingprocessis arrestedby physicalmechanismsthat are neglectedin

thederivation of theNLS model. In addition, whenthe input beamis cylindrically symmetric(e.g.,

a Gaussianbeam)thenaccordingto the NLS model it remainscylindrically symmetric during the

propagation. However, thebeamcannotremaincylindrically symmetricduringmultiplefilamentation.

Therefore,theself-focusingmodelshouldincludeaphysicalmechanismthatcanbreak-upcylindrical

symmetry andleadto multiple filamentation.Ourstudyfocusesonvectorialeffects,whichresultfrom

theinteractionbetweenthethreecomponentsof thebeam’selectricfield duringpropagation.Weshow

thattheseeffects,whichareneglectedin theNLS model,relateto all theweaknessesmentionedabove.

Much of our attentionhasbeendirectedto possible explanations for multiple filamentation.For

over thirty yearsthestandard(andonly) explanation for multiple filamentationhasbeenthatit is ini-

tiatedby noisein theinputbeam(“random”multiplefilamentation).In this studywe proposea novel

deterministic explanationfor multiple filamentationbasedon vectorialeffects.Consequently, evenif
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theinputbeamhasaperfectlycylindrically-symmetricprofile, it canstill undergomultiple filamenta-

tion. To show this,wederiveanew scalarequationfrom thenonlinearMaxwell equationsfor linearly

polarizedbeams,which shows how vectorial effectscan deterministically breakup the cylindrical

symmetry of thebeam.Numericalsimulationsof this(2+1)-dimensionalequationshow thatwhenthe

input beamis sufficiently powerful, vectorialeffectsleadto multiple filamentation.Furthermore,we

comparemultiple filamentationdueto vectorialeffectswith multiple filamentationdueto noise,from

which we concludethatmultiple filamentationcanresultfrom eithermechanism.Which of the two

mechanismsleadsto multiple filamentationin experimentsremainsanopenquestion. We suggesta

simple experimentto answerthisquestion.

Having studied self-focusingof linearly polarized beams,we weremotivatedto studythe self-

focusingof circularly polarizedbeams.Theprimarymotivationfor this studywasthat,in contrastto

linearpolarization,circularpolarizationdoesnot inducea preferred directionin thetransverseplane.

Therefore,we suspectedthatmultiple filamentationis lesslikely to occurwith circularpolarization.

BecausetheNLS modelis derivedfor linearpolarization,asystematic studyof multiple filamentation

of circularly polarizedbeamsrequiresa differentmathematical model.After inspecting theliterature

wediscoveredthatpreviousstudiesusedthewrongmodeltostudyself-focusingof circularlypolarized

beams.In thisstudyweuseasystematic perturbationanalysisto deriveanew modelfrom Maxwell’s

equationsfor self-focusingof circularlypolarizedbeamsin aKerrmedium.Usingthisnew modelwe

show thatcircularpolarizationis stable.Finally, wecomparethepossibilities of multiplefilamentation

with the linear andcircular polarizationstates.Basedon this comparisonwe predict that multiple

filamentationis suppressedwith circularpolarization.
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0.1 Notations

Theprincipalconstantsin this work arelisted in Table1. Additional constantsandvariablesfor the

circularpolarizationstatearelistedin Table2. Thegradient,divergence,curl, andLaplaceoperators

acton �)(+*-,±* ' � , e.g., ² �9³ �¥� �´³ �µ� �´³ @A@ . Whentheseoperatorsaresuffixedby “ ¶ ” they actonly on�)(+*-, � , e.g., ²·¶ ��³ �¥� �¸³ �µ� . In thederivationsin Chapter3 andChapter4 wenondimensionalizethe

variablesaccordingto Eq. (3.4). We usecalligraphicletters( ¹R , ¹ºf»u¼ , etc) to denotethedimensional

variablesandnon-calligraphicletters( ¹½ , ¹¾ , etc) to denotedimensionlessvariables[seeEqs.(3.4)

and(3.5c)].

Constant meaning equation¿ w electricpermeability (2.1)�Mw electricpermittivity (2.2)W light speedin vacuum (2.3)À w light frequency (2.5)� w linearindex of refraction (2.6)x1w wavenumber (2.7)Á� � nonlinear(Kerr) index of refraction (2.12)
 Kerr-mechanismconstant (2.12)C$w inputbeamwidth (3.1)�
ratioof wavelengthto inputbeamwidth (3.1)��� thresholdpower for collapse (2.21)

Table1: Principalconstants,theirmeaning,andthefirst equationin which they appear.

Variable/constant dimensional nondimensional equation
deviation from circularpolarization — _ (4.6)

electricfield components RÃÂ ½ Â (4.1)
electricamplitudes Ä�Â ��Â (4.8)

inputpower
º Â�� �1� �#Â�� �	� (4.5)

thresholdpower for collapse
º z[|~}ez� � z[|~}ez� (4.23)

Table2: Variablesandconstantsdefinedfor the circular-polarizationstateandthe first equationin
which they appear.
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Chapter 1

Outline

ThenonlinearSchr̈odingerequation(NLS) is themodelequationfor thepropagationof intenselin-

early polarizedlaserbeamsin a Kerr medium. Basedon theNLS equation,Kelley predictedin 1965

thatintenselaserbeamswhoseinputpower is aboveacertainthresholdwouldundergo“catastrophic”

self-focusingin a finite propagationdistance[39], i.e., becomenarrow muchmore than the linear

diffractionlimit (seeFigure1.1).Althoughthispredictionwasconfirmedexperimentally, theNLS, as

aphysical modelfor self-focusing,hasseveralweaknesses:

1. Accordingto theNLS model,thebeamintensity becomesinfinite at a finite distance(this sin-

gularity formation is termedbeamcollapseor blowup). As a result, the NLS model fails to

describebeampropagationbeyondthatpoint.

2. The NLS is the leadingorderapproximation to Maxwell’s equations.However, becausethe

NLS is extremelysensitive to theadditionof smallterms[33], onecannotignoretheremaining

termssimplybecausethey aresmall.

3. Accordingto theNLS model,beamswith cylindrically-symmetric input profile shouldremain

cylindrically symmetric duringpropagation.However, self-focusingexperimentsin solids, liq-

uids, andgaseshave shown that catastrophicself-focusingis often precededby multiple fila-

mentationÅ , in whichasingleinputbeambreaks-upinto severallongandnarrow filaments(see

Figure1.2)[1, 3,12,13,14,15,16,18,19,41,43,52,53,55]. Therefore,aself-focusingmodel

shouldincludea mechanismthatbreaks-upthecylindrical symmetryandleadsto multiplefila-

mentation.

Æ
Multiple filamentationis alsocalledmultiple-foci, small-scalefilaments,or beam-breakup.
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LASER

Self−focusing

Figure1.1: Self-focusing.

input beam

multiple filaments

Figure1.2: Multiple filamentation.

In Chapter2 we review somefactsfrom Electromagnetic Theory, NLS theory, anddiscussthe

connectionbetweenmultiple filamentationandcylindrical symmetry. In Chapter3 we focuson the

roleof vectorialeffectsin self-focusingof linearly polarizedinputbeams.Weshow thattheseeffects,

whichareneglectedin thederivation of theNLS modelfrom Maxwell’sequations,relateto all of the

aboveweaknessesof theNLS modelÇ :
1. Vectorialeffectsarrestthe blowup. As a result, the NLS modelwith vectorialeffectscanbe

usedto describebeampropagationbeyondtheNLS blowuppoint.

2. Vectorialeffects,althoughsmallin magnitude,havea largeeffectonbeampropagation.In fact,

weshow thatvectorialeffectshavea largereffect thannonparaxiality.

3. In thecaseof linearpolarizationthedeterministicvectorialeffectscanleadto multiplefilamen-

tation.

For over thirty years,the standardexplanationfor multiple filamentation,due to Bespalov and

Talanov [5], hasbeenthatit is initiatedby randomnoisein theinput-beamprofile (“randommultipleÈ
We quote [26, 28, 29, 30] in this work without furthercitation.
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filamentation”). Our resultsthus show that multiple filamentationcan result from either vectorial

effectsor from noisein theinputbeam.Whichof thetwo mechanismsleadsto multiplefilamentation

in experiments remainsanopenquestion.To answerthisquestionwesuggestasimpleexperimentfor

decidingwhethermultiple filamentationis dueto vectorialeffectsor not.

We recallthattheNLS modelis derivedundertheassumption thatthebeamis linearly polarized.

In 1966Close,Giuliano,Hellwarth,Hess,McClung, andWagner[21] conductedexperimentswith

intensecircularly polarized input beamspropagating in Kerr media,which suggestedthat circular

polarizationis unstable. Closeet al. alsoproposeda mathematical model for self-focusingof cir-

cularly polarizedbeams,which they usedto explain theobservedinstability of circularpolarization.

Their modelis a systemof two coupledNLS equationsfor thetwo circularpolarizationcomponents.

Subsequenttheoreticalstudieshave usedthe samesystemof equationsasCloseet al., but obtained

contradictoryresultswith regardto circular-polarization(in)stability. As a result,to thesedaysthere

is someconfusionin theliteraturewith regardto circularpolarizationstability. Remarkably, theonly

thing thatwasalwaysagreeduponwastheCloseet al. modelitself. As we show in this study, how-

ever, thismodelisbasedonproblematicassumptions,andit canleadto wrongresults.Hence,previous

studiesusedthewrongmodelfor studyingcircularpolarizationstability.

In Chapter4 we presenta systematic study of propagationof circularly polarizedbeamsin a

Kerr medium. In contrastto previousstudiesof circularpolarization,our derivation doesnot neglect

nonparaxiality, thecouplingto theaxial componentof theelectricfield, andthecontribution from the

grad-div term.This leadsto anew systemof equationsthattakesinto accountnonparaxiality, coupling

to theaxialcomponent, thecontributionsfrom thegrad-div term,andcouplingto theoppositecircular

component(i.e., theonerotatingin theoppositedirection). Usingthis systemwe show thatcircular

polarizationis stableduringself-focusing.Wealsoshow thatnonparaxiality, thecouplingto theaxial

component,andthecontribution from thegrad-div termarrestcollapse,leadinginsteadto focusing-

defocusingoscillations. In addition,we show thatcircularly polarizedbeamsaremuchlesslikely to

undergomultiple filamentationthanlinearlypolarizedbeams.

In Chapter5 we compareself-focusingof circularly- andlinearly-polarizedbeams.Basedon our

resultswe predictthatcircularly polarizedbeamsaremuchlesslikely to undergo multiple filamenta-

tion thanlinearlypolarizedbeams.

Numericalsimulationsareusedfrequentlyin this study, either to completethe pictureobtained

from the asymptotic results,or whenanalyticandasymptotic resultsare too difficult to obtain. In

Chapter6 wediscussspecificissuesrelatedto thenumericalsimulationsof self-focusingbeams,such

as numericalrealizationof nonparaxialityand the reliability of numericalsimulations of multiple

filamentation.For example,we show that whenthe computational domainis not sufficiently large,
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reflectionsfrom the boundaryof the numericalmeshcan lead to what may appearas breakupof

cylindrical symmetryandevenasmultiple filamentation.

We concludein Chapter7 with severalopenproblemsandsuggestpossible directionsfor further

study.



Chapter 2

The vector Helmholtz and the NLS

2.1 Reviewof linear propagation

Webeginby reviewingseveralfactsfrom linearElectromagneticTheory. Let ¹½ �[(+*-,\* ' *tÉ ��� � ½ �y* ½ � * ½ S � ,¹Ê �)(+*-,\* ' *MÉ ��� � Ê �y* Ê � * Ê S � , and ¹Ë �)(+*-,±* ' *MÉ ��� � Ë �y* Ë � * Ë S � be theelectricfield intensity, electric

field induction,andthemagneticfield induction, respectively. Whenthemediumis isotropic,homo-

geneous,non-magnetic,andhasnofreeelectromagneticsources(i.e., chargesor currents)thesefields

satisfytheMaxwell systemÅ [38]3¿ w ÌÎÍ ¹Ë .�¹ÊnÏ �9� * (2.1a)ÌÎÍ ¹½ � ¹Ë¤Ï ��� * (2.1b)Ì`Ð7Ê ��� * (2.1c)Ì`Ð7Ë �9� * (2.1d)

where
Ì � � ³ � * ³ ��* ³ @ � , ¿ w is magneticpermeability, andtheelectricinductionfield satisfies¹Ê � �tw���¹½ � ¹¾+¼ � * (2.2)

where �tw is electricpermittivity and ¹¾�¼ � � ¾ ��* ¾ � * ¾ S � is thelinear(electric)polarizationfield, which

dependson the interactionbetweenthefield andthemedium.Takingthecurl of (2.1b),substituting¹Ë from (2.1b),andusing(2.2)yieldstheMaxwell equation3W � ¹½fÏÑÏ � ÌÎÍDÌÒÍ ¹½ � . 3W � ¹¾+¼ > ÓYÓ�* (2.3)Æ
Unlessotherwisementioned,in thisworkweusetheSIorRationalizedMKSA units.Forconversionbetweendifferent

electromagneticunitssee,e.g., [38, Appendix].
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where W �V37a E �Mw ¿ w is light speedin vacuum.It is customaryto usethevectorialidentityÌÎÍIÌÎÍ ¹½ �`.¤²�¹½ � Ì � Ì`Ð ¹½ � *
where ² �9³ �¥� �´³ �t� �´³ @A@ , in orderto rewrite Eq.(2.3)asthevectorialwaveequation3W � ¹½fÏÑÏ .Ô²�¹½ � Ì � Ì`Ð ¹½ ��� . 3W � ¹¾�¼ > ÓYÓ � (2.4)

Electromagneticwaves,suchassunlightandlaserbeams,aresolutions of Maxwell’s equations.

Oneof thefeaturesof laserbeamsis thatthey aremonochromatic, i.e., they emit radiationat acertain

wavelength.Let us considerthe caseof a “cw” laserbeam(shortfor continuous-wave), alsocalled

“time-harmonic”in themathematical literature.Theelectricandpolarizationfieldsof suchbeamscan

berepresentedby¹½ �[(+*-,\* ' *tÉ ��� ¹R¬�[(+*-,\* ' � NBÕ�Ö�× Ï � W � W � * ¹¾�¼ �)(+*-,\* ' *MÉ ��� ¹º¬¼ �[(+*M,±* ' � NBÕ�Ö7× Ï � W � W � * (2.5)

where À w is frequency, ¹R��[(+*-,\* ' �f� �[R±�¥*MR � *tRØS � and ¹º�¼ �)(+*-,\* ' �f� � º ��* º � * º S � aretime-independent

(complex-valued) vectorfields, and“ W � W � ” denotesthe complex-conjugateof the term to its left. In

orderto provide a completedescriptionof thefield dynamics,it is necessaryto describetherelation

betweenthepolarizationfield andtheelectricfield. In a linearmedium”,i.e., whentheintensityof the

laserbeamis not high enoughto inducea nonlinearresponse,thepolarizationfield canbedescribed

by the linear constitutive relation¹º¬¼ � � � �w . 37� ¹RÙ* (2.6)

where
� w �Î� w�� À w � is the linear index of refraction. In particular, in vacuum

� w �Ú3 and ¹¾+¼ � � .
Substituting (2.5) into theMaxwell equation(2.4) andusing(2.6) gives the linear vectorHelmholtz

equation² ¹RD. Ì � Ì�Ð ¹R �T� x �w ¹R �9� * (2.7)

where x1w � À w � w a W is wavenumber. Using(2.1c)leadstoÌ`Ð ¹R ���J� (2.8)

Maxwell’s equations(2.4) [and the vectorHelmholtz(2.7)] have exact time-harmonic solutions

thatarelinearlypolarized, i.e., theirelectricfield vectorpointsto afixeddirectionthatis perpendicular

to the directionof propagation. For example, the following are exact time-harmonicplanewaves

solutionsof (2.4)¹½ � � �HoBp6q�� À wMÉ�.Ûx1w ' � * � * �	�!� N Õ � Ö�× Ï OuÜ × @ � � 3 * � * �	�Ý� W � W � *¹½ � � � � *-qts d � À wMÉ¯.¸x	w ' � * �1��� NBÕ � Ö7× Ï OuÜ × @ � � � * � * �	��� W � W � *
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which arelinearly polarizedin the ( and , directions,respectively. We notethatthereis a Þ a1� phase

differencebetween ¹½ � and ¹½ � . As (2.4) is a linear equation,the sum (superposition) of any two

solutionsis alsoa solution. Thus,thefollowing fields3E � ��¹½ �0ß ¹½ � �!� 3E � �HoBp6q7� À wMÉ7.#x1w ' � * ß qMs d � À wMÉ7.#x	w ' � * �	�!� 3E � N Õ � Ö × Ï OuÜ × @ � � 3 * ß � * �	�L� W � W � (2.9)

arealsoplanewave solutions of (2.4), which arecalledcircularly polarized, becausetheir electric-

field vectorformsanimaginarycircle in the �[(+*-, � planeduringthepropagation. In view of (2.9) it is

customaryto definefor time-harmonic fieldstheleft (
�

) andright ( . ) circularcomponentsRØÂ��[(+*M,±* ' ��� 3E � �)R±� ß � R � ���
Accordingly, a left-circularbeamis definedby R O � � andaright-circularbeamis definedby RÃ�;� � .
2.2 The nonlinear vector Helmholtz

Whenan intenselaserbeampropagatesin a mediumits interactionwith themediumis nonlinear, in

whichcasetheelectricinductionfield is givenby¹Ê � �tw�� ¹½ � ¹¾+¼ � ¹¾�»�¼ � * (2.10)

where ¹¾¯»u¼ is thenonlinearpolarizationfield. In thatcasethepropagationof cw beamsis governedby

thenonlinearvectorHelmholtzequations² ¹R��[(+*-,\* ' � . Ì � Ì`Ð ¹R �T� x �w ¹R � . x �w�Mw � �w ¹º�»�¼ * (2.11a)Ì`Ð ¹R � . 3�Mw � �w Ì`Ð ¹º�»�¼ * (2.11b)

where ¹º�»�¼ is thetime-harmonic nonlinearpolarizationfield. For convenience,we referto thesecond

termon theleft-handsideof (2.11a)asthe“grad-div term”.

In vacuumor when beamintensity is not sufficiently high, ¹ºf»u¼ is negligible, in which case

Eqs.(2.10),(2.11a),and(2.11b)reduceto (2.2), (2.7),and(2.8), respectively. When,however, beam

intensity is sufficiently high,suchaswith intenselaserbeams, ¹ºf»u¼ cannotbeneglected.In thatcase,

it is customaryin NonlinearOpticsto expand ¹ºf»u¼ in a powerseries,whereeachtermcorrespondsto

a differentpower or productof thecomponentsof theelectricfield [11]. Thefirst termin this series,

which is calledthesecond-ordernonlinearpolarization,is a weightedsumof theproductsof any two

componentsof ¹R (e.g., R±�?R ÅS *à� R � � � , etc). Becauseof inversion symmetry, thesecond-ordernonlinear
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polarizationis zero in isotropic media[11]. Therefore,in the weakly nonlinearregime, i.e., when¹ºf»u¼#á ¹¾+¼ , thethird-ordernonlinearpolarizationis thepredominantnonlinearinteractionin isotropic

media.Whenthemediumis isotropic andhomogeneousthis nonlinearpolarizationcanbedescribed

by thevectorialrelation[11, 44,45]¹º�»�¼ �Ã¹R �k� %	�Mw � w Á� �3�� 
 â �Ã¹R Ð ¹R Å � ¹R � 
��\¹R Ð ¹R � ¹R Åcã *
where

Á� � is theKerr coefficientÇ and 
 is a constant,whosevaluedependson thephysical origin of

theKerreffectä (seeTable2.1).

It is instructive to rewrite relation(2.12)as

¹º�»�¼ �Ã¹R �k� %	�Mw � w Á� �3�� 
 åææç �B¹R¤� �·èééê 3 � �� 3 �� � 3
ëBììí � 
 èééê � R±�$� � R � R Å� R�SMR Å�R±�?R Å� � R � � � R�SMR Å�R±�?R ÅS R � R ÅS � RØS6� �

ëBììíïîÑððñ èééê R±�R �RØS
ëBììí �

When 
 �V� theKerr effect is only “semi-vectorial”, in thesensethat ¹ºf»u¼ � %	�Mw � w Á� � �B¹R§� � ¹R . In other

words,thesemi-vectorial Kerreffect is given by thescalarindex of refraction� � ��� �w � % � w Á� � �B¹R§� � � (2.12)

However, when
Ûò��� , theKerreffectisgenuinelyvectorial,i.e., it cannotbewrittenin theform(2.12).

Kerr mechanism 

electrostriction 0

nonresonantelectrons 0.5
molecularorientation 3

Table2.1: Valuesof 
 for commonKerrmechanisms (see,e.g., [11]).

2.3 From vector Helmholtz to NLS

Becauseof the couplings betweenthe field components,direct analysisor simulationsof the vec-

tor Helmholtz model (2.11a)–(2.12)is hard. Therefore,it is customaryto approximate the vector

Helmholtz modelwith the NLS model,which is muchmoreamenableto analysisandsimulations.È
SeeBoyd [11] for thevariousdefinitions of theKerrcoefficient.ó
Notethat ô is positive for mostliquids [56, Chp.17]
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We now outlinethederivation of theNLS from thevectorHelmholtz model.A moredetailedderiva-

tion is givenin Subsection3.1.1.

WesetthecoordinatesystemsuchthattheKerrmediumis in thehalf-space'�õ � , thebeamenters

theKerr mediumat ' ��� andpropagatesin thepositive ' direction(seeFigure2.1). We denoteby¹R w �[(+*M, ��� ¹Rf�)(+*-,±* ' �9�	� theinputbeamat themedium’s interface.

E
2

E
3

E
1

z = 0

z

r = (x,y)

input beam

Kerr  medium

Figure2.1: Thephysical setup.

Strictly speaking,whenanintenselinearlypolarizedinputbeampropagatesin a Kerrmediumthe

beamdoesnotremainlinearlypolarizedfor all '·ö � , becauseof thenonlinearpolarizationcouplings

in the vector Kerr effect (2.12) and the linear coupling throughthe grad-div term in Eq. (2.11a).

Nevertheless,it is usuallyassumedthatthebeamremains(almost)linearlypolarizedasit propagates

insidetheKerr medium,i.e., that R � �ZR�S¤� � for '8õ � . In thatcase,theKerr effect (2.12)is given

by thescalarrelation
� � �l� �w � % � w Á� � � R\��� � . If onefurtherusestheapproximation

Ì � ÌlÐ ¹R ����� , then,

to leadingorder, thevectorHelmholtz equationreducesto thescalarnonlinearHelmholtz equationforR\� : ²5R\�L�[(+*-,\* ' �T� x � R\� ��� * x � � x �wø÷ 3�� % Á� �� w � R±�B� ��ù � (2.13)

Separatingthe fastoscillations from theslowly-varyingamplitude,i.e., R�� � Äú�L�[(+*M,±* ' � N Õ Ü × @ , equa-

tion (2.13)canberewrittenasÄú�?> @A@ �v��� x1w-Äú�?> @ � ²·¶ÝÄú� � %0x �w Á� �� w � Äú�$� � Äú� ��� * (2.14)
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where ²n¶ �`³ �¥� �û³ �µ� . ThescalarnonlinearHelmholtzequationcanbefurthersimplifiedby using

theparaxialapproximation � Ä��?> @A@6� á �üx1wMÄú�?> @1� . Theresultingequationfor thebeamamplitude Ä;� is

the(dimensional)NLS��� x1w-Äú�?> @ � ²·¶ÝÄú� � %0x �w Á� �� w � Äú�$� � Äú� ����� (2.15)

2.4 Reviewof NLS theory

We now briefly review several resultsof NLS theory. For morecomprehensive presentations,see

[33, 59]. Let ý bethesolutionof thedimensionlessNLS (seerescalingin Subsection3.1.1)� ý�@ � ²·¶Ýý � � ýK� � ý �9� * ý��[(+*-,\* ' �9�	�!� ý�w��[(+*M, ��� (2.16)

Two importantinvariantsof theNLS (2.16)arethepower�2� ' ��� �2�Hý�� Ð * ' �M��þ�� 3� Þ;ÿ � ýK� ��� ( � ,n� ��� �	� (2.17)

andtheHamiltonian� � ' �!� � �Hý�� Ð * ' �M�¬þ�� 3� Þ ÷ ÿ � Ì ¶±ý�� � � ( � ,#. 3� ÿ � ý�� � � ( � , ù � � � �	��� (2.18)

2.4.1 Varianceargument for collapse

Let thevarianceof thesolution bedefinedas� � ' ��� ÿ � ýK� � �)( � � , � � � ( � , �
Thensolutionsof theNLS (2.16)satisfythevarianceidentity [62]:� @A@ � � � ' ��� (2.19)

FromHamiltonianconservation(2.18)and(2.19)it follows that
� @µ@ � & � � �	� . Hence,� � ' ��� % � � �1� ' � � ��� � �1� ' � � � �	���

Therefore,when
� � �	����� then

� � ' � shouldvanishat a finite propagation distance' �
	 Å and
�

shouldbecomenegative afterward. Since,however,
�

is positive by definition, it follows that the

solution ý mustbecomesingular(i.e., collapse)at or before
	 Å . This proves that

� � �	���Ú� is a

sufficient conditionfor collapse.We note,however, that thecollapseoccursat a distance
	 z[} ��	 Å ,

wherethevarianceis still positive (i.e., partialbeamcollapse[27]). Wealsoremarkthatthecondition� � �	�
�û� typically overestimatestheactualthresholdpower for collapse[25].



2.4. REVIEW OF NLS THEORY 11

2.4.2 The TownesSoliton

TheNLS hasthecylindrically-symmetricwaveguide solutioný ��F �HC � N Õ @ * C ��� ( � � , � *
where

F �[C � , theso-calledTownessoliton, is theground-statepositivesolution of²·¶ F �[C � . F´�´F S �9� * F � � �	���9� * b s��P���� F �[C ���9� * (2.20)

A necessarycondition for blowup in theNLS is that the input power beabove thecritical power �ú�
[64], i.e., that �2� �	� õ �#� , where ��� is equalto thepowerof theTownessoliton��� � �ÿ w F � C � C g 31� & ^J� (2.21)

In dimensionalvariables[i.e., for Eq.(2.15)] this thresholdpower is given by � :º � � � �%GÞ � w � � �J�¥* (2.22)

where � is wavelength� .
In addition, the Townesprofile hasexactly zeroHamiltonian, i.e.,

� �X�
. Becausethe Townes

profile satisfiesboth thenecessaryandsufficient conditionsfor collapse,i.e., � � � � and
� ���

,

it is theborderlinecasefor singularity formation.Hence,if theNLS is solvedwith theTownesinput

beam,i.e., ý w �[(+*M, �§��F �HC � , thenany smallnumericalperturbationscanleadeitherto collapseor to

globalexistence,whichexplainswhy theTownessolitonis anunstablesolution.

2.4.3 Critical dimension/exponent

TheNLS (2.16)is a specialcaseof thefocusingNLS in � dimensionsandwith a generalpower-law

nonlinearity� ý Ï ����*MÉ �T� ²·¶Ýý � � ýK� ��� ý �9� * ý�����* �1��� ý�w���� � * (2.23)

where� � �[(��y* �$�B� *M(�� � , É is time , and ²·¶ ��³ � ° � ° � Ð�Ð�Ð �¸³ �"!A�"! .#
Expression(2.22) is the samein both mks and cgs units, because$&% hasunits of inverse intensity [i.e., $�'�(*)�+$-,/.0$1%2( , where ( is intensity]. In mksandcgsunitstherelationsbetween3$4% in (2.12) and $5% in (2.22) are $6%87 9;:=<�>?+@8A ,=3$1%CB"$-, , where

A ,D+FE*G8GIH and $J%87 KML8<�>-+ON8PQ3$1%CBR$-,2S , respectively [11, Appendix].T
Thecondition UV'�W8)YXZU�[ is necessaryfor blowupbut notsufficient, i.e., theactualthreshold powerfor NLS collapse

of input beamsis genericallya few percent above U\[ [25].]
In theNLS (2.16) ^ playstheroleof time.
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A key questionin NLS theoryis whethersolutionscanbecomesingular (blowup) in finite time. It

is well known that theanswerto this questiondependson theproduct _ � asfollows. When _ � �4�
(subcriticalNLS), all solutionsof (2.23)exist globally. When _ � ö � (supercriticalNLS) solutions

of (2.23)canbecomesingularandthissingularity formationis insensitive to smallperturbations. The

critical dimension/exponent _ � � � is a borderlinecasebetweenglobal existenceand singularity

formation. In this case,singularity formation is a very sensitive andeven small perturbationscan

arrestthe blowup process.The reasonfor this sensitivity is that in the critical NLS the Laplacian,

which defocusesthe solution, andnonlinearterm, which focusesthe solution, almostbalanceeach

other. Consequently, theblowup processis very sensitive andevena smallperturbationcanshift the

balance.

At present,rigoroustheoryfor singularity formationin critical perturbedNLS equationsis dif-

ficult. As a result,in this studywe mostly rely on asymptotic andnumericalmethods.Whenbeam

power is not muchhigher than �n� , the self-focusingdynamicscan be analyzedusingmodulation

theory, which is anasymptotic theoryfor analyzingtheeffectsof smallperturbationson thecritical

NLS (2.16)[32, 33]. Modulationtheoryis basedon theobservation that,aftersomepropagationhas

takenplace,aself-focusingfilamentrearrangesitself asamodulatedTownesianÅ?Å , i.e.,� ý��[(+*-,\* ' � �a` 3b � ' � F � Cb � ' � � *
where

F �HC � is definedin Eq. (2.20). Using modulation theoryit hasbeenshown, for example,that

nonparaxiality, i.e., the �#�?> @A@ termin Eq.(2.14),canarrestbeamcollapse,leadinginsteadto focusing-

defocusingoscillations[24]. In Section3.3 andSection4.4 we usemodulation theoryto studythe

self-focusingdynamics accordingto perturbedNLS models,in which the small perturbationterms

correspondto nonparaxialityandvectorialeffects.

2.5 Multiple filamentation and cylindrical symmetry

It is customaryto assumethat the input beamhasa cylindrically-symmetric profile, i.e., ýhw��[(+*-, �à�ý¯w��HC � . Accordingto theNLS model,beamswith cylindrically-symmetricinputprofileshouldremain

cylindrically symmetricduring propagation, becausethe NLS equation(2.16) is invariantunderro-

tation of the �)(+*-, � plane. In self-focusingexperiments,however, a sufficiently intenselaserbeam

canbreak-upinto several long andnarrow filaments,a phenomenonknown asmultiple filamentation

[1, 3, 12,13,14,15, 16, 18,19,41,43, 52, 53,55] (seeFigure1.2). We notethat in 1D NLS modelsÆ�Æ
It is essentialto usetheTownesprofile in theasymptoticsasopposed,for example,to aGaussianprofile,becauseonly

theTownesprofilecapturesthedelicatebalancebetweenthediffractionandthenonlinearity [27].
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(e.g., propagationin fibers)“multiplefilamentation”canoccurwithoutbreakupof spatial-symmetryÇHÇ .
In contrast,in 2D NLS modelsfor beampropagationin a bulk Kerr medium,multiple filamentation

cannotoccurwithout breakupof cylindrical symmetry(seeFigure2.2). Therefore,in order to ex-

plain thephenomenonof multiple filamentation, wherecylindrical symmetryis clearly lost, onehas

to adda symmetry-breakingmechanismto theNLS model. It is thereforenaturalto askwhat is the

symmetry-breakingmechanismthatis responsible for multiplefilamentation.

Thestandardexplanationfor multiplefilamentation(seeSubsection3.4.2),is thatbreakupof cylin-

drical symmetry is initiatedby randomnoisein theinputbeam.In Chapter3 weshow thatin thecase

of linearly polarizedinputbeamsthedeterministic vectorialeffectscanalsoleadto multiplefilamen-

tation. Therefore,in general,multiple filamentationcanbe causedeitherby breakupof cylindrical-

symmetry in theinputprofile (e.g., by noise)or by thepreferred directionthatis inducedby theinput

polarizationstate(e.g., thedirectionof theinputlinearpolarization).In contrast,in Chapter4 weshow

thataperfectcircularly polarizedcylindrically-symmetric inputbeamwill notundergo(deterministic)

multiplefilamentation.

0 x

|ψ(z=0)|

0 x

|ψ(z>0)|

x

y

|ψ(z=0)| contour

x

y

|ψ(z>0)| contour
r r 

Figure 2.2: Spatialsymmetrycan be maintained in 1D multiple filamentation(top) but not in 2D
multiplefilamentation(bottom).È)È

For instance,whentwo identical1D solitonsmove towardeachotherandoverlap at ^�+cW thenat ^d+eW the input
intensityis spatiallysymmetric, yet, according to the1D NLS, therewould betwo distinctsolitonsat a sufficiently large
propagationdistance.
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Chapter 3

Linearly polarized input beams

In this chapterwe analyzethe role of vectorial effects in self-focusingof linearly polarized input

beams.In Section3.1 we approximate thevectorHelmholtzequationwith a scalarPDE,which de-

scribesself-focusingin the presenceof vectorialandnonparaxialeffects. Becausethe perturbation

analysisis involvedandbecauseotherstudiesof vectorialeffectson self-focusinghave obtaineddif-

ferentequationsfrom ours,wepresentacarefulandsystematicderivation. In particular, wederivethe

scalarequationusingtwo differentmethods,namely, perturbationanalysisat theequationlevel andat

theLagrangianlevel, andverify thatthetwo methodsgiveconsistentresults.

The new modelequationleadsto a novel explanationfor multiple filamentationbasedon deter-

ministic vectorialeffects.In Section3.2wepresentnumericalsimulationsthatshow thatthepreferred

directioninducedby linearlypolarizedbeamscanleadto multiple filamentation,evenof cylindrically

symmetric input beams(“deterministic multiple filamentation”). Note that since1966the standard

(andonly) explanationfor multiple filamentationwasthat it is causedby randomnoisein the input

beam.

In Section3.3wediscussthecasewheretheinputpower ��� �	� isonlymoderatelyabovethecritical

power ��� . Weusemodulationtheoryto reducethescalarPDEto anODEfor self-focusingdynamics

of asinglefilamentin thepresenceof vectorialandnonparaxialeffects.Weshow thatvectorialeffects

canarrestbeamcollapseand,asaresult,theNLS modelwith vectorialeffectscanbeusedto describe

beampropagation beyond the blowup point of the NLS. We alsoshow that vectorialeffectshave a

largereffect thannonparaxiality.

In Section3.4wediscussthepossibility thatnoisein theinputbeamleadsto multiple filamentation

(“random multiple filamentation”). In Section3.5 we comparethe noiseand the vectorial effects

explanations for multiple filamentation.In Section3.6 we suggesta simple experimentfor deciding

whethermultiple filamentationis dueto vectorialeffectsor not.
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3.1 Scalarequations for linearly polarized beams

In thissectionwe identify andusethesmallparameter
�

of themodelto reducethevectorHelmholtz

equation(2.11a)for linearlypolarizedinputbeamsto ascalarequation(s)thattakesvectorialandnon-

paraxialeffectsinto account.Theresultsin thissectionareasfollows(seealsoFigure3.1). In Subsec-

tion 3.1.1weapplyperturbationanalysisto thevectorHelmholtz equation(2.11)andderivethescalar

equation(3.7). In Subsection3.1.2weapplyasimilarperturbationanalysisto theLagrangian(3.11)of

thevectorHelmholtz equation,resulting in theLagrangian(3.12),whosevariational derivative leads

to thescalarequation(3.13).AlthoughEqs.(3.7)and(3.13)arenot identical,thetwo equationsagree

with eachotherto theorderof accuracy of their derivation (Subsubsection3.1.2).

Chi andGuowerethefirst to obtaina scalarequationthattakesvectorialeffectson self-focusing

into account[17]. Subsequentstudiesby Ciattoni,DiPorto,Crosignani,andYariv [20, 22], Blair and

Wagner[7], dela Fuente, Varela,andMichinel [23], andMalomed,Boardman,Marinov, Pushkarov,

and Shivarova [9, 46] usedsimilar perturbationanalysisto obtainscalara equationwith vectorial

effectsfor 1D propagationdynamics.However, all thescalarequationsobtainedin [7, 9, 17, 20, 22,

23,46] differ from Eqs.(3.7),(3.13),[andfrom (6.2)in Section6.2],aswell asfrom eachother, in thef � � � � terms.Becauseof that,wepresentin thisstudyacarefulsystematicderivationof theequations.

Theagreementof Eqs.(3.7)and(3.13),whicharederivedindependently, providesfurthersupportthat

theseequationsareindeedcorrect.

vector
Helmholtz (2.11) Lagrangian(3.11)

variationalg
derivative

h � á 3 h� á 3
, estim.(3.6)

estimates
(3.6)

approximate
Lagrangian(3.12)

h hvariational

derivative

scalar
equation(3.7)

scalar
equation(3.13)

ig
Figure3.1: Schematicoutlineof thederivationin Section3.1.
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3.1.1 From vector Helmholtz to a scalarequation

Thekey dimensionlessparameterof themodelis��� 3x1w-CBw � �� ÞTC$w * (3.1)

where � is wavelengthand C�w is input-beamwidth. Sincethe wavelengthis muchsmallerthanthe

input-beamwidth, theparameter
�

is small,i.e.,� á 3��
(3.2)

Theexistenceof asmallparameterenablesusto applyperturbationanalysisonEq.(2.11)andreduce

it to ascalarequation.To do that,wefirst useEq.(2.11b)to rewrite Eq.(2.11a)as² ¹R � x �w ¹R � x��w�Mw � �w ¹ºf»�¼ � . 3�Mw � �w Ì � Ì`Ð ¹ºf»u¼ �!� (3.3)

Werescalethevariablesaccordingto�( � (C$w * �, � ,C$w * �' � '� bkj?lI* ¹R � 3� C$w¥x	w m � wÁ� � ¹�5�[(+*-,\* ' � N Õ Ü × @ * (3.4)

where ¹� � �H�K��*-� � *-��S � is thedimensionlesselectric-fieldamplitudeand
b;j?l � x1w-C �w is thediffrac-

tion length.For conveniencewedropthetilde signsfrom now on.

Substitutionof Eqs.(3.4) in thevectorHelmholtzsystemleadsto thedimensionlesssystem� ¹��> @ � ²·¶I¹� � 3% � � ¹�K> @µ@ � ¹� � (3.5a).on � Ì ¶ �qpN$Ssr �\� 3� � � ³ @
tvuwn � Ì ¶ Ð ¹� �¸� �JS � 3� � � �JSM> @kum*� Ì ¶ Ð ¹� �¸� ��S � 3� � � ��SM> @ � . � � r � Ì ¶ Ð ¹� �¸� �JS � 3� � � �JSM> @ t * (3.5b)

where ¹¾ � ¹� �Uþ
� 33¬� 
 â � ¹� Ð ¹� Å � ¹� � 
c� ¹� Ð ¹� � ¹� Å ã * (3.5c)pN$S � � � * � * 37� , and
Ì ¶ � � ³ � * ³ �G* �	� . Eqs.(3.5a)–(3.5c)correspondto Eqs.(3.3)–(2.12),respectively.

Usinga carefulperturbationanalysis,we show in AppendixA.1 thatover propagationdistances

of severaldiffractionlengthsthedimensionlessamplitudessatisfy�K� � f � 3�� *� � � f � � � � * (3.6a)
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and �¤S � �?� �K�?> � �xf � � S ��� (3.6b)

Theserelationsprovidea quantitative measureof thedegreeto which thebeamremainslinearly po-

larized. In particular, relations(3.6a)and(3.6b)indicatethat thesecondtransversecomponentR � is

significantlysmallerthanthe axial componentR�S . The fact that R � a R±� �yf � � � � playsan important

role in theperturbationanalysis,becauseit meansthat R � doesnotcontributeto theperturbationterms

in thescalarequationsfor �J� (seeAppendixA.2).

Remark. Lax, Louisell, andMcKnight [42] studiedthecaseweretheKerreffect is “semi-vectorial”,

i.e., that the refractive index
�

is givenby a relationof the form (2.12). Usingperturbationanalysis

they derivedtherelation ��S g��?� �H���?> � � � � > � � *
which, upon assumingthat � � � � , they approximatedwith (3.6b). Thus, the derivation in Ap-

pendixA.1 improves on [42] in thatrelation(3.6a)is proved for a “genuine”vectorialKerreffectand

thenusedto show thatrelation(3.6b)remainsvalid evenwhen � � ò� � .
Substituting relations(3.6a)and(3.6b)in thevectorHelmholtz equation(3.5a)leadsto thefollow-

ing scalarequationfor �J� (AppendixA.2):

Proposition3.1. When
� á 3

, Eqs.(2.11)–(2.12)canbeapproximatedwith thescalarequation� ���?> @ � ²·¶��K� � � ���$� � �K�z {*| }»�¼�~ � . � � n 3% �K�?> @µ@z {*| }�R�?�R� ­�}e­�� (3.7)� % �´^ 
3�� 
 � �K�?> � � � ��� � �[���?> � � � � Å � � 3��v� 
3�� 
 r � ���$� � ���?> �¥� � � � � � Å �?> �¥� tz {*| }¦A¨ z Ó � }Y|ü­ � u �df � � � ���
When

�Ù�`�
, Eq. (3.7) reducesto theNLS (2.16). The �J�?> @µ@ termis thenonparaxialterm,which

comesfrom thescalar Helmholtz equation(2.13). The remainingtermson the right-hand-side cor-

respondto “vectorialeffects”, i.e., they resultfrom the combinedeffectsof the linearandnonlinear

couplingbetweenR�� and RØS in Eqs.(2.11)–(2.12).Note that R � doesnot contribute to the vectorial

termsin Eq.(3.7),because,in light of Eq.(3.6a),its effect is only
f � � � � .

We notethat the “vectorial” termson the right-hand-side of Eq. (3.7) do not vanish even if one

assumesthat R � �ZRØS¤� � in thederivation. Indeed,a closeinspection Å of thederivation of Eq. (3.7)Æ
SeeEq.(A.12) in Appendix A.2.
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showsthatif weassumethat R � �9R�S�� � , theresultingequationfor �#� is givenby� ���?> @ � ²·¶��K� � � ���$� � �K� � . � � 3% �K�?> @A@�. � � �y� ����� � ��� � �¥�z {*| }« } ­�® O ®M| ¦k��° * (3.8)

wherethe secondterm on the right-handsidecorrespondsto the contribution of R¯� in the grad-div

termin thevectorHelmholtz equation(2.11a).Notethatthis termcanalsobewrittenas. � � �y� �K��� � ��� � �¥�z {*| }« } ­�® O ®-| ¦��Ã° �`. � � â %±� ���?> � � � �K� �´� �H�K�?> � � � � Å � �v� � ����� � ���?> �¥� � � � � � Å �?> �¥� ã �
Thus,strictly speaking,thevectorial-effectsmechanismalsocorresponds,in part, to a scalarmecha-

nism.Theremainingvectorialtermson theright-handsideof Eq.(3.7)correspondto thecouplingtoR�S . If only thosetermsaretakeninto account(i.e., neglecting nonparaxialandthegrad-div-
½ � terms)

theresulting equationis� ���?> @ � ²·¶��K� � � ���7� � ��� � . � �3�� 
 â � 
!� �K�?> � � � ����.l� 3�� 
 � �H���?> � � � � Å � .�� ���7� � ���?> �¥� � 
\� � � � Å �?> �¥� ãz {*| }z ���R�-� | � «+Ó �&� ª �
(3.9)

To recap,the vectorial termson the right-handside of (3.7) correspondto the contribution of the

grad-div-
½ � termandthecouplingto RÃS :% �¸^ 
3¬� 
 � �K�?> � � � �K� � �H�K�?> � � � � Å � � 3��v� 
3�� 
 rÛ� ����� � ���?> �¥� � � � � � Å �?> �¥� tz {*| }¦A¨ z Ó � }e|ü­ � (3.10)

���¥� ���$� � �K� � �¥�z {*| }« }e­�® O ®-| ¦k��° � 33�� 
 â � 
!� ���?> � � � ����.l� 3�� 
 � �H�K�?> � � � � Å � .�� ����� � ���?> �¥� � 
±� � � � Å �?> �¥� ãz {*| }z ���R�-� | � «�Ó ��� ª �
3.1.2 A variational approach

We now give an alternative derivation of a scalarequationfor �#� , basedon the Lagrangianof the

vectorHelmholtz equation(2.11a). It is straightforward to verify that the vectorHelmholtz equa-

tion (2.11a)hastheLagrangiandensity���5� �\¹R�*�¹R Å �!� R Ü > Ü R Å� > � .�R � > Ü R Å� > Ü � x �w R Ü R Ü � � x��w Á� �� w7� 3�� 
 � ÷w���Õ � Ü� � 
 � ÜÕ ���� ù R Õ R Å� R Ü R Å� * (3.11)

where R Õ > Ü þ
� ³ R Õ³ ( Ü * � �Õ þ
�
� 3 * �¯���� * � ò���n�
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TheLagrangianin (3.11)is writtenusingthestandardsummation convention. Alternatively,
�\�5�

can

alsoberewrittenas���5� �\¹R�*�¹R Å �!� . S���� ��� °������ � R Õ > � � � � x �w �B¹Rh� � � � x �w Á� �� w�� 3�� 
 � â �\¹R Ð ¹R Å � � � 
��\¹R Ð ¹R � � ã �
Clearly, thequadraticandthequartictermsof

�
�5�
correspondto thelinearandnonlineartermsin the

vectorHelmholtzequation,respectively.

Using the estimates(3.6a)and(3.6b),we show in AppendixA.3 that
���5�

canbe approximated

with termsthatdependonly on �n� :�
� °��[����*-� Å � �!� �� ÷ � Å � �K�?> @�.Ô�K�A� Å �?> @ ù .·� �K�?> � � � .�� ���?> �0� � � 3� � ���$� � (3.12)�K� �\� . 3% � ���?> @1� � . � ���?> �¥� � � .�� ���?> � �	� � � �� ÷ �K�?> � @¥� Å �?> � .�� Å �?> � @ ���?> � ù� 3� � 3�� 
 � â � � �K��� � � ���?> � � � .�
 ÷ �H�K�?> � � � � Å �� � �H� Å �?> � � � � � � ùfãk� ��f � � � ���
Takingthevariational derivativeof

� � ° leadsto thefollowing equation:� ���?> @ � ²·¶��K� � � ���$� � �K� ��� � � . 3% �K�?> @A@ �¸³ �¥� ÷ � �K�?> @ � ²·¶Ý��� ù (3.13). 33�� 
 â � 
!� ���?> � � � ���¯.�� 3�� 
 � �H�K�?> � � � � Å � .9� ���7� � ���?> �¥� � 
\� � � � Å �?> �¥� ã�� �df � � � �!�
Thus,thescalarequation(3.13)for self-focusingin thepresenceof vectorialandnonparaxialeffects

preservestheLagrangianstructureof thevectorHelmholtzequation(2.11a).

Invariants

We can useNoether’s Theoremto find conservation laws for Eq. (3.13). Invarianceof the action¡ �;� ° � ( � , � ' underphasechange���£¢����tN Õ¥¤ leadsto

ÿ ÷ � ����� � �´� � � ���?> � � � ù � ( � ,J. �% � � ÿ ÷ ���µ� Å �?> @ .�� Å � ���?> @ ù � ( � ,·� W �7�T  É �
Thisrelationcanalsobeobtainedby multiplying (3.13)by � Å � , subtractingthecomplex-conjugateand

integrating over the �[(+*-, � plane. Clearly, when
�Û���

this relationreducesto Eq. (2.17). The term� � � ���?> � � � correspondsto vectorialeffects.Indeed,from (3.6a)and(3.6b)wehave that

ÿ �0¹�·� ��� ( � , � ÿ ÷ � ����� � � � � � � � � � ��S6� � ù � ( � , � ÿ ÷ � ����� � �v� � � ���?> � � � ù � ( � , �¦f � � � � *
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which hasthemeaningof total beampower. Theright integral correspondsto nonparaxiality, i.e., it

comesfrom balanceof power in thescalarHelmholtz equation(2.13).

Invarianceof theactionunder“time dilation”, i.e., ' ¢ ' � _ , leadstoÿ ÷ � �K�?> � � � � � ���?> �0� � . 3� � ����� � ù§� ( � ,#. � � ÿ � . 3% � �K�?> @1� � � � ���?> �¥� � � � � �K�?> � �0� �. 3� � 3�� 
 � â � � ����� � � �K�?> � � � .2
 ÷ �[���?> � � � � Å �� � �[� Å �?> � � � � � � ùhãk¨y� ( � ,n� W �7�T  É �
This relationcanalsobeobtainedby multiplying (3.13)by � Å �?> @ , addingthecomplex-conjugateand

integrating over the �[(+*-, � plane.

Consistencyof equations(3.7)and (3.13)

Thetwo scalarequationsfor �J� , Eqs.(3.7) and(3.13),arederivedfrom thesame‘mother’ equation

andby usingthesameassumptionsandapproximations. In bothEqs.(3.7) and(3.13),the
f � 3�� and

nonparaxialtermsarethe same,but the
f � � � � termsthat comefrom vectorialeffectsarenot. This

apparentinconsistency canberesolvedby showing thatthetwo equationsdiffer only by
f � � � � terms,

which is theorderof accuracy of theseequations:

Proposition3.2. Equations(3.7)and(3.13)differ onlyby
f � � � � terms.

Proof: seeAppendixA.4.

Indeed,wecheckedthatapplyingthesameperturbationanalysisto thevectorHelmholtzequation

in the form (2.11a),ratherthanon the form (3.3), leadsto Eq. (3.13), ratherthanto Eq. (3.7). The

consistency of thederivationsis summarizedin Figure3.1.

3.2 Deterministic multiple filamentation

The standardexplanationfor multiple filamentation(seeSection2.5 andSubsection3.4.2), is that

breakupof cylindrical symmetry is initiated by randomnoisein the input beam.We now show that

deterministic vectorialeffectscanalsoleadto multiplefilamentation.

In orderto understandwhy vectorialeffectsmight leadto multiple filamentation,we notethatthe

asymmetryin the ( and , derivativesof the vectorialperturbationtermsin eitherEq. (3.7), (3.13),

or (6.2) implies that vectorialeffectsarea symmetry-breakingmechanism.Clearly, this, by itself,

doesnot imply that vectorialeffects lead to multiple filamentation. However, the following simu-

lationsshow that whenthe input beamis sufficiently powerful, vectorialeffectsdo leadto multiple

filamentation(seeChapter6 for detailsaboutthenumericalmethods).
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We note that at presentthereis no theory for the NLS in the high-power regime �2� �	�Z© �·� .
Therefore,our resultsin this high-power regimeon vectorialeffectsin general,andon multiple fila-

mentationin particular, areonly numerical.Thearrestof collapseandthefocusing-defocusing oscil-

lationsthatareobservedin thefollowing simulationshave sometheoreticalbasis,which is discussed

in Section3.3.

We begin by presentingtheresultsof simulationsof Eq. (6.2)with
�D�Z�����	�

and 
 � 37a6� , where

wegraduallyincreasetheinputpower ��� �	� . Theinputbeamis acylindrically-symmetricGaussian,�K�L�[(+*M,±* ' �9�1���9� � ��� �	� N O��<� Q ��� Q � * (3.14)

wheretheconstant��� �	� is equalto theinputpowerof �5� .
When �2� �	�!��� ��� , thebeampropagatesasasinglefilamentwhichundergoesfocusing-defocusing

oscillations(Figs.3.2and3.3). Althoughthebeamappearsto besymmetricduringits propagation,a

morecarefulinspectionshows asmalldeviation from cylindrical symmetry.

When ��� �1����" �J� , thebeaminitially goesthroughthefollowing stages:(i) self-focusing,(ii ) de-

focusinginto a symmetric ring (crater), (iii ) secondself-focusing, (iv) defocusingandformationof

two small sub-peaks,and (v) focusingwith a singlepeak(Figure3.4). During further propagation,

thebeamundergoesfocusing-defocusingoscillations (Figure3.5).

When the input power is raisedto �2� �	�I� "�� � � �5� , the beaminitially self-focusesand defo-

cusesinto an asymmetric ring with two peakson its rim (Figure3.6). After the secondfocusing-

defocusingcycle, a completebreakupof cylindrical symmetry occursas the beamsplits into two

filaments.Shortlyafter, however, thetwo filamentsreuniteandcontinueto propagateasa singlefila-

ment,ascanbeseenin Figure3.7. We call this phenomenonpseudomultiple-filamentation, in order

to distinguish it from (genuine)multiple filamentation,in which thefilamentsdonot reunite.

As theinputpower is furtherincreasedto ��� �1��� %	�n� , asimilardynamicsleadsto theemergence

of two filaments(Figure 3.8). This time, however, the two filamentsdo not reunite. Rather, they

propagateforwardin the ' direction,while moving awayfrom eachotheralongthe ( axis(Figure3.9).

Whenthe power is increasedto ��� �	�5�Ú3�� �#� , the beamgoesthroughthe samestages,but in this

casethetwo filamentsmoveaway from eachotheralongthe , axis(Figs.3.10and3.11).

Wenotethatvectorialeffectsinduceapreferreddirectionin thetransverse�[(+*M, � plane:Thedirec-

tion on initial polarization(the ( -axisdirectionin our model).Therefore,in thecaseof cylindrically-

symmetric inputbeams,whenvectorialeffectsleadto breakupof thebeaminto two filaments,thetwo

filamentscanmoveaway from eachother(in thetransverseplane)eitheralongthedirectionof initial

polarization(asin Figure3.9)or perpendicularto it (asin Figure3.11)
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Finally, with ��� �	�!���6� �5� weobservemultiplefilamentationinto fivefilaments:Onethatcontin-

uesto propagatealongthe ' -axisandfour otherfilamentsthatpropagateslightly ‘sideways’(Figs.3.12

and3.13).

Figure3.2: Solutionof Eq.(6.2)with theinputbeam(3.14),
���������	�

, 
 �����
� , and �2� �	�!��� ��� .

Figure3.3: Iso-surface � ���$� � � � of thedatain Figure3.2.
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Figure3.4: SameasFigure3.2with ��� �	����" �#� .

Figure3.5: Iso-surface � ���$� �¬� � of thedatain Figure3.2.
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Figure3.6: SameasFigure3.2with ��� �1���9"�� � � �5� .

Figure3.7: Iso-surface � �K�7� � �X%	& of the datain Figure3.6. Capital lettersto mark corresponding' -sliceson the3D plotsin Figure3.6.
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Figure3.8: SameasFigure3.2with �2� �	�!� %1�5� . Viewing anglein the �)(+*-, � planeis . "	�0/ .

Figure3.9: Iso-surface � �K�7� � � "1� of the datain Figure3.6. Capital lettersto mark corresponding' -sliceson the3D plotsin Figure3.8.
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Figure3.10:SameasFigure3.2with �2� �	�!�43�� �5� .

Figure3.11: Iso-surface � ����� � � � � of thedatain Figure3.10.
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Figure3.12:SameasFigure3.2with �2� �	�!�9�6� �5� . Viewing anglein the �[(+*-, � planeis . "1�0/ .

Figure3.13: Iso-surface � ����� � � �G� of thedatain Figure3.10.
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We now vary someotherparametersin thesimulations. In Figure3.14we adda focusinglensat

themedium’s interface ' ��� to theinputbeamof Figure3.6, i.e., theinitial conditionis�K�L�[(+*M,±* ' �9�1���9� � � �2� �	� N O��<��Q ��� Q � N O Õ ����Q ��� Q ��ª � * (3.15)

and ��� �	����"�� � � �J� . In this simulation we observe thesamequalitative dynamicsaswith theunfo-

cusedbeam,exceptthatthepseudomultiple-filamentationstageis muchlonger.

In Figs. 3.15 and 3.16 we repeatthe simulation of Figure 3.8 with
� � ���Y3

. In this casewe

observe pseudomultiple-filamentation,ratherthana genuineone. We do, however, observe genuine

multiple filamentationfor
�Û�����:3

when �2� �	����� �n� . Therefore,the thresholdpower for multiple

filamentationis higher for
�Z� ���:3

than for
�`� �����1�

. This result is surprising, sincea larger
�

correspondsto strongervectorialeffects.In Figs.3.17and3.18werepeatthesimulationsof Figs.3.12

and3.13with
�������<� & . In thiscase,thebeamsplitsinto four filaments,all of whichpropagateslightly

off the ' -axis.

Figure3.14: Iso-surface � ����� �#��% � of thesamedataasin Figure3.6 with a focusinglens[i.e., the
initial condition(3.15)].
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Figure3.15:SameasFigure3.8with
�������Y3

.

Figure3.16: Iso-surface � ����� ��� 3�� of thedatain Figure3.15.
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Figure3.17: SameasFigure3.12with
�I�V����� & . Viewing anglein the �)(+*-, � planeof the3D graphs

is . �1� / .

Figure3.18: Iso-surface � ���$� � � � of thedatain Figure3.17.
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3.2.1 Summary of simulations

Althoughthepictureof vectorialeffectsonself-focusingis only partial,thesimulationsin Section3.2,

aswell asadditionaloneswhichwedonotshow, suggestthefollowing. For givenmodelparameters,

thereis a thresholdpower for genuinemultiple-filamentation(that appearsto be in the range
" �ú� –� ��� ), suchthat,

1. Whentheinput-power is sufficiently below this threshold,thebeampropagatesasa single fila-

ment,undergoingfocusing-defocusing oscillations.

2. Whentheinput-power is slightly below thethreshold,anasymmetricring is formedduringthe

defocusingstage,followedby pseudomultiple-filamentation(i.e., thefilamentsreuniteinto one

lobe).

3. Whentheinput-power is moderatelyabove thethreshold,anasymmetricring is formedduring

thedefocusingstage,followedby beamsplitting into two disjoint filaments(genuinemultiple-

filamentation).

4. When the input-power is highly above the threshold,the beamcan split into more than two

filaments. In this case,all filamentssplit from the centralbeam(ratherthana fractal process

wherethebeamsplitsinto two filamentsandtheneachfilamentsplitsagain).

In both(3) and(4) all filamentsareof comparablepower, whichis roughlybetween
31��� �·� and

"���^ �J� .
Thus,thepowerof eachfilamentis below thethresholdfor additionalsplitting.

As we have alreadysaid,vectorialeffectsplay an essentialrole in the multiple filamentationin

Figs.3.8–3.13, asthey aretheonly mechanismthatbreaks-uptheaxial-symmetry. Becausenonparax-

iality preservesaxial-symmetry, a naturalquestionis whetherit is ‘needed’for multiple filamenta-

tion. To answerthisquestion,werepeatthesimulationsof Figs.3.8–3.13but without thenonparaxial

terms.In thesesimulationsweobservesomebreakupof axial-symmetrybut nomultiplefilamentation.

Therefore,it is possible thatnonparaxialityis alsoneededfor multiplefilamentation.

Remark. In theiso-intensityplotsof multiple filamentation(Figs.3.9,3.11,and3.13),thefilaments

arenotparallelto eachother. Rather, thereis anangleof severaldegreesbetweenthefilaments.Such

an anglehasnot beenreportedin the multiple filamentationexperimentsliterature,nor in previous

numericalstudies,wherenoisein the input beamleadsto multiple filamentation.This maysuggest

that multiple filamentationdue to noiseis moresimilar to experimental observations thanmultiple

filamentationdueto vectorialeffects.This is not thecase,however, becauseof thefollowing reasons:
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1. Most experimentsof multiple filamentationmeasurethebeamintensityat a fixed ' . Therefore,

it is possiblethatsuchananglewentunnoticed.

2. Becauseof the different rescalingin the axial and transversecoordinates[seeEq. (3.4)], the

physical angleis approximately
�

timestheanglein our iso-intensityplots. Thus,thephysical

angleis muchsmallerthanwhatappearsin theplots.

3. In oursimulationsof noise-drivenmultiple filamentsin Section3.4,thesefilamentsarealsonot

parallel(seeFigure3.26).

3.3 Singlefilament dynamics

Thenumericalsimulationsin Section3.2show thatwhentheinputbeamis sufficiently powerful, vec-

torial effectscanleadto multiple filamentation.In addition, thesesimulationsshow that,regardlessof

whethermultiple filamentationoccursor not, beamcollapseis arrestedanda singlefilamentor sev-

eralfilamentsareformed,which propagateover long distanceswhile maintainingroughlya constant

width.

At presentthereis no theoryfor analyzingself-focusingin thehigh-power regime �2� �	�\© � � ,
which is why we rely on numericalsimulationsin the exploration of multiple filamentationin Sec-

tion 3.2. However, whenthepower of a singlefilamentis not muchhigherthan ��� , its propagation

canbeanalyzedusingmodulation theory, which is anasymptotic theoryfor analyzingtheeffectsof

smallperturbationson critical self-focusing[32, 33]. Modulationtheoryis basedon theobservation

that,aftersomepropagationhastakenplace,a self-focusingfilamentrearrangesitself asa modulated

Townesian,i.e., � ���B�[(+*M,±* ' � �a` 3b � ' � F � Cb � ' � � *
where

F �HC � is definedin Eq.(2.20).Therefore,self-focusingdynamicsis describedby themodulation

variable
b � ' � , which is proportional to beam-widthandalsoto 1/(on-axisamplitude). In particular,b ¢ � and
b ¢ « correspondto blowupandto completedefocusing,respectively.

By applying modulation theoryto Eq.(3.7)weprove in AppendixB that

Proposition3.3. When
� á 3

the self-focusing dynamicsof a singlefilamentpropagating in the

presenceof vectorialandnonparaxial effects[ i.e., Eq.(3.7)] is given,to leadingorder, by thereduced
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systemof ODEs¬­­® ­­¯ b @A@�� ' � � .±°bk²´³°5µ·¶¹¸-º » ¼Z½Q¾ ¶¹¿
À � À �"ÁÃÂÄÁ �ÆÅ ¿ÆÇ�È�ÉCº2Ê\ËÌÎÍ ÷ÐÏb ¾ ù µ ³ (3.16)

whereÍ » ÏÑÓÒÔ Õ×Ö ¾IØÙ¾ ÖÆÚ1ÖÜÛ Ý?Þ¥ßàß ³ (3.17)

¿
ÀCá�ÀRâ ÁÃÂãÁ�ä » Ï and ¿
Ç�È�É*¶�åYº Û Ï=æç è Ï Å åÏ Å åeé Þ
(3.18)

Inspectionof thederivationof eq.(3.16)shows thatthetermswith ¿ÙÀRá�ÀRâ ÁÃÂÄÁ�ä andwith ¿
Ç�È�É corre-

spondto nonparaxialandvectorialeffects,respectively. Therefore,thereducedsystem(3.16)shows

thatnonparaxialityandvectorialeffectshave thesamequalitative effect on theself-focusingdynam-

ics of a singlefilament. This observation is surprising, becauseat thePDE level [i.e., Eq. (3.7)] the

expressionsfor nonparaxialityandfor vectorialeffectsarecompletelydifferent ê .
As canbeseenfrom Table3.1, å is zeroor positivefor mostcommonphysical mechanismsleading

to the Kerr effect. Therefore,from (3.18)we have that ¿ÆÇ�È�É8¶�åYº0ë Ï=æ-ì ç . Thus,the reducedsystem

(3.16)showsthatvectorialeffectsdominateovernonparaxiality. Thisobservationimpliesthatmodels

of physical self-focusingthat includenonparaxialityshouldalso includevectorialeffects. We note

thatthishasnotbeendonein mostpreviousstudies.

Kerr mechanism å ¿�Ç�È�Éí¶�åYº ¿;îJï�¶�åYº ¿
ð ÂãÁÃñ*ò1ñCó Çkî5ô
electrostriction 0 5.3 -2.7 8

nonresonantelectrons 0.5 7.1 -0.9 8
molecularorientation 3 9.8 1.8 8

Table 3.1: Approximate valuesof the vectorial constants¿�Ç�È�É*¶�åYº [in Eq. (3.18)], ¿;õ ï ¶�åYº , and¿
ð ÂÄÁÃñ*ò1ñRó Ç�õ ô [in Eq.(3.21)] for commonKerrmechanisms.

We canfollow [24, 32] andintegrateEqs.(3.16)to get¶�öÎµIº ¾ »÷¼ Ñ-ø
ÕÍ ö ¶�öàù±¼eö?º*¶�öú¼eö·û;º ³ öY¶ü¸-º;ý¥»ÿþ ¾ ¶ü¸àº ³ (3.19)�

It is interestingto notethat the reduced system(3.16) alsoappears in the studyof self-focusing dynamicswith a
saturated-nonlinearity effectsuchasEq.(3.25) [24, 32, 33].
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where öaû Û Í °Æ¶ Ý º¼ Ì ø Õ�� Ï ¼�� Ï ¼ Ñ����
	 ½ ¾ Ê\Ë�¶ü¿
ÀRá�ÀCâ ÁÃÂãÁ�ä Å ¿ÆÇ�È�ÉRºÑ Í °Æ¶ Ý º � Ï Å�� ¶ � º�
 ³
öÎù Û Í °Æ¶ Ý º¼ Ì ø Õ � Ï Å � Ï ¼ Ñ����
	 Í °
¶ Ý º¼ ø Õ � Ï Å�� ¶ � º�
 ³ (3.20)

� » ¼ ½Q¾ Ê\Ë�¶ü¿
ÀRá�ÀCâ ÁÃÂãÁ�ä Å ¿ÆÇ�È�ÉCº ø Õ ì Ñ Í ¾ ° ¾ ¶ Ý º and
ø Õ Û ø ¶ Ý º , where

ø ¶ Ý º is the input Hamilto-

nian(2.18).

Werecallthatanecessarycondition for blowup in theunperturbedNLS, i.e., Eq.(2.16),is thatthe

input power is above critical, i.e., Êe¶ Ý º ë±Ê´Ë (seeSection2.4). In modulation theoryvariables[32],

this condition amountsto °Æ¶ Ý º Û � Êe¶ Ý º�¼ Ê Ë�� ì Í ë Ý
. However, when °Æ¶ Ý º�� Ý

we seefrom

Eqs.(3.19)and(3.20)that öY¶ü¸-ºÙë±öàû�� Ý
. Thereforeblowup is arrestedby vectorialandnonparax-

ial effectsandthe minimal beamwidth is þ
û 	 þ ¶ Ý º ½�� Ê\Ë�¶ü¿
ÀRá�ÀRâ ÁÃÂãÁ�ä Å ¿ÆÇ�È¹ÉCº ì Ñ Í °Æ¶ Ý º , which, in

physicalvariables,correspondsseveralwavelengths.Evenatthisstagethemagnitudeof thenonparax-

ial andvectorialtermsin Eq. (3.7) is � ¶¹°Dº smallerthanthatof the NLS terms ����� � and ! �"�#! ¾ �"� ,providingana-posteriori justificationfor treatingthemassmallperturbations.

In addition,asufficientconditionfor blowupin theunperturbedNLS (2.16)is
ø ¶ Ý º%$ Ý . However,

from Eqs.(3.19)and(3.20)we seethat if °Æ¶ Ý º&� Ý
and

ø ¶ Ý º&$ Ý then ö-û(' öY¶ü¸-º�'±öÎù , i.e., arrest

of blowup is followed by focusing-defocusingoscillations. When nonadiabaticradiationis added

to (3.16)theoscillationsdecaywith propagation [24].

Thequalitativepicturepredictedby (3.16),i.e., arrestof blowup followedby focusing-defocusing

oscillations,canbeobservedin thesimulationsof Figure3.19,wheretheinputpower is only moder-

atelyabove ÊvË , aswell asin previousnumericalstudiesof vectorialeffects[37, 50]. We verify the

predictionof thereducedsystem(3.16)thattheeffect of nonparaxiality is defocusingandsmallcom-

paredwith thatof vectorialeffects,by comparingthedynamicswith andwithoutnonparaxialeffects.

Indeed,ascanbein Figure3.19,theeffect of neglecting nonparaxialityis slightly focusing.We also

verify thatwhennonparaxialeffectsarekeptbut vectorialeffectsareneglectedin thesimulationsof

Figure3.19,thenthequalitative dynamicsremainsthesame,but thepeakintensitiesaresignificantly

higher(datanot shown).

Werecallthatthevectorialtermsin Eq.(3.7)correspond,in part,to thecontributionof )*� from the

grad-div term,which doesnot vanishevenwhen ) ¾�+ ) ² + Ý
[seeEq. (3.8)]. A closerinspectionof

thederivation of (3.16)revealsthat ¿;Ç�È�É*¶�åYº£»ÿ¿
ð ÂãÁÃñ8ò1ñRó Çkî ô Å ¿;î ï ¶�åYº , wheretheconstants¿
ð ÂÄÁÃñ*ò1ñRó Ç�î ô Û-, .0/21 ¿;î ï ¶�åYº Û ¼ , ¶ Ï ¼eåYºç ¶ Ï Å åYº (3.21)
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correspondto thecontribution of )3� from thegrad-div termandthecouplingto ) ² , respectively [see

Eq. (3.10)]. This resultis surprising, becauseit shows that the defocusingeffect of thegrad-div- 45�
termis eighttimesstronger thannonparaxiality. Also surprisingis thattheeffectof thecoupling to ) ²
is weaklyfocusingfor ! å ! $ Ï , since¿�î ï $ Ý (seeTable3.1).

We now verify thesepredictionsusingnumericalsimulations.In Figure3.20Awe show thatNLS

blowupis slightly acceleratedby thecouplingeffectsto ) ² when åF» Ï=ì Ì . In addition,as ¿�î ïí¶ Ý?Þ¥ß º Û¼ Ý?Þ76 , wegetthat ¿;ÀRá�ÀRâ ÁÃÂÄÁ�ä Å ¿;î ï ¶ Ý?Þ ß ºk» Ý?Þ Ï , whichshowsthatthecombinedeffectof nonparaxiality

andcouplingto ) ² for åF» Ï�ì Ì is slightlydefocusing.In orderto verify thispredictionwecomparethe

solutionof Eq.(3.7)with å » Ï�ì Ì (whichtakesnonparaxiality, thecoupling to ) ² , andthecontribution

of thegrad-div- 48� terminto account)with thesolution of Eq.(3.8)without thenonparaxialterm,i.e.,9 � �;: µ Å �
�<�"� Å ! � �=! ¾ �"� »÷¼ ½ ¾ ¶ ! � �=! ¾ �"� º?>@> ³ (3.22)

which takesonly thecontribution of thegrad-div- 4A� term into account.Figure3.20Bshows that,as

predicted,thepeakfocusingis slightly lower with thenonparaxialandthecoupling to ) ² termsthan

without them. As anadditionaltest,we verify that thesolution of theNLS with thenonparaxialand

couplingto ) ² terms(without thegrad-div- 4B� term)with thesameparametersandinput beamasin

Figure3.20Bdoesnotblowup(datanotshown).

Finally, when the input power is above the thresholdfor multiple filamentation,a morecareful

inspectionof thedatain Figs.3.8,3.10,and3.12revealsthatafter thesplitting hastakenplaceeach

filament undergoesalmost-periodic focusing-defocusingoscillations. For example, in Figure 3.21

multiple filamentationoccursafter the first two oscillations, andthe subsequentoscillations arethe

focusing-defocusingcyclesof eachfilament.

Remark. As in thecaseof theanglebetweenthefilaments(seetheremarkat theendof Section3.2),

in physical variablestheoscillationsaremuchslower thanwhatmayappearfrom Figs.3.3,3.5,and

3.16–3.21. Thesefocusing-defocusingoscillations canbeinterpretedasself-trapping,i.e., theforma-

tion of a long andnarrow filament. Indeed,suchoscillations wereobserved in the cw self-trapping

experimentsof BjorkholmandAshkin [6].
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Figure 3.19: Blow-up in NLS [i.e., Eq. (2.16), dashedline] is arrestedby vectorial effects, with
nonparaxiality[i.e., Eq. (6.2), solid line] and without nonparaxiality[i.e., setting �C�;: µ�µ + Ý

in
Eq. (3.7), dots], resultinginsteadin focusing-defocusingoscillations. Here ½ » Ý Þ¥Ý Ñ

, åÓ» Ý Þ ß
,

and(A) � � ¶¹¸F» Ý ³ED º » � Ï Þ¥Ý-ß Ø ¶ D º [i.e., Êe¶ Ý ºd» Ï Þ Ý-ß Ê\Ë ]; (B) �"� ¶ü¸F» Ý ³ED ºÙ» Ì � Ï Þ Ï Ê\Ë;F òHG?I [i.e.,Êc¶ Ý º£» Ï Þ Ï Ê\Ë ].
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Figure3.20: (A) NLS blowup (solid line) is slightly acceleratedby the couplingeffects to ) ² [i.e.,
Eq. (3.9),dashes],samedataasin Figure3.19B.(B) Samedata(andlines)asin Figure3.19Bwith,
additionally, the solution of Eq. (3.22) (dash-dots’–.’), which reachesa slightly higherpeak,andis
almostindistinguishablefrom thesolution of Eq.(3.7) (solid line).
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Figure 3.21: Sameas Figure 3.2 with Êe¶ Ý ºc» ß ÊúË . Top: peak intensity. Bottom: Iso-surface! � �#! ¾ » Ï Ý . Thedashedline is thepointwherethebeambreaks-upinto two filaments.
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3.4 Random multi ple filamentation

3.4.1 The Bespalov-Talanov model

In 1966Bespalov andTalanov suggestedthatnoisein theinputbeamis thesymmetry-breakingmech-

anismthat leadsto multiple filamentation[5]. Their analysiswasbasedon the assumptionthat, to

leadingorder, theelectricfield is aplane-wave, i.e.,)J� ¶LK ³ ö ³ ¸àº 	 M F òHNPO I µ ³ M + QSRUTWVYX Þ (3.23)

Using this assumption, they showed that certainfrequenciesare linearly unstable. From this they

concludedthat:

“... in a nonlinear dielectric [Kerr medium]amplitude-phase perturbationsof a plane

electromagneticwavebring aboutits decayinto individual beams”.

In otherwords, the noise-driven instabilities would breakupthe cylindrical symmetryof the beam,

ultimatelyleadingto multiple filamentation.

At present,the Bespalov-Talanov explanationis the standard,andonly, explanationfor multiple

filamentationof laserbeams.Surprisingly, until now thisexplanationhasnotbeencorroboratedusing

numericalsimulations.Testingtheirexplanationnumericallyrequiresa (2+1)Dsimulationbecauseof

the input noise.Althougheven(1+1)D simulations(i.e., usinga cylindrically-symmetric code)were

difficult in the1960’s, (2+1)D simulationsbecamepossiblein the1980’s. Onecanonly speculateas

to why thisexplanation hasnotbeentesteduntil now. Onepossible reasonfor thisis thatby the1980’s

theirexplanation hadalreadybeenacceptedasthetrueexplanation for multiplefilamentationwithout

doubt.

We now numericallytesttheBespalov-Talanov modelfor multiple filamentation.To do that,we

solvetheunperturbedNLS (2.16)with ahigh-power[i.e., Êc¶ Ý º�Z ÊVË ] cylindrically-symmetricGaus-

sianinput-beam,to whichweaddrandomnoisebothin amplitudeandin phase,i.e.,�"� ¶LK ³ ö ³ ¸v» Ý º�» Ì � Êe¶ Ý º[F ò]\ > I;^[_EI;`ba Ï Å QdceT<R 9 V F1¶LK ³ ö?º�f ³ (3.24)

where Êe¶ Ý º is thenoiselessinput power, TWR 9 V F1¶gK ³ ö6º is a randomcomplex-valuedfunction(seeSec-

tion 6.1 for moredetails),andtheconstantQ determinesthenoiselevel ( Qbh Ï ). Although we have

mademany simulations with high-power input beamsand randomnoise,we seeneitherevidence

for multiple filamentationnor evenmild instabilities. Rather, thebeamconvergesto a cylindrically-

symmetric profile asit blows-up(seeFigure3.22andFigure3.23).
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Apparently, themajorweaknessof theBespalov-Talanov argumentis thatit assumesthat,to lead-

ing order, the electric field is a plane-wave (3.23). Under this assumption (which implies infinite

input power) theself-focusingprocessof thefield doesnot dependon the transversedynamics,i.e.,)J�;: µ Å ! )��Y! ¾ )J� » Ý
. As a result, instabilities cangrow while the leadingordersolution remainsun-

changed.This is not thecase,however, for a propagatingbeam,wherethetransversedynamicsof the

beamdominatestheevolution of thenoise.
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Figure 3.22: Blow-up in the NLS (2.16) of high-power input beams(3.24) with noise(solid line,Q » Ý?Þ Ï ) andin theabsenceof noise(dot-dashedline, Q » Ý
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3.4.2 Noiseand a saturating nonlinearity

In 1968,MarburgerandDawes[48] showednumericallythatintenseGaussianbeamspropagating in a

Kerrmediumwith saturablenonlinearitydonotcollapse,but insteadgo throughfocusing-defocusing

cycles. In addition,they showedthatthetransverseprofile of thebeamcandevelopa concentricring

structure.Althoughthey pointedout therelationbetweena ring structureandtheformationof small-

scalefilaments,they could not demonstratethis numerically, becausetheir codewas cylindrically

symmetric. This relationwasestablishedin 1979,whenKonno andSuzukisolvedthesaturatedNLS

usingaCartesiangrid andshowedthatthering structureis indeedunstable[40]. Later, usingbothnu-

mericalsimulationsandanapproximatestability analysis,Soto-Crespo,Wright andAkhmediev [58]

showedthat thetransitionfrom cylindrical symmetry to multiple filamentationis associatedwith the

appearanceof a spatialring. Multiple filamentationdue to noisein the input beamand nonlinear

saturationwasalsoobservedin [2, 35,47, 51,60].

In orderto comparemultiple filamentationdueto vectorialeffectswith theoneto noise,we solve

thesaturatedNLS9 � �;: µ Å �
�<�"� Å ! � �#! ¾ � �Ï Åji ! � �=! ¾ » Ý ³ Ý $ i h Ï (3.25)

with high-power noisy input beams(3.24). For example,when i » Ý?Þ Ý Ï�ìlk / Ì and Q » Ý?Þ Ý Ì
, we

observepseudomultiple-filamentationwhen Ê Õ Û Ï Ý Ê\Ë (Figure3.24)andgenuinemultiple filamen-

tationwhen Ê Õ Û Ï Ñ Ê\Ë (Figs.3.25and3.26).Therefore,for thesevaluesof i and Q , thethresholdfor

multiplefilamentationliesbetweenÏ Ý ÊVË and Ï Ñ Ê\Ë .
Wecarryadditional simulationsof Eq.(3.25)with thesamevaluesof i and Q in therangeÏ Ñ ÊwËd'Êc¶ Ý ºe' Ï Ì Ý ÊvË . Thesesimulationssuggestthatnoise-inducedmultiple filamentationis characterized

by a powerful centralon-axisfilament,from which less-powerful off-axis filamentssplit. After mul-

tiple filamentationoccurs,above half the input power remainsin the on-axisfilament. The off-axis

filamentsarelesspowerful, asthepowerof eachis below one-tenthof theinputpower. In addition, a

significantamountof power is radiatedto thebackground,aswasalsoobservedin [60]. We notethat

evenwhenthepower of theon-axisfilamentis muchlarger than Ï Ñ Ê´Ë (i.e., above the initial thresh-

old for multiple filamentation),no additional splitting occurs.This observation shows that,ascanbe

expected,theeffectof inputnoisediminisheswith propagation.
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Figure3.24: Solutionof Eqs.3.25with i » Ý?Þ¥Ý Ï�ìlk / Ì with the input beam(3.24),where Êc¶ Ý º Û6?Þnmàß Ê\Ë and Q » Ý?Þ Ý Ì
.

Figure3.25:SameasFigure3.24with Êe¶ Ý º Û Ï Ñ Ê�Ë .
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Figure3.26:Iso-intensitysurface ! �A�#! ¾ » ç Ý
of thedatain Figure3.25.Notethatthebeampropagates

from right to left.

3.4.3 Astigmatism and saturation

In theprevioussectionwe showed that input noisecanleadto multiple filamentationin a saturated-

Kerr medium. In this sectionwe show that input astigmatismcanalsoleadto (pseudoandgenuine)

multiplefilamentationin asaturated-Kerrmedium.

To studywhetherastigmatismcanalsoleadto multiplefilamentationweconsidertheinputbeam� Õ � ¶LK ³ ö6ºk» Ì � ¿vÊ\Ë%oqp[r a ¼�¶sFYKQº ¾ ¼eö ¾ f ³ (3.26)

where ¿ is constantand
Ý ' Ft' Ï is input astigmatism parameter( F÷» Ï correspondsto a

cylindrically-symmetricinput beam).Our simulationsof Eq. (3.25)show that input astigmatismcan

leadto multiple filamentationwhenthe input power is several times ÊwË?u . For example,Figure3.27

shows an astigmaticinput beamthat break-upinto two filaments. As with noise-initiatedmultiple

filamentation,duringfurtherpropagationeachof thefilamentsundergoesfocusing-defocusing oscil-

lationsandis roughlycylindrically symmetric.

v
We notethattheeffective threshold power for collapseof astigmaticbeamsis higherthanfor cylindrically-symmetric

beamsby a factorof approximately w xzy|{z}�~<���E�@~@���5xzy �@� (see[27]).
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Figure3.27: Isosurfaceof ! � �z! ¾ of the solution of Eq. (3.25)with theastigmatic input beam(3.26),i » Ý?Þ Ý Ï , F » Ý?Þ æ , and(A) ¿×» Ì Þ¥ß
[i.e., Êe¶ Ý º Û Ñ Þ Ï m ÊvË ]; (B) ¿ » ç

[i.e., Êe¶ Ý º�» ß Ê\Ë ].
3.4.4 Noiseand nonparaxiality?

The saturationof the Kerr nonlinearityhasbeenobserved experimentally for only somematerials.

For example,Yau, Lee andWangreportedrecentlythat the nonlinearityfor Sapphirecrystal is of

theform (3.25). However, thereareothermaterialsfor which theassumption of nonlinearsaturation

doesnot havea solid physical justification. Therefore,a naturalquestionis whethernoisecanleadto

multiplefilamentationin theabsenceof saturation.To answerthisquestionwestudythepossibility of

multiplefilamentationfor abeampropagatingin thepresenceof nonparaxiality(but withoutvectorial

effects),i.e.,9 � �;: µ Å �
�<�"� Å ! � �=! ¾ �"� »÷¼ ÏÑ ½ ¾ �"�;: µ�µ Þ (3.27)

We remarkthat vectorialeffectsarealwayspresentin physicalself-focusing. Our purposehereis

to analyzethe ability of the noisemechanismto causemultiple filamentation.In (3.27)we neglect

vectorialeffectsin orderto assurethatif multiple filamentationoccurs,it occursbecauseof theinput

noiseandnotbecauseof vectorialeffects.

WhenwesolveEq.(3.27)wedonotseemultiplefilamentation.For example,wesolve(3.27)with

an input beamwith Êc¶ Ý º´» Ì Ý Ê�Ë and Ï Ý�� noise. As canbe seenin Figure3.28, the beamforms

a ring at an early stageof the propagation,which is followed by convergenceinto a singlefilament

that undergoesfocusing-defocusingoscillations during further propagation. However, in spiteour

simulations,webelievethatmultiplefilamentationmaybepossiblewith nonparaxialityandnoise,for

the following reason.All of themultiple filamentationsimulationsshow thatmultiple filamentation

is precededby ring formation, which strongly suggestthat the ring structureis unstableto small

perturbations. As Figure 3.28 doesshow ring formation, it is possible that noise-driven multiple

filamentationin thepresenceof nonparaxialitydoesoccurwith higherinputpower.
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Figure3.28: Intensityof solution of Eq.(3.27)with ��� Ý?Þ�� andanoisyhigh-power inputbeamasin
Figure3.12.

Remark. As we have seen,in the caseof linear polarizationvectorialeffectsresult in anisotropic

termsin the modelequation(3.7). In contrast,in Section4.6 we show that for the caseof circular

polarizationvectorialeffectsresultin isotropic termsin themodelequation(4.27).Thus,thosevecto-

rial effectscannotleadto multiplefilamentationby themselves. However, in Section4.6weshow that

noisewith nonparaxialandvectorial(circular-polarization)effectscanleadto multiple filamentation,

evenin theabsenceof asaturationmechanism.

3.5 Vectorial effects and/or noise?

As we have seen,regardlessof whetherthe symmetry-breakingmechanismis vectorial effects or

noisein theinputbeam,multiple filamentationalwaysoccursafter theformationof a ring duringthe

defocusingstage. Becausea ring structureis unstable,it canbe broken into multiple filamentsby

symmetry-breakingmechanisms.

Thereare,however, significantdifferencesbetweenmultiplefilamentationinducedby vectorialef-

fectsandby noise.Themostimportantdifferenceis thattheformeris adeterministic processwhereas

the later is a randomone. Therefore,whenthe input beamis cylindrically symmetric (‘clean’ input
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beam)the filamentationpatternis reproduciblein the caseof vectorial-inducedfilamentsbut varies

from experimentto experimentin thecaseof noise-inducedfilaments.Anotherdifference,whichcan

beutilizedto determineexperimentally themechanismof multiple filamentation(seeSection3.6) is

thatvectorialeffectsinducea preferreddirectionin thetransverse � K��Rö2� plane,which is thedirection

of inputbeampolarization.

Our simulationssuggestthat the thresholdpower for multiple filamentationcausedby vectorial

effectsis significantly lower thanthe onefor multiple filamentationcausedby noise. For example,

simulationsof Eq. (3.25)with i � Ý Þ¥Ý[�
andnoiselevel of Q � Ý?Þ Ý��

do not leadto multiple filamen-

tationwhen ��� Ý �
$ �íÝ �A� , but do leadto multiple filamentationwhen ��� Ý �
� � Ñ ��� . In contrast,

in the vectorialcasewith ��� Ý?Þ Ý-ß
, we alreadyobserve multiple filamentationwhen ��� Ý � � Ñ �5� .

Thus,multiplefilamentationat theselowerpowersis morelikely to betheresultof vectorialeffects.

Anotherdifferenceis that in vectorial-inducedmultiple filamentation,regardlessof whetherthere

is acentralfilamentafterthesplitting (Figure3.12)or not(Figure3.8),all filamentsareof comparable

power, which is below
ç Þ æ �b� . In contrast,noise-inducedmultiple filamentationis characterizedby a

powerfulcentralfilamentwhichhasabouthalf theinputpower, andsignificantlyless-powerfuloff-axis

filaments.

In addition,becausebothvectorialeffectsandnoisetakepartin multiplefilamentationexperiments

andeachof thesetwo mechanismscan,in principle, leadto multiple filamentationon its own, it is

naturalto askwhetherthey cancooperateto causemultiple filamentation.To answerthis question

we solve Eq. (3.7) with a noisyinput beamwhosepower is slightly below thethresholdfor multiple

filamentation. We recall that in the casewherethe input beamis symmetric (i.e., without noise),��� Ý?Þ Ý-ß
, and ��� Ý � � ç Þnmàß �B� thenring formationis followedby pseudomultiple filamentation(see

Figure3.7). In contrast,whennoiseis addedto theinputbeamthebeamundergoesgenuinemultiple

filamentation(seeFigure 3.29). Therefore,in this simulation, noisecooperateswith the vectorial

effectsto lower thethresholdpower for (genuine)multiplefilamentation.
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Figure3.29: Iso-surfaceof ! � �#! ¾ � ��ß of thesolution of Eq. (3.7)with ��� Ý?Þ Ý-ß
andthenoisyinput

beam(3.24)with Q � Ý?Þ�� and ��� Ý � Û ç Þnm�, �A� .
3.6 An experimental test

Theresultspresentedsofarshow thatmultiple filamentationcanresultfrom eithervectorialeffectsor

from noisein the input beam.Therefore,in theory, whenall parametersof a multiple-filamentation

experimentareknown,onecanusenumericalsimulationstodeterminewhetherthemechanismbehind

multiplefilamentationis vectorialeffectsor noise.However, at thehigh inputpowersassociatedwith

multiple filamentation,other physical mechanisms (e.g., plasmageneration,time-dispersion,etc.),

which areneglectedin bothmodels,canalsobecomeimportant.Thus,our modelmight not capture

all the relevantphysics, in which case,its reliability in determining the mechanismbehindmultiple

filamentationis lessclear.

In orderto overcome this difficulty andbeableto determinewhethervectorialor randomeffects

are the physicalmechanismbehindmultiple filamentation,we proposethe following experimental

test. This testis basedon theobservation thatvectorialeffectsare the only mechanismneglectedin

thederivationof theNLSmodelthat breaks-upthecylindrical symmetrywhile inducinga preferred

directionin anisotropic homogeneousmedium(thedirectionof inputbeampolarization).Therefore,

if multiple filamentationis causedby vectorialeffects,then

1. Thefilamentationpatternin thetransverseplaneshouldpersistbetweenexperiments.

2. Whenthe directionof linear polarizationof the input beamis rotatedin the transverseplane

betweenexperiments, thefilamentationpatternshouldfollow thesamerotation.

3. Whena beamsplits into two filaments,thesplitting should occureitheralongthedirectionof

initial polarizationor perpendicularto it (seeFigs.3.9and3.11).

In contrast,whenmultiple filamentationresultsfrom randominstabilities, the filamentationpattern
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shouldvarybetweenexperimentsandbeindependentof thedirectionof initial polarization.

We notethatin themultiple-filamentationexperiments in [52], NowakandHamobservedthat

“the ... [filament] patterns..., althoughrandom in appearance, were perfectly repro-

ducibleshotto shot”.

A similar observation wasreportedby Brodeur, Ilkov andChin [14]. Becauseof this observation,

Nowak andHam conjecturedthat multiple filamentationwasdue to small in-homogeneitiesin the

medium. However, our studyshows that this behavior is alsoconsistentwith the vectorialeffects

explanationfor multiplefilamentation.
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Figure3.30:An experimental testfor identifyingdeterministic multiple filamentationcausedby vec-
torial effects.Let a linearlypolarizedinputbeam(a) whosedirectionof linearpolarizationis �?���@���@�H�
propagatein a Kerr mediumandlet (c) befilamentationpatternat somepropagationdistance.Rotate
the input polarizationto �L���� ¢¡��£ £¤¦¥§¡¨�@�H� (b) andrepeatthe experiment. If multiple filamentationis
causedby vectorialeffects,thefilamentationpatternshouldfollow thesamerotation(d).



Chapter 4

Cir cularly polarized input beams

TheNLS modelis derivedundertheassumption that thebeamis linearly polarized. In 1966Close,

Giuliano,Hellwarth,Hess,McClung,andWagner[21] conductedexperimentswith intensecircularly

polarized inputbeamspropagating in Kerrmedia,whichsuggestedthatcircularpolarizationis unsta-

ble. Closeet al.alsoproposeda mathematical modelfor self-focusingof circularly polarizedbeams,

which they usedto explaintheobservedinstability of circularpolarization.Theirmodelwasasystem

of two coupledNLS equationsfor the two circularpolarizationcomponents. Subsequenttheoretical

studieshaveusedthesamesystemof equationsasCloseetal., but obtainedcontradictoryresultswith

regardto circular-polarization(in)stability. As a result,to thesedaysthereis someconfusionin the

literaturewith regardto circular polarizationstability. Remarkably, the only thing that wasalways

agreeduponwastheCloseet al. modelitself. As weshow in thisstudy, however, thismodelis based

onproblematic assumptions,andit canleadto wrongresults.Hence,previousstudiesusedthewrong

modelfor studying circularpolarizationstability.

This chapteris organizedasfollows (seealsoFigure4.1 andseeTable2 in Section0.1 for nota-

tions). In Section4.1wedescribethecontradictoryresultsof previousstudiesoncircularpolarization

stability, all of which werebasedon the Closeet al. system(4.3). In Section4.2 we systematically

reducethevectorHelmholtz equationto thenew system(4.10)thatmodelsself-focusingof circularly

polarizedbeams.Similarly to theCloseet al. system(4.3), thenew system(4.10)takesinto account

thecouplingto theopposite-circularcomponent(i.e., theonerotatingin theopposite direction).Un-

like(4.3),however, thenew System(4.10)alsotakesinto accountbeamnonparaxiality, thecouplingto

theaxial component,andthecontribution from thegrad-div term.Using(4.10)weshow thatcircular

polarizationis stable.We alsoshow that theassumptionson which thederivation of theCloseet al.

System(4.3) is basedcanbephysically incorrect. In Section4.3we prove thatwhennonparaxiality,

thecouplingto theaxial component,andthegrad-div termsarenegligible, Systems(4.3),(4.10),and
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thesimplersystem(4.20)areasymptotically equivalent, andthatsolutionsof thesesystemscanun-

dergocollapse.In Section3.3weusemodulation theoryto describethedynamicsof asinglefilament

with the reducedsystemof ODEs(3.16),which shows thatnonparaxiality, thecouplingto theaxial

component,andthe contribution from the grad-div term arrestbeamcollapseandleadto focusing-

defocusingoscillations. In Section4.5 we usenumericalsimulationsof System(4.10) to confirm

thestability of circularpolarizationandthepredictionsof modulation theory. Thesesimulationsalso

demonstratethatSystem(4.3)canleadto wrongpredictions.

As wehaveshown in Section3.2,thepreferred directionin thetransverseplanethatis inducedby

linearly polarizedinput beamscanleadto deterministic multiple filamentation, evenwhenthe input

beamsareperfectlycylindrically symmetric. In this chapterwe show that, in contrast,cylindrically

symmetric, circularly polarizedinput beamscannotundergo multiple filamentation,becausein that

casethe input polarizationstatedoesnot inducea preferreddirection in the transverseplane. In

Section4.6weshow thatwhentheinputprofile is cylindrically symmetricthenasmalldeviationfrom

circularpolarizationis unlikely to leadto multiple filamentation.However, smallimperfectionsin the

inputprofile,suchasinputnoiseor astigmatism,canleadto multiple filamentation.

vector
Helmholtz (2.11)©i � � h �

(new)
System(4.10)

singleª
filament

(new)
ODEs(3.16)« « « «;¬i � Ý

(new)
scalarequation(4.27)

­­­­ ®��� Ý
(new)

System(4.16)¯ ¯ ¯ ¯±°¯¯¯¯ ² � � i ¾ �³³³³ ´³ ³ ³ ³±µ� � i ¾ � ª¶ � � i ¾ � (new) simpler
(4.20)

Closeet al.
(4.3)

Figure4.1: Schematicoutlineof thederivation. �·� � ì D Õ@¸-Õ and i measuresthedeviationfrom perfect
circularpolarization[seeEq.(4.6)].
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4.1 Polarization (in)stability - historical background

Strictly speaking,an intensecircularly polarizedinput beamthatpropagatesin a Kerr mediumdoes

not remaincircularly polarized.Indeed,thevectorKerr effect (2.12)canberewritten in termsof the

circularcomponentsas¹º¼»�½ � Ñ�¾ Õ T
Õ�¿
TQ¾�%À å a �@! ) ^ ! ¾ À ! ) ò ! ¾ À ! )[Á�! ¾ � ¹) À å � � ) ^ ) ò À ) ¾Á � ¹)lÂ f<�

wheretheleft-circular(
À

) andright-circular( Ã ) componentsaredenotedby)2Äl� K��Rö��EÅ�� � �� � è )�� À 9 ) ¾ é � (4.1)

with the correspondinginput components) ÕÄ � K��Rö[� �Æ)2Äl� K��Rö��EÅ � Ý � . Thus, ) ^ , ) ò , and )2Á are

nonlinearlycoupledthroughthe vectorKerr effect (2.12)andlinearly coupledthroughthe grad-div

termin Eq. (2.11a).Therefore,even if initially ) Õò + Ý
then ) ò doesnot remainzerofor ÅÇ� Ý

. In

addition,in practicetheinputbeamis neverperfectlycircularlypolarized.Therefore,amorerealistic

representationof circularlypolarizedinputbeamsis ) Õ^ Z ) Õò .

All the previous studiesof circular-polarizationstability includedthe coupling of ) ^ to ) ò , but

neglectedthe coupling of ) ^ to the axial component)¢Á andthe grad-div term in (2.11a),i.e., they

assumedthat)[Á h ) ^ � )[Á h ) ò � È � ÈÊÉ ¹) � h
¸
¾
Õ ) ^ Þ (4.2)

Undertheassumptions (4.2),Eqs.(2.11)–(2.12)reduceto thetwo coupledequations�b)]Ä À ¸ ¾Õ )2Ä À Ñ ¸ ¾Õ TY¾T
Õ � �dÀ å<� a ! )2ÄË! ¾ À � �dÀÌ� å<� ! )]Í�! ¾ f )]Ä�� Ý?Þ

Thesestudiesalsousedtheslowly-varyingenvelopes)WÄ��ÏÎ
ÄÐ� K��Cö��@Å��2F NPÑ±ÒÔÓ andtheparaxialapprox-

imation )¢Ä�: Ó?Ó h
¸àÕ )]Ä�: Ó , which leadto thetwo coupledequationsfor Î ^ andfor Î ò :� 9 ¸àÕ Î
Ä�: Ó À �
�<Î
Ä À Ñ ¸ ¾Õ TY¾T

Õ � �dÀ å<� a ! Î
Äd! ¾ À � �dÀÌ� å<� ! Î
ÍË! ¾ f Î
Ä�� Ý?Þ
(4.3)

System(4.3)hasbeenusedto determinewhethercircularpolarizationis stable.As wenow show, the

resultshavebeencontroversial.

4.1.1 The analysisof Closeet al.

In 1966Close,Giuliano,Hellwarth,Hess,McClung, andWagner[21] conductedexperimentswith

intensecircularly polarizedinput beamspropagatingin Kerr media. They observed that “in every
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casestudied,the trapped light from a beam,circularly polarized to better than 1 part in 200, was

markedly, if not completely, depolarizedassoonasself-trappingcouldbedetected”.Moreover, “the

filamentpattern[...] suggested that each filamentmightconsistmainlyof light linearly polarizedin

somerandomdirection”. In otherwords,they observedthatcircularpolarizationis unstableandthat

duringself-focusingcircularly polarizedbeamsformedfilament(s)thatarelinearly polarizedin ran-

domlyorienteddirections(seeFigure4.2).

    input beam
circularly polarized

linearly polarized filament 
randomly oriented

self−focusing

Figure4.2: Theexperimentalobservationof Closeet al. [21].

Closeet al. suggestedthefollowing theoreticalexplanation for instability of circularpolarization

observedin theirexperiments. From(4.3)it followsthattheeffectivechangeof thenonlinearrefractive

index of Î
Ä is givenby� T Ä·� Ñ ¸ ¾Õ TY¾T
Õ � �dÀ å<� a ! Î
Ä�! ¾ À � �dÀÌ� å<� ! Î
ÍË! ¾ f Þ (4.4)

When å�� Ý thecoefficientof thesecondtermin thebracketsof Eq.(4.4)is largerthanthecoefficient

of thefirst termÂ . Therefore,Closeetal. concludedthatwhen å�� Ý then:

1. Self-focusingof theweaker-circularcomponentis fasterthanthatof thestrongercircularcom-

ponent.As a result,eventually a balanceis reachedwhere ! Î ^ ! Û ! Î ò ! , which correspondsto

linearpolarization.

2. Linearpolarizationis stablewhereascircularpolarizationis unstable.Õ
Notethat Ö is positive for mostliquids [56, Chp.17].
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4.1.2 Subsequent studiesof (4.3)

Wagner, Haus,andMarburgerusedtheaberrationlessapproximation to approximate(4.3)with asys-

tem of ODEs [63]. Basedon theseODEs they concludedthat the self-focusingdistance(i.e., the

distancefor beamcollapse)is “sensitive” to small departuresfrom circular polarization.This result

suggeststhatcircularpolarizationis unstable.However, it wasnotedin [63] thattheaberrationlessap-

proximation is a only roughapproximationof self-focusingdynamicsê . PrakashandChandra[54] as

well asVlasov, Korobkin, andSerov [61] studied(4.3)and,usingargumentssimilar to thosein [21],

reachedthe conclusionthat both linear andcircular polarizationsarestable. Theseconclusionsare

consistentwith theexperimentalobservations of Meyer [49], aswell asof SkinnerandKleiber [57],

andof Golub,Shuker, andErez[36].

In 1970BerkhoerandZakharov [4] showed that thepower of eachcircular amplitude in (4.3) is

conservedduringthepropagation, i.e., that�BÄÐ� Å�� � Ô ! Î
ÄË! ¾ Ú K Ú ö �×�AÄÐ� Ý � Þ (4.5)

This provesthataccordingto (4.3)circularpolarizationis stableu for both å�� Ý
and å � Ý

, because� ^ � Å�� ì � ò � Å�� �Ø� ^ � Ý � ì � ò � Ý �BZ �
. In spiteof this, the explanationof Closeet al. for instability

of circular polarizationhaspersistedin the NonlinearOptics literaturelong after 1970(e.g., in the

classicbook of Shen[56, Chp. 17]) and even up to thesedays. Remarkably, the only thing that

wasalwaysagreeduponis theSystem(4.3) itself. Thederivation of (4.3) is based,however, on the

assumptions(4.2), which canbe physically incorrect(seeSection4.2). Indeed,our simulations in

Section4.5show thatSystem(4.3)canleadto wrongpredictions.

4.2 Newmodel for self-focusing of circular beams

In this sectionwe presenta systematic derivation of thenew System(4.10)for propagation of circu-

larly polarizedinputbeams,whichwe derive from thevectorHelmholtz model(2.11).System(4.10)

consistsof two coupledequationsfor thetwo circularpolarizationamplitudes,which,unlike thestan-

dardCloseet al. model(4.3), takesinto accountnonparaxiality, thecouplingto theaxial component,

andthegrad-div term.�
It is now known thatapplying theaberrationlessapproximation to the2D NLS canleadto completely incorrectpre-

dictions[27]. Indeed,ournumerical simulationsin Section4.5show thattheself-focusingdistanceis relatively insensitive
to thedeviation from circularpolarization(seefootnote in Section4.5).v

Strictly speaking, power conservation doesnot imply that the intensityof ÙBÚ doesnot becomecomparableto the
intensityof ÙlÛ . However, the numerical simulations in Section4.5 show that Ù8Ú does remainmuchsmallerthan ÙdÛ
during thepropagation, in contrastto thequalitative argumentof Closeet al. .
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As in the caseof linear polarization(seeSubsection3.1.1), a key dimensionlessparameterof

the model is �(� � ì ¸1Õ D Õ . We are interestedin the casewhereinput beamis almostleft-circularly

polarized,i.e.,) Õò ì ) Õ^ � � � i �q� ) ÕÁ h ) Õ^ � (4.6)

wherei measuresthedeviationfrom perfectinputcircular-polarization.Therefore,therearetwo small

parametersin theproblem,i.e.,� h �
and i h �ÎÞ

(4.7)

Because� and i aresmall we canuseperturbationanalysisto simplify the vectorHelmholtz equa-

tion (2.11).To dothat,werescalethevariables(asin thecaseof linearpolarization)accordingto (3.4)

andobtainthenondimensionalsystem(3.5). In analogywith (4.1)wedenotethenondimensionalcir-

cularamplitudesby��ÄÐ� K��Cö��@Å�� � �� � è � �3Ü 9 � ¾ é (4.8)

andthecorrespondinginputamplitudesby � Õ Ä � K��Rö[� �×�ÝÄl� K��RöJ�@Å � Ý � .
Usinga carefulperturbationanalysisof Eqs.(3.5)weprove in AppendixC.1thefollowing result:

Lemma 4.1. Let an almostcircularly polarized input beam[ i.e., that satisfies (4.6)] propagate in

a Kerr medium. Assumethat the rescaling(3.4) is valid and that � and i are small. Then the

dimensionlessamplitudessatisfy� ò ì � ^ � � �Ô� ¾ � i �S� (4.9a)

and �&Á ì � ^ � �� � è 9 � ^ : > À � ^ : _ é À � �Þ� Á � i � � Þ (4.9b)

Sincefrom Lemma4.1 it follows that � ò h � ^ and ��Á h � ^ for ÅC� Ý , we have thefollowing

result:

Proposition4.2(Stability of circular polarization - part I). Undertheassumption thattherescaling

(3.4) is valid, an almostcircularly polarized input beamremainsalmostcircularly polarizedduring

thepropagation.
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Proposition4.2 shows that circular polarizationis stable,in agreementwith Berkhoerand Za-

kharov [4] andin contrastto Closeet al. [21]. Moreover, whereasthestandardexplanation of Close

et al.’s for instability of circular polarizationassumesthat åÏ� Ý
, Proposition4.2 is independentof

thevalueof å . An obviousweaknessof Proposition4.2 is that it is basedon theassumption that the

scaling(3.4) remainsvalid during thepropagation.A-priori, thevalidity of this assumptionis ques-

tionable,becauseof the high intensities that canbe reachedduring the self-focusing. However, in

Section3.3 we substantiateProposition4.2 by proving that (3.4) remainsvalid duringself-focusing.

Numericalsimulationsin Section4.5alsocorroboratethis result.

Werecallthatall thepreviousstudiesusedSystem(4.3),whosederivation is basedontheassump-

tion that )]Á ì ) ò h �
. However, from estimates(4.9) it follows that ) ò ì )2ÁA�ß� ò ì ��ÁA� � �Ô� � i ì � � .

Thus,

Corollary 4.3. Wheni h � theassumption that )<Á h ) ò is wrong.

Indeed,in Section4.4 and Section4.5 we show that System(4.3) leadsto completelywrong

predictionswhen i h � . Moreover, we show thatevenwhen � h i this systemcanleadto wrong

predictions(see,e.g., Figure4.5).

Usingtheestimates(4.9)weprove in AppendixC thefollowing result:

Proposition4.4. Letanalmostcircularly-polarizedinputbeam[ i.e., thatsatisfies(4.6)] propagate in

a Kerr medium.Thento leadingorder � Ä�� K��Cö��@Å�� satisfythecoupledsystem9 � ^ : Ó À �
�<� ^ À ��dÀ å ! � ^ ! ¾ � ^à áYâ ã»�½#ä�å á;æ¨ç]è �éÃ �Ñ � ¾ � ^ : Ó?Óà áYâ ãê á ê â@ë�æ¦ë ä Ã
�dÀÌ� å�ËÀ å ! � ò ! ¾ � ^à áYâ ãì á;íRâEî ó ê ð�ïÄá�ð¨ñ (4.10a)

Ã � ¾� � �dÀ åW� a Ñ ! È �J� ^ ! ¾ � ^ À � È �<� ^ � ¾ ��Â^ À ! � ^ ! ¾ �
�<� ^ À � ¾ ^ �
�<��Â^à áYâ ãð;æ¦ë ñ*ò1ñRó ò ^ ì á;íRâEî ó ê ð�ïÄá3ð ï f �9 � ò : Ó À �
�<� òà áYâ ã½#ä�å á;æ�ç ñ À �dÀÌ� å�ËÀ å ! � ^ ! ¾ � òà áYâ ãì á;íRâEî ó ê ð�ïÄá3ð è � Ý � (4.10b)

where ! È ��� ^ ! ¾ �ó! � ^ : > ! ¾ À ! � ^ : _ ! ¾ � � È �<� ^ � ¾ �Ï� ¾ ^ : > À � ¾ ^ : _ Þ
Thetermsthatare neglectedin Eqs.(4.10a)and(4.10b)are � �Þ��ô � i � ¾ � and � �Ô� ¾ � i Á � , respectively.
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Let usexplaintheorigin of thetermsin System(4.10).Eq.(4.10b)is a linearSchr̈odingerequation

for õ"ö with anonlinearcoupling to õB÷ thatresultsfrom thenonlinearcouplingof ø<÷ to ø�ö in (2.11)–

(2.12).When ù úüû·ú×ý System(4.10)reducesto thefollowingNLS for õB÷ :þ õÝ÷�ÿ � ����� õ�÷ � �� ���
	 õ�÷ 	 � õ�÷�úüý
� (4.11)

The õÝ÷�ÿ ��� term on the right-hand-sideof Eq. (4.10a)is the nonparaxialterm that comesfrom the

scalarHelmholtzequation.Thesecondtermresultsfrom linearandnonlinearcouplingsof ø�÷ to ø<ö
in (2.11)–(2.12)� . The remainingtermsin Eq. (4.10a)result from the couplingof ø3÷ to ø�� andthe

grad-div term. In Section3.3 we show that theeffect of the ���Þû ��� terms,which areneglectedin the

Closeet al. system(4.3),dominatestheeffect of thecouplingto ø ö .
As in thecaseof linearpolarization(seeSubsection3.1.1),heretoo the ���Þû ��� on theright-hand

sideof (4.10a)donot vanishevenif oneassumesthat ø�ö��-ø
��� ý . Indeed,a closeinspectionof the

derivation of this equationshows thatif we assumethat ø ö���ø
��� ý , thentheresultingequationforõ�÷ [insteadof Eq.(4.10a)]isþ õÝ÷�ÿ � ����� õ�÷ � �� ��� 	 õ�÷ 	 � õ�÷�ú�� û �� õÝ÷�ÿ ����� û � � � �!� � ��� � 	 õ�÷ 	 � õÝ÷ �" #%$ &')(+*-, ö ,/. ò1032 4 (4.12)

wherethesecondtermon theright-handsidecorrespondsto thecontributionof ø3÷ from thegrad-div

termin thevectorHelmholtz equation(2.11a),whichcanalsobewrittenas� û � � � ��� � ��� � 	 õ�÷ 	 � õ�÷ �" #%$ &')(+*-, ö ,/. ò5062 �7� û � � � ��� � 8 � 	:9 � õ�÷ 	 � õ�÷ �  � 9 � õÝ÷ � � õ<;÷ �  	 õÝ÷ 	 � ��� õ�÷ � õ � ÷ ��� õ=;÷?> �
Theremaining���Þû ��� termsin thesquarebracketson theright-handsideof Eq.(4.10a)correspondto

thecouplingto ø@� . If only thosetermsaretakeninto account(i.e., neglectingnonparaxiality andthe

grad-div- A&÷ terms)theresultingequationisþ õÝ÷�ÿ � �B�C� õ�÷ � �� ��� 	 õ�÷ 	 � õÝ÷·ú � û � � � ��� � 8 � 9 � õÝ÷ � � õ<;÷ � 	 õÝ÷ 	 � ��� õ�÷ >" #%$ &DFE)G/H/I .KJ/'ML E 06N � (4.13)

To recap,the �O�Ôû �/� termsin the squarebracketson the right-handside right-handsideof (4.10a)P
A closeinspectionof thederivationof Eq. (4.10a)shows that thenonlinear interactionbetweenQSR anditself in the

divergence term in Eqs.(2.11)–(2.12) alsocontributesto theseTVU+WSX/Y terms,i.e., thesetermsdo not vanisheven if one
assumesthat Q6Z\[�Q^]S[`_ [seeEq.(C.19)in Appendix C.2].
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correspondto thecontribution of thegrad-div- A"÷ termandandthecouplingto øa� :û � � � ��� � 8 � 	K9 � õ�÷ 	 � õ�÷ � � 9 � õÝ÷ � � õ<;÷ � 	 õÝ÷ 	 � ��� õÝ÷ � õ � ÷ ��� õ=;÷" #%$ &')(+*-, ö ,/. ò ÷ DbE)GcH/I .KJ/'dL E 0 N > (4.14)

� û � � � ��� � ��� � 	 õÝ÷ 	 � õ�÷ �" #%$ &')(e*-, ö ,/. ò50 2 � û � � � ��� � 8 � 9 � õÝ÷ � � õ ;÷ � 	 õÝ÷ 	 � ��� õÝ÷ >" #%$ &DFE)G/H/I .KJ/'ML E 0 N �
4.2.1 Power conservation

As mentionedin Subsection4.1.2,BerkhoerandZakharov [4] showedthatthepowerof eachcircular

amplitude is conservedin theSystem(4.3). Thesameholds,to leadingorder, in (4.10). To seethat,

wemultiply (4.10)by õ ;f , integrateoverthe �Fg 4ch � plane,andsubtractthecomplex conjugateto obtain

that i 8 þ �sõ=;f õ f ÿ �1jÌõ f õ<;f ÿ � � � �sõ<;f �C� õ f �jõ f ��� õ=;f � >lk g k h úm�O�Ôû � � 4
wherethe �O�Ôû ��� error correspondsto the ���Þû ��� termson the right-handsideof (4.10a). Using the

identity � 	 õ f 	 ��� �n�(õ ;f õ f ÿ � � õ f õ ;f ÿ � andGreen’sTheoremleadsto theconservation lawo f �qp � ú i 	 õ f 	 � k g k h ú o f �sý � � �O�Ôû � � � (4.15)

In otherwords,thepower of eachcircularcomponentis conservedwith ���Þû � � accuracy. Since(4.6)

impliesthat
o öS�Þý �sr o ÷1�Þý � út���Lù � � , we concludefrom Eq. (4.15) that

o öu�qp �cr o ÷v�qp � úw���Ôû � 4 ù � � ,
i.e.,thatalmostall of thebeam’spowerremainsin theleft-circularcomponentduringthepropagation.

As we havenoted,strictly speaking,power conservationdoesnot imply thatthe intensity of õCö does

not becomecomparableto theintensity of õB÷ . However, thenumericalsimulationsof System(4.10)

show that õBö doesremain�O�Lù � smallerthan õ"÷ duringthepropagation(seeSection4.5).

4.3 Early stageof propagation

During theearlystageof thepropagationthe ���Ôû �/� termsin System(4.10)aresmall, andthemodel

canbesimplified by setting û�ú(ý . Theresultingsystemof equationsisþ õÝ÷�ÿ � ����� õ�÷ � �� ��� 8 	 õÝ÷ 	 � � � � �  � � 	 õ"ö 	 � > õÝ÷·úüý 4 (4.16a)þ õ ö]ÿ � ����� õ"ö �x� �  �� ��� 	 õ�÷ 	 � õ öCúüý
� (4.16b)
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Below we prove thatsolutionsof (4.16)canundergo catastrophiccollapse.Therefore,thesimplified

model(4.16)canbeusedfor theearlystageof thepropagation, but fails to describethepropagation

nearandbeyondtheblowuppoint.

We note the Systems(4.3) and (4.16) are almostidenticaly , the only differencebeing that the

equationfor õBö in (4.3) includesthe 	 õAö 	 � õ ö term. This termsis negligible, however, becauseit is�O�Lù � � smallerthanthe 	 õ8÷ 	 � õ ö term in (4.10b). Indeed,numericalsimulations in Section4.5 show

thatsolutions of Systems(4.3)and(4.16)arealmostindistinguishable.

4.3.1 Collapseof circularly polarized beams

Wenow provethatsolutionsof (4.16)cancollapseatafinite propagation distance.To dothat,wefirst

observe that(4.16)conservesthetwo powers
o f �qp � [see(4.5)] aswell astheHamiltonianz �qp � ú i � 	:9 õÝ÷ 	 � � 	:9 õ ö 	 � � k g k h � � � � �!� � i 	 õÝ÷ 	 ô k g k h

� � �  � � � �!� � i 	 õÝ÷ 	 �{	 õ"ö 	 � k g k h � (4.17)

Thelatter is provedby multiplying (4.16)by õ ;�Eÿ f , addingthetwo equationsandtheir complex con-

jugates,integratingover the �Fg 4/h � plane,andtakingtherealpart.

In addition,wehave thefollowing result:

Lemma 4.5(Variance Identity for (4.16)). Let õ f �Fg 4/ha4 p � bethesolutionof (4.16)andlet| �qp � ú i � 	 õ�÷ 	 � � 	 õ ö 	 � � �}g � � h � � k g k h (4.18)

beits variance. Then| ���eú�~ z �bp � 4 (4.19)

where
z �qp � is definedby (4.17).

Eq. (4.19)canbeprovedby differentiating
| �bp � twice with respectto p , using(4.16)to replacep

derivativeswith transversederivatives,andintegratingby parts.

As in thecaseof theNLS, from Hamiltonian conservation(4.17)andthevarianceidentity (4.19)

it follows thatwhen
z �sý �\� ý thevariancewould becomenegative at a finite propagationdistance.

Sinceby definition thevariancehasto be positive, this implies that thesolution blows up at a finite

propagationdistance:�
Indeed, roughly speaking, W=�`_ correspondsto assumptions(4.2) andtheparaxialapproximation.
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Proposition4.6. Let
z �qp � begivenby (4.17).Then

z �sý ��� ý is a sufficientcondition for collapseof

solutionsof (4.16).

A similar result,of course,holdsfor System(4.3):

Proposition4.7. Let õ f �}g 4/ha4 p � bethesolutionof (4.3)andlet
z �bp � begivenbyz �qp � ú i � 	:9 õÝ÷ 	 � � 	:9 õ ö 	 � � k g k h � � � � �!� � i � 	 õÝ÷ 	 ô � 	 õ"ö 	 ô � k g k h

� � �  � � � �!� � i 	 õÝ÷ 	 �{	 õ"ö 	 � k g k h �
Then

z �bp � ú z �sý � and
| ����ú�~ z �bp � , where

| �bp � is givenby (4.18). Therefore,
z �sý ��� ý is a

sufficientcondition for collapseof solutionsof (4.3)

Remark. Propositions4.6and4.7show thatthecouplingto ø ö doesnotarrestthecollapse.In fact,

becausethecouplingtermto õAö in thesquarebracketsin (4.16a)appearswith apositivecoefficient, it

acceleratesthecollapse.In Section3.3weshow that,in contrast,thecombinedeffectof thecoupling

to ø�� andthegrad-div termcanarrestthecollapse.

4.3.2 Thr esholdpower

Becausethe 	 õ"ö 	 � õÝ÷ term in (4.16a)is ���gù � � small comparedwith the 	 õ"÷ 	 � õ�÷ term, to leading

orderthis termis negligible andSystem(4.16)canbefurtherapproximatedwith thesemi-decoupled

systemþ õÝ÷�ÿ � ����� õ�÷ � �� ���
	 õ�÷ 	 � õ�÷�úüý 4 (4.20a)þ õ ö]ÿ � ����� õ"ö �x� �  �� ���l	 õ�÷ 	 � õ öCúüý
� (4.20b)

Heretheequationfor õÝ÷ is decoupledfrom õAö . If we rescaleõ�÷ in (4.20)as� �Fg 4ch�4 p � ú�� � �B� � ö��q� � õÝ÷��}g 4/h�4 p � 4 (4.21)

then (4.20a)becomesthe NLS (2.16), showing that the thresholdpower for collapseof circularly

polarizedbeamsiso D .K( D� ú7� � ��� � o � � (4.22)

In dimensionalvariablesthis thresholdpower is givenby� D .K( D� ú � ��{�M����� � � � ��� � o � 4 (4.23)

where
� ú ��� � � �c� , and � is theintensity.
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4.4 Singlefilament dynamics

Similar to Section3.3,we canusemodulationtheoryto describethedynamicsof a singlecircularly-

polarizedfilament,whosepower is not muchhigherthan
o D .K( D� . By applyingmodulation theoryto

System(4.10)weprove in AppendixD that

Proposition4.8. When û 4 ù�� � self-focusing dynamicsof a singlecircularly-polarizedfilamentis

given,to leadingorder, by thereducedsystemof ODEs�­­� ­­��� �����qp � ú ���� � 4� ���bp � ú � û � �b� J E J H *-(+*�� � � ò�� D � o � {� � �� �3  � � �V¡ ñ �qp � 4 (4.24)

where � � � , � ú �ô£¢¤ �¦¥ ��§<� ¥ k ¥©¨ ýª�¬«6« , � J E J H *-(+*�� ú � , � ò�� D ¨ �®­ r{¯ , and �V¡ ñ �qp � ú°���Ôû � 4 ù � .
Inspectionof thederivation of (4.24)shows that the termswith � J E J H *-(e*�� , � ò�� D , and �V¡ ñ �bp � cor-

respondto the nonparaxiality, grad-div term andcouplingto ø±� , andcouplingto øWö in Eq. (4.10a),

respectively.

Basedon(4.24)wemake thefollowing observations:

1. To leadingorder, nonparaxiality, thegrad-div term,andcouplingto øM� havethesamequalitative

effect on self-focusingof a single filament. This observationis surprising,becauseat thePDE

level [i.e., System(4.10)] theexpressionscorrespondingto nonparaxialityandto couplingto øu�
arecompletelydifferent.

2. � ò�� D ¨ «ª� ¯ � J E J H *-(e*�� . Thus,System(4.24)shows that thecombinedeffect of thegrad-div term

andthecouplingto ø@� is morethanfive timesstrongerthannonparaxiality.

3. When ù²� � the term correspondingto �³¡ ñ is muchsmallerthanthe other termsin (4.24).

Therefore,System(4.24)showsthatthecouplingto ø�ö is negligiblecomparedwith nonparaxi-

ality, thecouplingto øa� , andthegrad-div term. We thusseethat theCloseet al. model(4.3) is

wrongevenwhenù
´ û .

4. Exceptfor thesmall termthatcorrespondsto thecouplingto ø*ö , System(4.24)is independent

of
�
. Indeed,if oneneglectsthe couplingto ø3ö in Eq. (4.10a)andrescalesõÝ÷ as in (4.21)

then
�

is “eliminated” from therescaledequation.Thus,we seeagainthat thevalueof
�

(i.e.,

whetherit is zero or positive)hasnoeffectoncircular polarizationstability, in agreementwith

BerkhoerandZakharov [4] andin contrastto Closeet al. [21] (seeSection4.1).
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If we neglect the couplingto øWö (i.e., set �n¡ ñ ú ý ), then(4.24) is the sameas(3.16), the only

differenceis in theconstantscorrespondingto thevectorialeffects. Therefore,we canconcludethat

collapseis arrestedby nonparaxialityandthecontributionof ø3÷ from thegrad-div term,followedby

focusing-defocusingoscillations when
z �Þý �©� ý . In addition, the minimal filamentwidth is �<µ·¶� �Þý � û�¸ o D .K( D� �q� J E J H *-(e*�� � � ò�� D �sr � � � �sý � . Since � �Þý � � � , evenat this stagethemagnitudeof the�O�Ôû � � termsin (4.10)is �O� � �Þý �c� smallerthanthatof theNLS terms

�?� õÝ÷ and 	 õÝ÷ 	 � õÝ÷ , providing

ana-posteriori justificationfor treatingtheright-handsidetermsin (4.10)assmallperturbationsand

showing that

Corollary 4.9. Thescalingof thevariables(3.4) remainsvalid during thepropagation.

Thisenablesusto remove theassumption in Proposition4.2:

Proposition4.10(Stability of circular polarization - part II). Whenanalmostcircularly polarized

filament[ i.e., thatsatisfies(4.6)] with powermoderatelyabove
o D .K( D� propagate in a Kerr medium,the

filamentremainsalmostcircularly polarized(i.e., õ�ö�� õÝ÷ ) for all p�¹ ý .
Finally, we recallthatthe �O�Ôû ��� termsin Eq.(4.10a)correspond,in part,to thecontributionof ø3÷

from the grad-div term in the vectorHelmholtz equation(2.11a),which doesnot vanishevenwhenøJö?�üø
�V�-ý . A closerinspection of thederivation revealsthat � ò�� D ú�� ')(e*-, ö ,c. ò ¡ 2 � �V¡ N , wherethe

constants � ')(+*-, ö ,/. ò ¡ 2 ¨ ~ º{»�¼ �V¡ N ¨ � ~¯
correspondto contributionof ø�÷ from thegrad-div termandthecouplingeffectsto ø�� [seeEq.(4.14)].

This resultis surprising,becauseit showsthatthedefocusingeffectof thecontributionof ø ÷ from the

grad-div is eighttimesstronger thannonparaxiality. Also surprisingis that theeffect of thecoupling

to ø�� is weaklyfocusing, since�³¡ N � ý .
4.5 Stability of circular-polarization - simulations

In thissectionweconfirmProposition4.10andthepredictionsof modulation theory, by solving (4.10)

for thealmostcircularlypolarized,Gaussianinputbeamsõ � f �Fg 4ch � ú ¸ o �Þý ��½ ö¿¾ÁÀ ö¿Â/À � � j ½%Ã¬Ä/� 4 (4.25)

wheretheinputpower
o �sý � is moderatelyabove

o D .K( D� (4.22)and ù is theinput“ellipticit y angle”(i.e.,ù8ú(ý correspondsto aperfectlyleft-circularlypolarizedbeam).Below westudydifferentasymptotic

regimesof theparametersû and ù .
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Figure4.3A confirmsthat whennonparaxiality andthe couplingto the axial componentarene-

glected(i.e., û ú�ý ) solutions of Systems(4.3), (4.20),and(4.16)canundergo catastrophiccollapse,

andthatthesolutionsof thesethreesystemsarealmostindistinguishable(seeSection4.3).Figs.4.3B

and4.4 show that õBö r õÝ÷�út���gù � , i.e., that the solutions remaincircularly polarizedto leadingor-

der. As the intensityof õ"÷ grows during the self-focusingprocess,the intensity of õ
ö alsogrows

becauseof thecouplingto õ8÷ . However, õ ö alwaysremainssmallerthan õ"÷ , becauseit hasinsuf-

ficient power for an independentcollapse(seeSubsection4.2.1). Figure4.4 alsoconfirmsthat õA÷
approachesamodulatedTownesprofileduringthecollapse,i.e.,	 õÝ÷v�}g 4/ha4 p � 	 ¶ ¸ � �!� �� �qp � § �tÅ� �qp � � 4 (4.26)

where § � Å � is definedin Eq. (2.20),which justifiesthe application of modulation theory(seeSec-

tion 3.3).

When ý � û�� ù onemightexpectthatthecouplingto õ
ö in (4.10)woulddominatethecoupling

to õ=� andnonparaxiality. In fact,quitetheoppositeis true. When ûÆ¹-ý thepictureof self-focusing

completelychanges,becausethe �O�Ôû ��� termsin (4.10),which correspondto nonparaxialityandthe

coupling to õÇ� , arrestbeamcollapseand lead to focusing-defocusingoscillations, aspredictedby

modulation theoryin Section3.3 (seeFigure4.5A). In addition, thebeamremainsalmostcircularly

polarizedduringpropagation(seeFigure4.5B).Thus,evenin thisregimeSystem(4.3)leadsto wrong

predictions.

When û úÈ�O�Lù � andwhen ûÉ´ ù the picture is qualitatively similar to the case ý � ûÉ� ù
(seeFigs.4.6 and4.7). Moreover, thevalueof ù seemsto have negligible quantitative effect on the

dynamicsof õ8÷ , ascanbe seenby comparingFigs. 4.5A and4.6A Ê . Finally, focusing-defocusing

oscillationsandcircular-polarizationstability arealsoobservedwhentheinputpower is muchhigher

than
o D .K( D� , a regimethatis formally beyondthevalidity of modulationtheory(seeFigure4.8).

Ë
Thiscomparisonalsoshowsthatthedeviationfrom circularpolarizationhasasmalleffectonthelocationof the(first)

focalpoint (seefootnotein Subsection4.1.2).
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4.6 Multiple filamentation

In Section3.2weshowedthatthepreferreddirectioninducedby linearly polarizedbeamscanleadto

multiple filamentation,evenof cylindrically symmetricinputbeams.Let usnow considerthe“ideal”

caseof a circularly polarizedinput beamwith a cylindrically-symmetricprofile. Sincein that case

neitherthemediumnor the input beaminducea preferreddirectionin the �Fg 4/h � plane,we canmake

thefollowing observation:

Corollary 4.11. Let a circularly polarized,cylindrically-symmetricinput beam(i.e., õ � ÷ ú�õ � ÷ � Å �
and õ � ö ú(ý ) propagate in a Kerr medium.Thenthebeamremainscylindrically symmetricduringthe

propagation. In particular, thebeamdoesnotundergomultiplefilamentation.

In the caseof a cylindrically-symmetricinput profile (i.e., õ f ú õ � f � Å � ) with a small deviation

from circular polarizationstate(i.e., õ � ö � õ � ÷ ), the beamwill not remaincylindrically symmetric

during its propagation, becausethe initial condition Íø � of the vectorHelmholtzmodel(2.11) is not

rotationinvariantasavectorentity. However, becauseEqs.(4.10)areisotropic, whentheinputprofile

is cylindrically symmetric, thenaccordingto (4.10)thebeamwould remaincylindrically symmetric,

i.e., õ f ú õ f � Å 4 p � for all pÎ¹Øý . This differenceis causedby the anisotropic ���gù�û ��� termsthat

areneglectedin (4.10a),which accountfor thesymmetry-breakingin theHelmholtzmodel(2.11).;);
Thus,weconcludethat

Corollary 4.12. Let an almostcircularly polarized,cylindrically-symmetric input beam[ i.e., õ � ö �õ � ÷ and õ � f útõ � f � Å � ] propagatein a Kerr medium.Thento leadingorder thebeamremainscylin-

drically symmetricduring thepropagation, i.e., õb÷�úÏõÝ÷�� Å 4 p � � ���gù�û ��� for all pC¹ ý .
Corollary 4.12 suggeststhat cylindrically symmetric, almostcircularly polarizedbeamswould

not undergo multiple filamentation. This result is not conclusive, of course,as (4.10) neglectsthe�O�Lù�û ��� symmetry-breakingtermsin the vectorHelmholtz model (2.11). Indeed,in the “extreme”

caseof linear polarization(i.e., ù ú � ) these���Ôû ��� symmetry-breakingtermscan leadto multiple

filamentation(seeChapter5).

4.6.1 Scalarequation for circularl y polarized beams

In Corollaries4.11and4.12weassumedthattheinputbeamiscylindrically symmetric. Suchidealiza-

tion, however, is unrealistic,asthereis alwayssomedegreeof imperfectionwhengeneratinganinputÏ-Ï
A closeinspection of thederivation of (4.10) shows that the TVUÐW±Ñ/Y termsthatareneglectedin (4.10a) areisotropic,

becausethey correspondto higher-ordereffectsof nonparaxialityandthecoupling of Q5R to Q^] .
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beam.Becausethecouplingto õBö in Eq.(4.10a)is ���gù � � small(seeSubsection4.2.1),System(4.10)

canbeapproximatedwith thescalarequationþ õÝ÷�ÿ � ����� õ�÷ � �� ��� 	 õ�÷ 	 � õ�÷�ú�� �� û � õÝ÷�ÿ ��� (4.27)

� û � � � �!� � 8 � 	:9 � õÝ÷ 	 � õÝ÷ � � 9 � õ�÷ � � õ=;÷ � 	 õ�÷ 	 � �C� õ�÷ � õ � ÷ �C� õ<;÷ > �
In Sections4.6.2and4.6.3weuse(4.27)to studywhethersmallimperfectionsin theinputprofilecan

leadto multiple filamentationof circularlypolarizedbeams.

4.6.2 Noiseinducedmultiple filamentation

As discussedin Subsection3.4.1, the standardtheoreticalexplanation of multiple filamentation(of

linearly polarizedbeams)wassuggestedby Bespalov andTalanov [5]. In orderto testwhethernoise

can leadto multiple filamentationof circularly polarizedbeamswe first solve the Closeet al. sys-

tem(4.3) with very high-power input beams,to which we addnoiseboth in amplitudeandin phase,

i.e., õ � f �Fg 4ch � ú ¸ o �Þý ��½ ö�ÒÌ¾ À ÷
Â À-Ó � � j ½%Ã¬Ä/� 8 � �BÔÖÕ �±× þ)Ø ½ �Fg 4/h � > 4 (4.28)

where
o �sý � is thenoiselessinput power,

�Ù× þ-Ø ½ �Fg 4/h � is a randomcomplex-valuedfunction,andthe

constant
Ô

determinesthe noiselevel (
Ô � � ). In our simulationswe seeneitherevidencefor mul-

tiple filamentationnor even for mild instabilities. Rather, the beamcollapseswhile converging to a

cylindrically-symmetricprofile (seeFigs.4.9 and4.10). We do see,however, multiple filamentation

whenwesolveEq.(4.27)with noisyverypowerful inputbeams,i.e.,õ � ÷ �Fg 4ch � ú ¸ o �Þý ��½ ö�ÒÌ¾ À ÷
Â À Ó 8 � ��ÔÖÕ �±× þ)Ø ½ �}g 4/h � > 4 (4.29)

where
o �sý � is severaltimes

o D .K( D� . For example,in Figure4.11we show a noisybeamwith tentimes

thethresholdpower thatbreaks-upinto threefilaments.ÚqÚ Notethat thedifferencebetweenthescalar

equation(4.27)andtheCloseet al. system(4.3) is the �O�Ôû ��� nonparaxialandcouplingto ø@� terms,

bothof which areisotropic. Thus,thesetermscannotleadto multiple filamentationby themselves.

Nevertheless,asFigure4.9 shows, they arenecessaryfor noise-inducedmultiple filamentation,(see

Section5.2for furtherdiscussion).Û}Û
A closerinspection of theresultsrevealsthatafterthebreakuphasoccurredeachof thefilamentsundergoesfocusing-

defocusingoscillations,aspredictedby modulation theory(seeSection3.3) andis roughly cylindrically symmetric(see
Figure4.13).
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Figure4.11:Intensity of thesolutionof Eq.(4.27)with û�ú(ý
�7ý3« andthenoisyinputbeam(4.28)withÔ ú×ý
� � and
o �Þý � ú � ý o D .K( D� .

Figure4.12: Isosurfaceof 	 õÝ÷ 	 � of thesolutionin Figure4.11.
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4.6.3 Astigmatism induced multiple filamentation

Opticaldevices,suchasthoseusedfor producingcircularly-polarizedbeams,areknown to produce

astigmatic beams(see,e.g., [8]). To studywhetherastigmatism canalsoleadto multiple filamentation

weconsidertheinputbeamõ � ÷ �Fg 4ch � ú  ¸ � o D .K( D� Þ�ßªà 8 �á� ½ g � � � h � > 4 (4.30)

where � is constantand ýtâ ½ â � is input astigmatism parameter( ½ ú � correspondsto a

cylindrically-symmetricinput beam).Our simulationsof Eq. (4.27)show that input astigmatismcan

leadto multiple filamentationwhentheinputpower is severaltimes
o D .K( D�äãqã . For example,Figure4.14

showsastigmatic inputbeamsthatbreak-upinto two andthreefilaments.As with noise-initiatedmul-

tiple filamentation,during further propagationeachof the filamentsundergoesfocusing-defocusing

oscillationsandis roughlycylindrically symmetric.

å}å
We notethattheeffective threshold power for collapseof astigmaticbeamsis higherthanfor cylindrically-symmetric

beamsby a factorof approximately æ _èçKéèUÐêÙë�ì/í�ê�Y3ëC_èç î�ï (see[27]).
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Figure4.13:Contourplot of 	 õ ÷5�Fg 4/ha4 p ú(ý
� ¯ « � 	 of thesolution of Figure4.11.

Figure4.14: Isosurfaceof 	 õÝ÷ 	 � of the solutions of Eq. (4.27)with ûÏú ýª�ný3« andastigmatic input
beams(4.30)with (A) �tú7ðñ�¬« and ½ ú ý
�óò [i.e.,

o �Þý � ú�~
� ¯ o D .K( D� ]; (B) �tú ¯ �¬ð6« and ½ ú ý
� ­ [i.e.,o �Þý � ú ­ �  « o D .K( D� ].



Chapter 5

Comparison of linear and circular
polarizations

It is instructive to comparethe resultsof linearly polarizedinput beamswith thoseof circularly po-

larizedones.In Subsection3.1.1we showedthatwhenthe input beamis linearly polarizedin the g
directionand û�� � , Eqs.(2.11)–(2.12)canbeapproximatedwith thescalarequation(3.7):þ õô�;ÿ � ����� õ
� � 	 õô� 	 � õ
�" #%$ &õªöè÷ ú���û �²ø �� õ
�;ÿ �ù�" #%$ &J E J H *-(+*��� � � ­ �� ��� 	 õ
�;ÿ ¾ 	 � õô� � �Lõô�;ÿ ¾ � � õ<;� � � �  �� ��� ú 	 õô� 	 � õô�;ÿ ¾�¾ � õ � � õ=;�;ÿ ¾�¾£û" #%$ &')(e*-, ö ,c. ò ÷ DFE)G/H/I .KJc'SL E ¡ N

ü 4
wherethevariablesarerescaledaccordingto Eq.(3.4)and õ\� is thenondimensionalamplitude in theg direction. Using the samerescaling,we showed in Subsection4.6.1that whenthe input beamis

(perfectly)circularly polarizedand ûl� � , Eqs.(2.11)–(2.12)canbe approximatedwith the scalar

equation(4.27):þ õÝ÷�ÿ � ����� õ�÷ � �� ���
	 õ�÷ 	 � õ�÷" #%$ &õñöè÷ ú��Ýû � ø �� õ�÷�ÿ �ù�" #%$ &J E J H *-(+*��� � � � �!� � 8 � 	:9 � õÝ÷ 	 � õÝ÷ � � 9 � õ�÷ � � õ ;÷ � 	 õ�÷ 	 � �C� õ�÷ � õ � ÷ �C� õ ;÷ >" #%$ &')(e*-, ö ,/. ò ÷ DFE)G/H/I .KJ/'dL E ¡ N �
In the limit ing caseof ûÌú ý theseequationsshow that the thresholdpower for self-focusingof

circularlypolarizedbeamsis higherby � � ��� � thanfor thelinearlypolarizedbeams[seeEq.(4.22)].

In addition,we recall that in thecaseof circularpolarization
�

canbe“f actoredout” of theequation



72 CHAPTER 5. COMPARISON OF LINEAR AND CIRCULAR POLARIZA TIONS

[seeEq. (4.16a)]. Therefore,when ø �ö is negligible then, to leadingorder, the constant
�

doesnot

affect thebeamdynamics,otherthanto increasethethresholdpower (4.23). In contrast,
�

cannotbe

factoredoutof thecorrespondingscalarequationfor linearly-polarizedinputbeams(3.7).

5.1 Singlefilament dynamics

Applyingmodulation theoryfor thecaseof linearpolarization[i.e., to Eq.(3.7)]andfor thecaseof cir-

cularpolarization[i.e., to System(4.10)] leadsto thereducedsystems(3.16)and(4.24),respectively.

Thesereducedsystems arequalitatively thesameandverysimilar quantitatively: in bothsystemsthe

modulation constantcorrespondingto nonparaxialityis � J E J H *-(+*�� ú � andtheonly (small)difference

betweenthesereducedsystemsis in theconstantcorrespondingto vectorialeffects,which for linear

polarizationis � ò�� D � � � ¨ �^­¯ � � � �� ���  
andfor circularpolarizationis � ò�� D ¨ �^­ rý¯ . Therefore,thereducedsystemsshow thatbothnonparax-

iality andvectorialeffectsaredefocusing,arrestcollapse,andleadto focusing-defocusingoscillations.

We recall that in the caseof linear polarizationthe ���Þû � � termsin the reducedPDE (3.7)] cor-

responds,in part, to the contribution of øS� from the grad-div term, which doesnot vanisheven

when ø � � ø��l� ý . Similarly, in the caseof circular polarizationthe ���Þû � � terms in (4.10a)

correspond,in part, to the contribution of ø<÷ from the grad-div term, which doesnot vanisheven

when ø�öÉ� ø
�þ� ý . A closerinspectionof the derivation of the correspondingreducedsystems

revealsthat the constantscorrespondingto the contribution øu� and ø2÷ from the grad-div term are� ')(+*-, ö ,/. ò50ñÿ ú � ')(e*-, ö ,/. ò10 2 ¨ ~ . Theseresultsaresurprising, becausethey show that for both lin-

ear and circular polarizations the contribution of øM� or ø2÷ from the grad-div term is a defocusing

defocusingmechanismthatis eighttimesstronger thannonparaxiality.

Also surprisingis thatthecouplingto øM� is considerablyweaker thanthecontribution of ød� or ø]÷
from the grad-div term, andthat this couplingis focusing: for linear polarizationit is focusingfor	 � 	 � � , because �V¡ N � � � ¨ � ~�� � � � �¯ � � ��� � 4
and for circular polarizationit is focusing independently of

�
, because�=¡ N ¨ �=~ r{¯ . Basedon

previousstudiesof vectorialeffectsonself-focusing,thegeneralnotionhasbeenthatvectorialeffects

aredefocusingandare(mainly) dueto the couplingto ø�� . Thus,the interpretationof the resultsin

previousstudiessuggestedthat thecouplingto øM� is a defocusingmechanism.In contrast,our study
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shows thatthedominant(defocusing)effectsresultsfrom thecontribution of ø5� or ø]÷ from thegrad-

div term(which are,strictly speaking,scalareffects),whereasthecouplingto ø�� is, in fact,weakly

defocusing.In retrospect,this resultmaynotseemsosurprising, asit shows thatthecouplingto ø5� is

slightly focusing,which is similar to thecouplingto øÐö in thecaseof circularpolarization.

5.2 Multiple filamentation

In Chapter3 wepointout thatthepreferreddirectioninducedby linearpolarizationof aninput-beam

breaksup thecylindrical symmetry in thevectorHelmholtz model(2.11). Numericalsimulationsin

Section3.2 show that this symmetrybreaking,which is manifestedby the anisotropic���Þû ��� terms

in (3.7),canleadto multiplefilamentation,evenwhentheinputprofile is perfectlycylindrically sym-

metric, i.e., ø �� ú ø �� � Å � and ø �� ú ý . In contrast,circular polarizationdoesnot inducea preferred

direction. Therefore,in Chapter4 we show thata cylindrically-symmetriccircularly polarizedbeam

would not undergo multiple filamentation(seeCorollary 4.11). Moreover, Corollary 4.12suggests

thatevencylindrically symmetric,almostcircularlypolarizedbeamsareunlikely to undergomultiple

filamentation,becausetheanisotropictermsaremuchweaker ( �O�Lù�û � � ).
In Subsection3.4.1we testednumericallytheoriginal Bespalov-Talanov modelfor multiple fila-

mentation, by solvingtheunperturbedNLS (2.16)with high-powercylindrically-symmetric Gaussian

input-beams,to which we addedrandomnoise(4.29). We saw neitherevidencefor multiple fila-

mentationnor even for mild instabilities. Rather, thebeamsconvergedto a cylindrically-symmetric

profile andcollapsed.However, whenadditional physicalmechanisms,suchassaturationof theKerr

nonlinearity, areaddedto theNLS model,theninput noisecanleadto multiple filamentationof very

high-power inputbeams(seeSubsection3.4.2).For circularlypolarizedbeamswe reachsimilar con-

clusions:Whenwe solve theCloseet al. model(4.3) with high-power noisy input beamsthebeams

collapsewhile convergingto acylindrically-symmetric profile(seeSubsection4.6.2).However, when

nonparaxialityandthecouplingto theaxial componentareincluded,inputnoisecanleadto multiple

filamentationof circularlypolarizedinputbeams.Thus,noisecanleadto multiple filamentationonly

in thepresenceof a regularizingmechanism(suchasnonlinearsaturation,nonparaxialityor coupling

to theaxial component) thatleadto anunstablering structure.

Table5.1 summarizesthe possibility of multiple filamentationundervariousinput beamcharac-

teristics. To recap,ideal cylindrically-symmetriccircularly polarizedinput beamswill not undergo

multiple filamentation.Small ellipticity of the input polarizationis unlikely to leadto multiple fila-

mentationof circularly polarizedbeams,whereasinput beamnoise/astigmatismcanleadto multiple

filamentation.Therefore,suppression of multiple filamentationof circularly polarizedbeamsshould
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focuson producinga cylindrically-symmetricinput beam,ratherthanon producingperfectcircular

polarization. In contrast,onecannotsuppressmultiple filamentationof linearly polarizedbeamsby

producinga cleancylindrically-symmetricinput beam. Finally, circularly polarizedbeamsare less

likely to undergomultiplefilamentationthanlinearlypolarizedbeams.

Inputbeamcharacteristics Linearpolarization Circularpolarization

Perfect polarizationstateand

cylindrically-symmetricprofile
yes(deterministic) no

Smalldeviation from

preferentialpolarizationstate
yes unlikely

Smallimperfectionsin the
inputprofile (noise/astigmatism)

yes yes

Table5.1: Possibility of multiplefilamentationundervariousinputbeamcharacteristics.



Chapter 6

Numerical issues

In Section6.1 we presentan overview of the methods usedfor the numericalsimulations. In Sec-

tion 6.2weexplainhow weapproximatethenonparaxialtermin themodelequationsto obtaininitial-

valueproblems, which aremoreamenablefor numericalsimulations. In Section6.3 we provide a

numericaltestto make surethat the splitting the deterministic multiple filamentationsimulationsis

dueto vectorialeffects,ratherthanto grid effects.In Section6.4weshow thatwhenthecomputational

domainis notsufficiently large,reflectionsfrom theboundaryof thenumericalmeshcanleadto what

mayappearasbreakupof cylindrical symmetry andevenasmultiplefilamentation.

6.1 Numerical methods - overview

In oursimulationsof the(2+1)DNLS-typeequations(2.16),(3.25),(4.3),and(4.10),weuseafinite-

differenceschemeonarectangularCartesiangrid with fourth-orderaccuracy in space.Time-stepping

(i.e., p -stepping)isachievedusingafourth-orderRunge-Kuttaalgorithm.Thisprocedure,althoughnot

themostefficient from anumericalstandpoint, is chosenmainly becauseof its robustness.Weimpose

zero-Dirichletboundaryconditionsat the outerboundaries.BecauseDirichlet boundaryconditions

arereflectingratherthanabsorbing,specialcareis takento assurethatreflectionsfrom thenumerical

boundarieshave no effect (seealsoSection6.4). Furthermore,the resultsareverified by enlarging

thecomputational domain, aswell asby refiningthegrid andreducingthetime-step.In addition,we

confirmedthevalidity of theRunge-Kuttaalgorithmby usingtheCrank-Nicholsonalgorithm.

In mostof thesimulationsthesymmetriesin the g and h directionsenableusto solve theequation

ononequadrantof the �Fg 4ch � plane.However, in therotationsimulationof Figure6.1thesesymmetries

cannotbeexploited. Therefore,thosesimulationsarecarriedon all four quadrantsof the �}g 4/h � . The

sameappliesto the “noisy” simulationsin Section3.4 andSubsection4.6.2,becauseotherwisethe

noisewould be symmetric in the g and h directions, in which caseit would be lesslikely to lead
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to a completebreak-upof cylindrical symmetry. The noisein the initial conditions[e.g., in (3.14)]

is realizedusing MATLAB’s rand function, which generatesrandomnumbersthat are uniformly

distributedin theinterval
� ý 4 ��� .

Remark.

BecauseMATLAB is aninterpretedlanguage,“for” loopstakeconsiderablymorerun-timecom-

paredwith compliedlanguages(suchasC). Therefore,specialcareis takento “vectorize”theMAT-

LAB code.Thismeansthattheonly for loopin themainpartof thecodeis thetime-steppingloop. All

otheralgebraicoperationsin theschemeareaccomplishedusingmatrix additionandmultiplication,

which are internally vectorized(i.e., parallelized)in MATLAB. Furthermore,we useMATLAB’s

spdiagsfunction to generatethe sparsedifferentiation matrices,becauseMATLAB’s operationson

suchmatricesareconsiderablyfasterthanon full matrices.In particular, thedifferentiation matrices

take theboundaryconditionsinto account.

6.2 “Elim inating” the nonparaxial term

Eqs.(3.7), (3.13), (4.10),and(4.27)containthenonparaxialterms õ©�;ÿ �ù� and õÝ÷�ÿ ��� . Thesetermsare

not relatedto vectorialeffects,asthey comefrom the substitution øu�
ú��O� �Fg 4ch�4 p �s½ Ã��	� � (for linear

polarization)or ø¢÷×ú
�
÷1�Fg 4/ha4 p �ù½ Ã��	� � (for circular polarization)in the scalar nonlinearHelmholtz

equation(2.13).BecausetheHelmholtz equationis aboundaryvalueproblem,solvingit numerically

onthehalf-planep��Ïý requiressetting appropriateradiationboundaryconditionsat p�
 � . Since,in

addition,thisequationisnonlinear, solvingit asatrueboundary-valueproblemisdifficult ; . Therefore,

the standardapproachin numericalsimulations is to approximate the nonparaxialterm õO�;ÿ �ù� with

termsthatdonothave p -derivatives.

In AppendixA.5 we show thatthenonparaxialtermin Eqs.(3.7)and(3.13)canbeapproximated

with õ
�;ÿ ���eúÉ� 8 � �� õ
� � � 	 õ
� 	 � �C� õô� � � � 9 � õ
� ��� � 9 � õ<;� � õô� (6.1)�  � 9 � õ
� ��� � 9 � õô� � õ<;� � 	 õô� 	 ô õô� > � �O�Ôû � � 4
where

� � � ú����6¾�¾ � �6ÂsÂ �ù� is thebiharmonicoperator. Substituting theapproximation (6.1)in Eq.(3.7)Ï
Forarecentnumerical studyof thescalarnonlinearHelmholtzequationasatrueboundaryvalueproblem,see[31, 34].
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leadsto thefollowing initial valueproblem:þ õô�;ÿ � ����� õ
� � 	 õô� 	 � õ
�" #%$ &õªöè÷ ú (6.2)

���û � 8 � � � õ
� � � 	 õ
� 	 � ��� õ
� � � � 9 � õô� ��� � 9 � õ ; � � õ
� �  � 9 � õ
� ��� � 9 � õô� � õ ; � � 	 õ
� 	 ô õô� >" #%$ &J E J H *-(+*��c.:* I
��û � ø � � ­ �� �!� 	 õô�;ÿ ¾ 	 � õ
� � �sõ
�;ÿ ¾ � � õ=;� � � �  �� ��� ú 	 õô� 	 � õô�;ÿ ¾�¾ � õ � � õ<;�;ÿ ¾�¾£û ü" #%$ &ò�� D L E (+.:* I � �O�Ôû ô � �

For convenience,wenotetheorigin of thetermsin Eq.(6.2).

Clearly, thetwo scalarequationsfor õ\� obtainedin Section3.1andEq.(6.2)agreewith eachother

to theorderof their accuracy (seealsoSubsubsection 3.1.2):

Corollary 6.1. Equations(3.7)and(6.2)differ onlyby ���Ôû ô � terms.

We canapply thesame“treatment”for thecircularpolarizationmodels.First, it is convenientto

rescaleõ�÷ in Eq. (4.27)asin (4.21)in orderto eliminate
�

from theequation.We thenapproximate

thenonparaxialtermwith (6.1) [the proof in thesameasin AppendixA.5]. Substituting approxima-

tion (6.1) after rescalingõ8÷ in Eq. (4.27),andcollectingtermsleadsto the following initial value

problem,þ � � ����� � � 	 � 	 � � ú (6.3)�� û � 8 � � � � �  	 � 	 � �C� � � � 	:9 � � 	 � � �  � � �C� � ; � 	 � 	 ô � > 4
that is usedin our numericalsimulations. Becausethe õA÷�ÿ ��� term in (4.27) is multiplied by û � ,
it follows from (6.1) that Eqs. (6.3) and (4.27) are consistentto �O�Ôû ô � , i.e., to the order of their

derivation. Wealsousethesubstitution (6.1) in oursimulationsof System(4.10)in Section4.5.

6.3 Physical or grid-in ducedsplittin g?

As notedin Section3.2, vectorialeffectsinducea preferreddirectionin the transverse �Fg 4/h � plane,

which, in our model,is the g -axisdirection. Therefore,in thecaseof cylindrically-symmetricinput

beams,whenvectorialeffectsleadto breakupof thebeaminto two filaments,the two filamentscan
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moveaway from eachothereitheralongthedirectionof initial polarizationor perpendicularto it. In-

deed,in oursimulationsthefilamentsmoveaway in eitherof thesedirections.However, theCartesian

grid that we usein our simulationsalsohasthe preferredg and h directions. Therefore,we would

like to make surethat thesplitting in thesesimulationsis dueto vectorialeffects,ratherthanto grid

effects.

To do that,we solve Eq. (6.2) usingthesameparametersandinput beamasin Figure3.8,but in

therotatedcoordinatesystem:��� 4�� � ú��}g������ � � � h �"!Ð»#� � 4 g$�"!+»#� � � h ����� � � � 4
where � � is theangleof rotation.Sincein therotated�%� 4�� � systemthepreferreddirectionof vectorial

effectsformsanangleof � � with &½(' , thereis now acleardistinctionbetweenthepreferreddirectionof

vectorialeffectsandthatof grid effects.We notethatNLS andnonparaxialtermsin Eq. (6.2) remain

the sameunderrotations. The vectorialperturbationtermsin Eq. (6.2) do changeunderrotations,

accordingto:õ
�;ÿ ¾ ú õô�;ÿ ' ����� � � � õô�;ÿ )*�+!+»#� � 4õ
�;ÿ ¾�¾ ú õô�;ÿ ',' ����� � � � � õ
�;ÿ ' )-�+!+»d�  � � � � õ
�;ÿ )+)*�+!+» � � � �
In thesimulationin Figure6.1wetake � � ú ¯ ý�. . Weobservethesamedynamicsaswhen � � ú(ý�. ,

except that the directionof beam-splitting andfilamentpropagationin the �%� 4�� � planefollows the

preferreddirectionof thevectorialeffects.Thus,thissimulationshows thatthemultiplefilamentation

observedin oursimulationsis a featureof thePDE(6.2),ratherthananumericalartifact.

−1 1

−1

1

x

y

(a)

grid, vectorial
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Figure6.1: Contourplots at p�ú ýª� ¯  of the solution of (6.2) with the sameparametersasin Fig-
ure 3.21 and

o �Þý � ú « o � . (a) Computedin the �Fg 4/h � plane. (b) Computedin the ��/g 4 /h � plane
( � � ú ¯ ý . ). Arrows show preferreddirectionsof thenumericalgrid andof thevectorialperturbation
terms.
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6.4 Boundary-inducedfilaments

Wenow show thatwhenthecomputationaldomainisnotsufficiently large,reflectionsfrom thebound-

ary canleadto whatmayappearasbreakupof cylindrical symmetryandevenasmultiple filamenta-

tion. To seethat,we carrythreesimulationsof Eq.(3.25)with thesamehigh-power inputbeam.The

first simulation,whichservesasabenchmark,is overa largerdomainwith Dirichlet boundarycondi-

tions.Theothertwo simulationsareoverasmallercomputationaldomain,onwhichweimposeeither

Dirichlet or periodicboundaryconditions. For consistency, weusethesamenoisefunctionrealization

in thetwo simulationsover thesmallerdomainandextendthisnoisefunctionin the �}g 4/h � planewith

zerovaluesfor thesimulationover thelargerdomain.

In the simulation over the larger domainwe do not observe multiple filamentationfor ýÆâwpÆâý
�óò (Figure 6.2A, top). In addition,at p×ú ý
�óò the beamhasan almost-symmetric ring structure

(Figure6.2A, bottom). In contrast,we observe filament-typepatternsin the iso-surfacesof the two

simulationsover thesmallerdomain(top of Figure6.2Band6.2C).Moreover, in thesimulation over

thesmallerdomainwith Dirichlet boundaryconditionsthering at pAú(ýª�Ìò is asymmetric(Figure6.2B,

bottom). Thus, the filamentsobserved in the simulations over the smallerdomain,as well as the

breakupof symmetry of thering, area numericalartifact.

Figure 6.2: Solution of Eq. (3.25) with 0 ú ý
�7ý � and with the input beam õ �%�}g 4/h�4 p ú ý � ú¯ ­ ½ ö�Òó¾ÁÀ�÷
ÂcÀ Ó I J Ò � Ó � � � ýª�ný  Õ �Ù× þ-Ø ½ �}g 4/h � � (i.e.,
o �sý � ¨  « ¯ o � ). Computationaldomainandboundary

conditions are (A) �Fg 4ch �21 � �£~ 4 ~ � � , Dirichlet boundaryconditions. (B) �Fg 4/h �31 � � ¯ 4 ¯ � � , Dirich-
let boundaryconditions. (C) �Fg 4ch �41 � � ¯ 4 ¯ � � , periodic boundaryconditions. Top: Iso-surface	 õô� 	 � ú ¯ ý . Bottom:3D plot at pAúüý
�Ìò .
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Chapter 7

Suggestionsfor further study

During thecourseof our studyseveralproblemsremainedunsolvedandseveralnew questions were

raised.Below wementionsomeof theseproblemsandsuggestpossible directionsfor furtherstudy.

Whentheinputpower
o �Þý � is only moderatelyabovethecritical power, thepropagation dynamics

canbeanalyzedusingmodulationtheory, andis thusfairly well understood.Unfortunately, thereis

no suchtheoryfor the high-power regime [i.e.,
o �Þý � ´ o � ] at which multiple filamentationtakes

place. The reasonfor this is that modulation theoryassumesthat the beamis closeto a modulated

Townesprofile, which is cylindrically symmetric. In contrast,multiple filamentationmeansa com-

pletebreakupof cylindrical symmetry. Furthermore,all themultiple filamentationsimulationsshow

thatmultiple filamentationis precededby ring formation,in contrastto theTownesprofile, which is

monotonicallydecreasing.Therefore,afuturegoalis tooffer anew asymptotic theoryfor self-focusing

that doesnot assumecylindrical-symmetry, canpredict ring formation, andcanexplain multiplefil-

amentation at thehigh-powerregime. Because,at present,thereis no suchtheory, we canonly rely

on numericalsimulationsto explore vectorial(andother)effectsin the high-power regime. Several

key questionsstill await ananswer, suchas:How doesthethresholdpowerfor multiplefilamentation

dependon themodelparameters? andHow dothenumberandpatternof thefilamentsdependon the

inputpowerandon theinputprofile?

Many laserexperimentsareconductedwith ultrashortlaserpulses.Thepropagationof suchpulses

ischaracterizedbyadditionalphenomena,suchastime-dispersion, thatcanbeneglectedfor cw beams.

A key questionis: What is the effect, if any, of time dispersion and other ultrashort phenomena

on multiple filamentation of ultrashort pulses?Similarly, at the extremelyhigh power regime (e.g.,

TeraWatt laserbeams[65]) plasmaformation and other multi-photonprocessestake place,which

raisesthequestionWhatis theeffect,if any, ofplasmaformationonmultiplefilamentation ofextremely

powerfulbeams?

Perhapsthemostimportantopenquestionrelatedto ourstudyis: Whatis themechanismthat leads
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to multiple filamentation? We believe that the resultsof this studysupporttheexplanation basedon

the input linear polarizationstate,at leastwhenthe input power is only a few times
o � . A definite

answer, however, wouldprobablyemergefrom theexperimentaltestsuggestedin Section3.6.

Anotherkey questionin thisstudyis: Arecircularlypolarizedbeamslesslikelyto undergomultiple

filamentation thanlinearly polarizedbeams?Basedonour resultswepredictapositiveanswerto this

question.This predictioncanbetestedexperimentally. For example, let ussupposethatthethreshold

inputpower for multiple filamentationof a linearly polarizedbeamin a Kerr mediumis
o I .KJ � *-(L65 . One

canthenrepeattheexperimentusingthesamebeam,whosepolarizationstateis changedto circular

beforeit entersthe Kerr medium. If multiple filamentationis suppressedfor circular polarization,

the correspondingthresholdpower shouldbe lower. Becausethe thresholdpower for self-focusing

with circular polarizationis � � �m� � higher thanwith linear polarization(4.22), we expect that, at

the very least,
o D .K( DFG/I *-(L75 â�� � � � � o I .KJ � *-(L75 . As we have predicted,however, asidefrom the threshold

power for self-focusing,multiple filamentationis lesslikely with circularpolarization,becauselinear

polarizationinducesa preferreddirectionin the transverseplane,whereascircularpolarizationdoes

not. Thus,we expectthat
o D .K( DbGcI *-(L65 is strictly smallerthan � � ��� � o I .KJ � *-(L65 , which would supportour

prediction.

Finally, thepossibility to controlbeampropagationby changingthepolarizationstatecanbeuseful

in many applications.We studiedlinearandcircularpolarizationstates;however, otherpolarization

statesarepossible,suchasazimuthalandradialpolarizations(see,e.g., [10]). Thisraisesthequestion:

How dootherpolarizationstatesaffectself-focusingandmultiplefilamentationof laserbeams?



Appendix A

Scalar equationsfor linear polarization

A.1 Derivation of (3.6a)and (3.6b)

Theinputbeamis linearlypolarizedin the g direction,i.e.,õ � ú×õ=�%úüý at pbú×ýá� (A.1)

Therefore,to leadingorder, thebeamremainslinearlypolarizedoverpropagationdistancesof several

diffractionlengths,i.e.,õ
��ú°��� � � 4 õ � ú × � � � 4 õ=�eú × � � � � (A.2)

FromEq.(3.5c)and(A.2), wehave that8 � ú ��� � � 4 (A.3)8 � ú 9©� �Lõô� ��� õ � � 9 � �Lõô� ��� õ=;� � × � � � 4 (A.4)8 � ú 9ô�è�Lõô� ��� õ£� � 9 ô �Lõô� ��� õ=;� � × � � � 4 (A.5)

wherethefunctions9 Ã (
þ ú � 4  4 ¯ 4 � ) are �O� � � . UsingEqs.(A.2)–(A.5),wecanrewrite Eq.(3.5b)asõ£�eú þ û 9 � � Íõ � û � 8 � � õ£�£ÿ � � þ 9
���sõ
� ��� õ=� � þ 9 ô �Lõô� ��� õ=;� > � ���Þû � � �

FromthisequationandEq.(A.2), wecanconcludethatõ£�eú þ û5�Lõô�;ÿ ¾ � õ � ÿ Â � � ���Þû � � úm�O�Ôû � � (A.6)

UsingEqs.(3.5c)and(A.6), wecanrewrite Eq.(A.4) as8 � ú:9©�%�Lõô� ��� õ � � 9 � �sõô� ��� õ ;� � ���Þû � � � (A.7)
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Thesecondcomponentof theHelmholtz equation(3.5a)readsþ õ � ÿ � ����� õ � � 8 � � ��3û � õ � ÿ ���¼úÉ�Ýû;�3Â � û 9 � � Í8 � þ 8 � � � û � 8 �£ÿ �   � (A.8)

In light of Eqs.(A.2)–(A.6), theright-hand-sideof Eq.(A.8) is ���Þû ��� . Therefore,usingEq.(A.7) we

canrewrite Eq.(A.8) asþ õ � ÿ �eú�� �C� õ � �<9©�%�Lõô� ��� õ � � 9 � �Lõô� ��� õ=;� � ���Þû � � � (A.9)

From(A.1) and(A.9) weobtain(3.6a).Theestimate(3.6b)follows from (A.6) and(3.6a).

A.2 Proof of Proposition 3.1

Thefirst componentof theHelmholtz equation(3.5a)isþ õô�;ÿ � ����� õ
� � 8 � � �� û � õô�;ÿ ��� � û=�6¾ � û 9 � � Í8 � þ 8 � � � û � 8 �£ÿ �   úüý\� (A.10)

In light of Eqs.(A.5) and(A.6), wehave that
8 �%úm���Þû � . Therefore,Eq.(A.10) canberewrittenasþ õô�;ÿ � ����� õ
� � 8 � � ��3û � õô�;ÿ ��� � û=�6¾ � û 9 � � Í8 � þ 8 �   ú����Ôû ô � � (A.11)

In orderto simplify thetermsthatdependon Í8 , weusetheestimates(3.6a)and(3.6b)to obtainfrom

Eq.(3.5c)that8 � ú 	 õô� 	 � õ
� � û �� �!� 8 	 õ
�;ÿ ¾ 	 � õô�1� � �sõô�;ÿ ¾ � � õ ; � > � ���Þû ô � 48 � ú þ û� �!� � 	 õ
� 	 � õ
�;ÿ ¾³� � õ � � õ ; �;ÿ ¾   � ���Þû � � 49 � � Í8 ú 8 �;ÿ ¾ � 8 � ÿ Â§ú  	 õô� 	 � õô�;ÿ ¾ � õ � � õ ; �;ÿ ¾ � ���Ôû � � � (A.12)

Substituting theestimates(A.12) in Eq.(A.11),weobtainthescalarequationþ õô�;ÿ � ����� õ
� � 	 õô� 	 � õ
� � û �� �!� 8 	 õ
�;ÿ ¾ 	 � õô�u� � �sõô�;ÿ ¾ � � õ ; � > � ��3û � õô�;ÿ ���� û � �3¾ 8 �  	 õô� 	 � õô�;ÿ ¾ � õ � � õ=;�;ÿ ¾   � �� �!� � 	 õ
� 	 � õ
�;ÿ ¾³� � õ � � õ<;�;ÿ ¾   > úm���Þû ô � 4
whichcanbesimplifiedto giveEq.(3.7).
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A.3 Derivation of Eq. (3.12)

Lemma A.1. Thecomponentsof theLagrangian >#?A@ (3.11)canbeapproximatedwithø � ÿ � ø5;B ÿ B ú ���Þû;C � 4 (A.13)ø B ÿ � ø1;B ÿ � ú û � �Ù�� Å ��ED� � F 8 �û � 	 õô� 	 � � �û � 	 õ � 	 � � 	 õô�;ÿ ¾ 	 � > � 8 � þ Ü� õ<;� õ
�;ÿ � ��õô� õ<;�;ÿ �  � 	 õ
�;ÿ ¾ 	 � � 	 õô�;ÿ Â 	 �v> � û � 8 �� 	 õ
�;ÿ � 	 � � 	 õô�;ÿ ¾�¾ 	 � � 	 õ
�;ÿ ¾�Â 	 � (A.14)

� þ � õô�;ÿ ¾��@õ=;�;ÿ ¾ ��õ<;�;ÿ ¾�� õ
�;ÿ ¾   >HG � �O�Ôû;C � 4I �� ø � ø5;� ú û � �Ù�� Å ��ED� � 8 �û � 	 õô� 	 � � �û � 	 õ � 	 � � 	 õô�;ÿ ¾ 	 � > � ���ÔûJC � (A.15)

and  I �� D� ���� � � �!� � �LKNMÃ K �B ��� K �Ã KNMB   ø Ã ø ;B ø � ø ;M ú û � �Ù�� Å �� D� � � 	 õô� 	 ô (A.16)� û � �Ù�� Å �� D� � û � � � ��� �LO  	 õ
� 	 � 	 õô�;ÿ ¾ 	 � � � 8 �sõ
�;ÿ ¾ � � õ ; �� � �sõ ; �;ÿ ¾ � � õ � � >�P � �O�Ôû C � �
Proof. Usingtherescaling(3.4)andsubstituting theestimates(3.6a)and(3.6b)wehave thatø � ÿ � ø5;B ÿ B Ò¬�"Q ô Óú û � �Ù�� Å �� D� �SRRRR õô�;ÿ ¾ �

þû õ=� � �O�Ôû � � RRRR � ÒÌ�"Q CUT Ó ÿKÒ¬�"Q CUV Óú û � �Ù�� Å �� D� � � �O�Ôû ô � ú°���ÔûJC � 4 (A.17)

whichproves(A.13). Similarly,ø B ÿ � ø5;B ÿ � ÒÌ�"Q ô Óú û � �Ù�� D� � � RRRR
õô�;ÿ ¾Å � RRRR

� � RRRR
õô�;ÿ ÂÅ � RRRR

� � RRRR
õô�;ÿ � I � Å �� � þ I � õô� RRRR � � RRRR

õ � ÿ ¾Å � RRRR
� � RRRR

õ � ÿ ÂÅ � RRRR
�

� RRRR
õ � ÿ � I � Å �� � þ I � õ � RRRR � � RRRR

õ=�£ÿ ¾Å � RRRR
� � RRRR

õ=�£ÿ ÂÅ � RRRR
� � RRRR

õ=�£ÿ � I � Å �� � þ I � õ=� RRRR �  Ò¬�"Q CUT Ó ÿKÒÌ�"Q CUV Óú û � Å ô� �Ù�� D� � � 	 õô�;ÿ ¾ 	 � � 	 õ
�;ÿ Â 	 � � RRRR
� ûJõô�;ÿ � � þû õ
� RRRR � � RRRR

þû õ � RRRR �� 	 þ û�õ
�;ÿ ¾�¾ 	 � � 	 þ ûJõô�;ÿ ¾�Â 	 � � RRRR
� þ û � õ
�;ÿ ¾�� � þ õ
�;ÿ ¾ RRRR �   � �O�Ôû C � 4
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whichgives(A.14). Relation(A.15) is straightforward.Finally, I ��WD� ���� � � �!� � �LKNMÃ K �B ��� K �Ã KNMB   ø Ã ø ;B ø � ø ;M Ò¬�"Q ô Óú  I ��ED� ��Ù� � � ��� � û ô � ���®­ D� �� � õ Ã õ ;Ã õ � õ ;� ��� õ Ã õ Ã õ ;� õ ;�  ú û � ���� Å ��ED� � û � � � ��� � 8 � 	 õ
� 	 � � 	 õ � 	 � � 	 õ£� 	 �   � �=� RRRR õ � � � õ �� � õ �� RRRR � > � ���Þû ô �ÒÌ�"Q CUT Ó ÿKÒÌ�"Q CUV Óú û � �Ù�� Å �� D� � û � � � �!� � 8 � 	 õô� 	 � � û � 	 õô�;ÿ ¾ 	 �   � �=� RRRR õ � � � þ û � õ � �;ÿ ¾ RRRR � > � ���Ôû ô � 4whichgives(A.16). X
Substituting Eqs.(A.13)–(A.16)in (3.11)anddividingby û � ��� r � Å ��ED� � gives(3.12).

A.4 Proof of Proposition 3.2

Eqs.(3.7) and(3.13)have thesame��� � � andnonparaxialterms. Therefore,thedifferencebetween

theseequationscomesonly from thevectorialterms,andis givenby

Eq.(3.7) � Eq.(3.13) úû � F � � � ­ �� ��� 	 õô�;ÿ ¾ 	 � õô�1���sõ
�;ÿ ¾ � � õ<;� � � �  �� ��� úÆ	 õô� 	 � õô�;ÿ ¾�¾ � õ � � õ<;�;ÿ ¾�¾³û
� �� ��� 8  � 	 õô�;ÿ ¾ 	 � õ
�5� � � ��� � �Lõô�;ÿ ¾ � � õ ; � � 	 õ
� 	 � õ
�;ÿ ¾�¾ ��� õ � � õ ; �;ÿ ¾�¾ >
�$�6¾�¾ � þ õ
�;ÿ � �B��� õô�   G � �O�Ôû ô � � (A.18)

We now prove thatthis differenceis �O�Ôû<ô � , ratherthan �O�Ôû � � . To do that,we differentiateEq.(3.13)

twicewith respectto g , to obtain�6¾�¾ � þ õô�;ÿ � ����� õô� � 	 õô� 	 � õô�   úm�O�Ôû � � �
Therefore,�6¾�¾ � þ õ
�;ÿ � �B��� õô�   ú�� 8 � 	 õô�;ÿ ¾ 	 � õ
� �  �sõ
�;ÿ ¾ � � õ ; � �  	 õ
� 	 � õô�;ÿ ¾�¾ � õ � � õ ; �;ÿ ¾�¾ > � ���Ôû � � �
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Substituting thisequationin Eq.(A.18) givesthat

Eq.(3.7) � Eq.(3.13) úû � F � � � ­ �� ��� 	 õô�;ÿ ¾ 	 � õô�1���sõ
�;ÿ ¾ � � õ<;� � � �  �� ��� ú 	 õô� 	 � õô�;ÿ ¾�¾ � õ � � õ<;�;ÿ ¾�¾³û
� �� ��� 8  � 	 õô�;ÿ ¾ 	 � õ
�5� � � ��� � �Lõô�;ÿ ¾ � � õ<;� � 	 õ
� 	 � õ
�;ÿ ¾�¾ ��� õ � � õ=;�;ÿ ¾�¾ >
� 8 � 	 õô�;ÿ ¾ 	 � õ
� �  �sõ
�;ÿ ¾ � � õ ; � �  	 õô� 	 � õô�;ÿ ¾�¾ � õ � � õ ; �;ÿ ¾�¾ >HG � ���Þû ô � �

Technicalcalculationsshow thatthe ���Ôû � � termsontheright-hand-sidecanceleachother. Therefore,

thedifferencebetweenEqs.(3.7)and(3.13)is only �O�Ôû ô � .
A.5 Derivation of Eq. (6.1)

Let usdenoteY Z ú �C� õô� � 	 õ
� 	 � õô�Ö� (A.19)

Usingeitherof thescalarequations(3.13)or (3.7),wehave thatõ
�;ÿ �eú þ Y � ���Þû � � � (A.20)

Therefore,differentiating(A.20) with respectto p andusing(A.19) and(A.20),wegetthatõ
�;ÿ ��� Ò\[JQ � � Óú þ Y � � ���Þû � � Ò\[JQK�^] Óú þ ��� õ
�;ÿ � �  0þ 	 õô� 	 � õô�;ÿ � � þ õ � � õ ; �;ÿ � � �O�Ôû � �Ò\[JQ � � Óú � �C� Y �  	 õô� 	 � Y � õ � � Y ; � ���Þû � � � (A.21)

Substituting (A.19) in theright-hand-sideof (A.21),we obtainõ
�;ÿ ���eúÉ� � �� õô�1� ��� � 	 õô� 	 � õô� � �  	 õô� 	 � ��� õ
� � õ � � ��� õ ; � � 	 õô� 	 ô õô� � �O�Ôû � � � (A.22)

Eq.(6.1) follows from Eq.(A.22) andthevectorialidentity��� � 	 õô� 	 � õô� � �  	 õô� 	 � ��� õô� � � � 9 � õ
� ��� � 9 � õ<;� � õô� �  � 9 � õô� ��� � 9 � õô� � õ<;� � õ � � ��� õ<;� �



Appendix B

Modulation theory for vectorial and
nonparaxial effects

B.1 Modulation theory

In orderto conformto thenotationsof [33], we denote
� úéõ©� , ù
úÊû � , andrewrite Eq. (3.7) asthe

perturbedNLSþ � � ����� � � 	 � 	 � � � ù`_ � � � ú(ý 4 (B.1)

where _ � � � ú 8 � � � � 9 � � � � z � � � �ba � � � and8 � � � ú �� � ��� 4 9 � � � ú � � ­ �� ���l	 � ¾ 	 � � 4z � � � ú � � ¾ �ù� � ; 4 a � � � ú � �  �� ��� � 	 � 	 � � ¾�¾ � � � � ;¾�¾   � (B.2)

Here
8 � � � correspondsto nonparaxiality, and 9 � � � , z � � � , and

a � � � correspondto vectorialeffects.

Modulationtheoryis basedon thefollowingassumptions:c Thefocusingpartof a filamentis closeto theasymptotic profile
�ed � Å 4 p � , which is givenby��d � Å 4 p � Z ú �� �bp � § � ¥ �s½ Ãgf 4 (B.3)

where § � ¥ � is definedin Eq.(2.20),¥ � Å 4 p � Z ú Å� �qp � 4 h � Å 4 p � Z újia�qp � � Å � � ���bp �� � �qp � 4 iÁ�è�qp � Z ú �� � �qp � � (B.4)c Thefilament’spower is closeto thecritical power
o � .c Theperturbationtermsaresmall,i.e., 	 ù`_ 	 � 	 �O� � 	 and 	 ù`_ 	 � 	 � 	 � .
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Undertheseassumptions,self-focusingdynamicsof theperturbedNLS (B.1) is described,to leading

order, by

� �����qp � úÉ� �� � 4 � �^�qp � ú ù 6� � û3�;ÿ �Ö� � û �   4 (B.5)

where
o � and

�
aredefinedin Eqs.(2.21)and(3.17), respectively, andthe auxiliary functionsfor_ � � � aregivenbyû6�%�qp � ú � �lk Þ i _ � ��d � � § � ¥ � � ¥ §�m � ¥ � � ½ ö Ãgf k g k h�4û � �qp � ú � �onUp i _ � ��d � � ;d k g k h � (B.6)

BecauseEq. (B.6) is linear in _ , the reducedsystem(B.5) is additive in the perturbationterms.

Therefore,in ourcasewegetthatû6��úrqÙ� �rs � �bt � � I � 4 û � úuq � �vs � �4t � � I � 4 (B.7)

whereq Ã ( þ ú � 4  ) aretheauxiliaryfunctionswith
8 � �wd � insteadof _ � �Hd � in Eqs.(B.6),andsimilarly

for
s Ã , t Ã , and

I Ã (seeAppendixB.4).

Lemma B.1. Theauxiliary functionscorrespondingto
8

, 9 ,
z

, and
a

in Eq.(B.2)satisfy:qyx ¶ o �z � {� x  $|b} qÙ�U~ | � qyx }s x � � } s �U~ | ¶ z$� ­`�¯y� { � �=�`� � � {� x  $| }t x�� � �z � {� x  $|b} t �U~ | ¶ � �¯ � {� x  �|u}I x � � } I �U~ | ¶ � �rz �¯y� { � �=� � ¯ � ��� � � C   � {� x   | }
where � C ¨ ­ � � .

In orderto proveLemmaB.1, wefirst makesomepreliminary calculations.

B.2 Preliminary calculations

In thefollowing calculationsweswitchbackandforth betweenCartesianandcylindrical coordinates,

givenby �%� }�� � � �%��� ��� � } � �"!7��� � ���E� �^� ���;� } �"!6�#� ���
Wealsodenote�	� � m Z � ���� �

Thesmallparameterin modulation theoryis � �^� � . We canutilize this to simplify theexpressions

in LemmaB.3, by usingthefollowing relations:
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Lemma B.2. Let � ���`� { . Then,thefollowing relationshold:� � x � x|�  � � � x � x|�  �¢¡ � � � � { } (B.8)£ x¤ � � £¦¥ ¤ � xe§ £ x¤ } (B.9)

where
�g¨   standsfor thecharacteristicsize.

Proof. Theserelationsfollow from
� �y  � � �   , � ¥ ¤   � � ��� |   , and � ���©�ª� ��«�� |�| �`� { . ¬

Lemma B.3. Let ­�® begivenby (B.3)and(B.4). Then:� ­�®y~ ¤ � x¯§ �±°E² £�³ x ��´�µ x;¶ } (B.10)·U¸ ¹ � ­�®y~ ¤ � x»º ° x,¼�½¿¾ � �±° x � £ x � ¤ ¥ ¤ } (B.11)À#ÁÂ¹ � ­�®y~ ¤ � x»º ° x,¼�½¿¾ § �±°E² £ ³ x ��´�µ x;¶ } (B.12)À�Á � ­ÄÃ® ­�®y~ ¤»¤ � § � °E²3Å £Æ£�ÇÈÇ ��´�µ x ¶ � {� £Æ£�Ç µ"É � x ¶ÆÊ � (B.13)

Proof. From(B.3) and(B.4) weobtainthat¥ ¤ � � � |� � } £ ¤ � £ Ç ��´�µ ¶� } £ ¤»¤ � {� x Å £ Ç Ç ��´�µ xJ¶ � {� £ Ç µ+É � xJ¶ Ê � (B.14)

UsingEqs.(B.3) and(B.4) wegetthat­�® ~ ¤ �j�e°yË � £ ¤ �rÌ £¦¥ ¤ � º�¼g½ } (B.15)

from whichweobtain� ­�®y~ ¤ � x�Í�Î=Ï Ë^Ð�Ñ� � ° x � £ x¤ � £ x ¥ x¤ � Í�Î=Ï Ë%²	Ñ� � °E² ��´�µ x ¶ Å £�³ x � {z £ x � x � x � x| Ê � (B.16)

Thisexpressioncanbefurthersimplified using(B.8), because£ ³ x � {z � x £ x � x � x| � £ ³ x � ¡ � � x � x| � § £ ³ x �
Substituting thisapproximationin (B.16) leadsto (B.10). In addition,from (B.15)wehave that� ­�®y~ ¤ � x �j� ° x º x,¼g½ ¹*£ x¤ � � £¦¥ ¤ � x �uÌ � £ x � ¤ ¥ ¤ ¾ } (B.17)
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from which (B.11) follows. From(B.17)wealsohave thatÀ#ÁÒ¹ � ­�®y~ ¤ � xÓº ° x,¼g½Æ¾ �j�e° x ¹-£ x¤ � � £¦¥ ¤ � x�¾;Í�Î=Ï Ô Ñ§ �e° x £ x¤ Í�Î=Ï Ë%²	Ñ� �e°E² £ ³ x ��´�µ xJ¶ }
whichproves(B.12). Finally, wehave that­�® ~ ¤»¤ Í�Î=Ï Ë^Ð�Ñ� �e°yË º�¼g½ ¹ � £ ¤»¤#� £¦¥ x¤ � �uÌ � � £ ¤ ¥ ¤ � £¦¥ ¤»¤ � ¾ �
Fromthis relationwegetthatÀ#Á � ­ Ã® ­�® ~ ¤»¤ � ÍÕÎ=Ï « Ñ ~ ÍÕÎ=Ï ²	Ñ� £� x Å £ ¤»¤$� £¦¥ x¤ Ê ÍÕÎ=Ï Ë%²	Ñ� £� ² ¹ Å £ Ç Ç ��´�µ xJ¶ � {� £ Ç µ+É � xJ¶ Ê � {z � x £ � x| ¾Í�Î=Ï Ö Ñ§ £� ² Å £ Ç Ç ��´�µ x=¶ � {� £ Ç µ"É � x;¶ Ê }
whichproves(B.13).

B.3 Integral relations

Hereweobtainrelations(B.18),(B.20),(B.21),and(B.26),in orderto reducethenumberof constants

thatappearin thereducedsystem(3.16).

Thefollowing relationis well-known:× £ ²Ó�eØÙ�Ú� � ��Û � (B.18)

Wenow provesomeadditionalrelations.

Lemma B.4. Let
£ � � � bedefinedbyEq.(2.20)andletÜ Ë�Ý � Þ × £àßÓ£ ³ ß �eØÙ�âá Ü ß Ý � Þ × � £Æ£ ³ « �ÄØÙ�ÚáÜ « Ý � Þ × � £ ß £ Ç £ ÇÈÇ �ÄØE�Úá Ü ² Ý � Þ × £ « £ Ç Ç �ÄØÙ�Úá Ü�ã Ý � × £ ã �ÄØE� � (B.19)

Thenthefollowing relationshold:Ü Ë*ä Ü ß � ��Û á (B.20)Ü Ë-ä Ü « ä Ü ² � Þå £ ²©æ�ç�èé� Þ ��Û � � Ü�ã � (B.21)
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Proof. Theproof will follow from the four linearequations(B.22)–(B.25)with
Ü Ë , Ü ß , Ü « , Ü ² , Ü�ã ,£ æ^çÙè , and ��Û , whichwe now derive. Multiplying Eq.(2.20)by æ�Þ�� ß £ ß £ Ç ØE�Wè andintegrating,we get

that × ÅLÞ�� ß £ ß £ Ç £ Ç Ç ä Þ�� £ ß £ ³êß ä Þ�� ß £ Ð £ Ç � Þ�� ß £ « £ Ç Ê ØÙ�Ú�jç �
Using(B.19)wearriveatÜ « ä Ü Ë*ä × ¹�ë� � ß æ £

ã è Ç � Þå � ß æ £ ²Óè Ç ¾ ØÙ�¿ìgí�î� Ü « ä Ü Ë � × ÅL� £ ã � Þ � � £ ² Ê ØÙ�â�¢çïá
where“IBP” standsfor integration-by-parts.Using(B.18),weobtainthatÜ Ë-ä Ü « � Ü�ã � Þ ��Û � (B.22)

Multiplying (2.20)by æ £ « �ÄØÙ�Wè andintegrating weobtain× Å�� £ « £ ÇÈÇ ä £ « £ Ç ä � £ ã � � £ ² Ê ØE�ï�jç �
Using(B.18)weobtainthesecondrelationëÞ Ü ²�ä ð× ñ ëå�æ £ ²�è Ç ØÙ� ä Ü�ã � � �¿Û � ëÞ Ü ² � ëå £ ²`æ^çÙè ä Ü�ã � � ��Û �jç � (B.23)

Fromthedefinitionof
Ü Ë wehave thatÜ ËòÝ � Þ × £ ß £ Ç £ Ç �ÄØÙ��ìgí�î� � Þ × æ^� £ ß £ Ç è Ç £ ØÙ� ÍÕÎ=Ï Ë Ô Ñ� � Þå ð× ñ æ £ ²óè Ç ØÙ� � � Ü Ë � Ü ²� Þå £ ²`æ^çÙè � � Ü Ë � Ü ² á

which leadsto thethird relationÞ Ü Ë-ä Ü ² � Þå £ ²©æ�çÙè � (B.24)

Integrationof thedifferentialidentityÞ � ØØÙ� Å � £Æ£ Ç Ê ßéô Þ�� £ ß £�³ ß ä Þ�� ß £Æ£�³ « ä Þ`� ß £ ß £ Ç £ Ç Ç á
leadsto thefourth relationÜ Ë-ä Ü ß ä Ü « �¢ç � (B.25)
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Solvingthelinearsystem(B.22)–(B.25)weobtainÜ Ë � Ü�ã � � ��Û á Ü ß � Þ ��Û � Ü�ã áÜ « � � ��Û á Ü ² � õ ��Û � Þ Ü�ã ä Þå £ ²`æ�ç�è�á
from which (B.20)and(B.21) follow. ¬

Finally, our numericalcalculations(seealso[33]) show that
Ü`ãàö õ � ç�÷ ��Û . Therefore,we canuse

theapproximationÜ�ã±ö õ ��Û á (B.26)

whichhasabout ëùø accuracy.

B.4 Proof of Lemma B.1

Thefirst perturbationtermin Eq.(B.2) is thenonparaxialterm ú � ­   . In [24] it wasshown thatq ËUû ü �ýq ß Ý � ë�Nþ ·U¸ × ëå ­�® û ü�ü ­ Ã® Ø � Ø � § �¿Ûå Å ë� ß Ê ü � (B.27)

Therefore,to leadingorder, q Ë canbeneglectedin thereducedsystem.

Accordingto Eq.(B.6), thesecondauxiliary functioncorrespondingto ÿ � ­   is

� ß Ý � ë�Nþ
å ä õ��ë ä �

× ·U¸ æ»� ­�® û ¤ � ß � ­ Ã® � ß èAØ � Ø � �:ç �
Calculating� Ë givesthat

� Ë�Ý � å ä õ��ë ä �
� þ À#Á × � ­�® û ¤ � ß ­�®�æ £ ä � £ Ç è º ° ¼g½ Ø � Ø �ÍÕÎ=Ï « Ñ� å ä õ��ë ä � þ × � ­�® û ¤ � ß»£ æ £ ä � £ Ç èAØ � Ø �ÍÕÎ=Ï Ë ñ Ñ§ å ä õ��ë ä �
ëþ � ²

× £ ³\ß ��´�µ ß ¶ æ £ ß ä � £Æ£ Ç èAØ � Ø �� å ä õ��ë ä �
ëþ � ß

ß��× ñ ��´�µ ß ¶ Ø ¶ × æ £àß»£�³\ß ä � £Æ£�³ « è	�ÄØE�ÍÕÎ=Ï Ë Ô Ñ� å ä õ��ë ä �
ëÞ�� ß Å Ü Ë*ä Ü ß Ê Í�Î=Ï ß ñ Ñ� å ä õ��Þyæ ë ä �=è ��Û� ß �

(B.28)
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For � � ­   wehave that

� Ë�Ý � � þ À�Á × æ%­�® û ¤ è ß ­ Ã® æ £ ä � £ Ç è º ° ¼g½ Ø � Ø � Í�Î=Ï « Ñ� ëþ
× À#Á � æ^­�® û ¤ è ß   £ æ £ ä � £ Ç èAØ � Ø �ÍÕÎ=Ï Ë ß Ñ� ëþ � ß

× £Æ£ ³Õß æ £ ä � £ Ç è ��´�µ ß ¶ �eØÙ�EØ ¶ ÍÕÎ-Ï Ë Ô Ñ§ ëÞ�� ß Å Ü Ë ä Ü ß Ê ÍÕÎ-Ï ß ñ Ñ� ��ÛÞ�� ß á (B.29)

and

� ß Ý � ë�Nþ ·U¸ × æ%­�® û ¤ è ß æ^­ Ã® è ß Ø � Ø � ÍÕÎ=Ï « Ñ� ë�©þ � ß
× £ ß ·U¸ ¹ æ^­�® û ¤ è ß º ° ß ¼g½ ¾ Ø � Ø �ÍÕÎ=Ï ËUË�Ñ� ë�Nþ � ²

× £ ß æ £ ß è ¤ ¥ ¤ Ø � Ø � � ëå þ � ²
× æ £ ²�è ¤ ¥ ¤ Ø � Ø �ìgí�î� � ëå þ � ²

× £ ² ¥ ¤»¤ Ø � Ø � ÍÕÎ=Ï Ë%²	Ñ� � � ü� þ � Ð
× £ ²;Ø � Ø �� � � ü� � « × £ ²Ó�eØÙ� ÍÕÎ=Ï Ë Ö Ñ� �¿Ûå Å ë� ß Ê ü �

(B.30)

For � � ­   we have that

� � ­�®   ­ Ã® � ë ä � �ë ä � Å � ­�®�� ß ­�® û ¤»¤ ä ­ ß® ­ Ã® û ¤»¤ Ê ­ Ã® ÍÕÎ=Ï « Ñ� � ä å �ë ä �
£ ß� ß À�Á Å ­ Ã® ­�® û ¤»¤ Ê � (B.31)

In light of (B.31),theintegrandin 	 ß (B.6) is realvalued.Therefore,	 ß �:ç . Calculating	 Ë gives that

	 Ë�Ý � � þ À#Á × � � ­�®   Å £ ä � £ Ç Ê º ° ¼g½ Ø � Ø �ÍÕÎ=Ï « Ñ� � þ
× À�Á Å � � ­�®   ­ Ã® �£ Ê Å £ ä � £ Ç Ê Ø � Ø �ÍÕÎ=Ï « Ë�Ñ� ë ä � �ë ä � � � ßþ

× À#Á Å ­eÃ® ­�® û ¤»¤ Ê Å £ ß ä � £Æ£�Ç Ê �eØÙ�EØ ¶ÍÕÎ=Ï Ë « Ñ§ ë ä � �ë ä � �þ � ß
× Å £Æ£ ÇÈÇ ��´�µ ß ¶ ä ë� £Æ£ Ç µ"É � ß ¶ Ê Å £ ß ä � £Æ£ Ç Ê �ÄØÙ�EØ ¶ÍÕÎ=Ï Ë Ô Ñ� ë ä � �ë ä � �Þ�� ß ¹=Ü ²Hä Ü « � Þå £ ²©æ^çÙè ä Ü Ë ¾ Í�Î=Ï ß Ë�Ñ� � ä å �Þyæ ë ä �=è Å Þ ��Û � � Ü�ã Ê ë� ß �

(B.32)

Combining(B.27)–(B.30)and(B.32)provesLemmaB.1.
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B.5 Proof of Proposition 3.3

To obtainEqs.(3.16),wesubstitute theauxiliary functionsof LemmaB.1 in Eq.(B.5), useEq.(B.7),

anduse
¦��� ß . Doing that,to leadingorderweobtain� ü � � ß� 
 Å � å q ß ä � ËUû ü�ä � ËUû ü � å � ß ä 	 ËUû ü Ê � � � ß ��Û� 
 Å ë� ß Ê ü� ��� ������������������ ��!ä � ß� 
 ¹ å ä õ��ÞAæ ë ä �=è �¿Û ä ëÞ ��Û � �¿Û ä � ä å �Þyæ ë ä �=è ÅLÞ �¿Û � � Ü�ã Ê ¾ Å ë� ß Ê ü� ��� �"$#&%(' ����� ��!
á

from whichweobtainthesecondequationin (3.16),with ) ��������������� � ë and

) "$#&% æ&�=èH� åÞ ¨ æ Ü�ã+* �¿Û � � è ä æ � Ü�ã+* �¿Û � å è$�ë ä �
Í�Î=Ï ß ã Ñö ë õÞ Å ë ä �ë ä �

Ê �



Appendix C

Proof of Proposition 4.4

Thestartingpoint for thederivationof (4.10)is Eqs.(3.5),which werealsousedin thederivation of

Eq. (3.7). Below we omit the technicaldetailsthatwerealreadyobtainedin AppendixA.1 andAp-

pendixA.2.

C.1 Derivation of estimates (4.9)

We assumethat the input beamis almost left circularly-polarized(4.6), i.e., that ,

ñ
° � ,

ñ
- and

,

ñ
« � ,

ñ
- . Therefore,it follows from Eqs.(3.5) thatoverpropagationdistancesof severaldiffraction

lengths

, - æ � á � á�.�èH�j¡ æ ë è�á , ° æ � á � á�.ÙèH��/ æ ë èHá , « æ � á � á�.Ùè��0/ æ ë è � (C.1)

In analogywith (4.3)wedefinethenondimensional circularnonlinear-polarizationsú21 Ý � ë3 � Å ú Ë54
Ì ú ß Ê á (C.2)

where 6ú � æ�ú Ë á»ú ß á»ú « è is definedin (3.5c).

Similarly to thederivationin [29] it follows from Eqs.(3.5b),(3.5c),and(C.1) that

, « �¢¡ æ��=è � (C.3)

Using(C.3)wegetfrom Eq.(3.5c)thatú « �:¡ æ7�-è � (C.4)

Therefore,substituting (C.4) in Eq.(3.5a)gives thatÌ , ËUû ü�ä 8:9 , Ë ä ëå5� ß , ËUû ü	ü�ä ú Ë � � �<; ¤ Å �>= 9 ¨ 6ú ä Ì ú « Ê ä ¡ æ7� ² è�á (C.5a)
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and Ì , ß û ü�ä 8:9 , ß ä ëå5� ß , ß û ü	ü�ä ú ß@?BA �<;DC ÅE�>= 9 ¨ 6ú ä Ì ú « Ê ä ¡Læ�� ² è � (C.5b)

SubtractingEq.(C.5b)from
Ì
timesEq.(C.5a),dividing by

3 F
, andusing(C.2)givesthatÌ , °yû ü�ä 8:9 , °Úä ëå � ß , °yû ü�ü�ä ú ° ? ¡Læ�� ß è � (C.6)

Throughoutthederivationin AppendixC we usethefollowing identities,whoseproof is straightfor-

ward:

6, ¨ 6, Ã ? � , Ë � ß ä � , ß � ß ä � , « � ß Í ² Ï Ö Ñ? � , - � ß ä � , ° � ß ä � , « � ß á
6, ¨ 6, ? , ß Ë ä , ßß ä , ß« Í ² Ï Ö Ñ? F , - , ° ä , ß« á (C.7)

and

, Ë Í ² Ï Ö Ñ? ë3 F Å , - ä , ° Ê á , ß Í ² Ï Ö Ñ? A
Ì

3 F Å , - A , ° Ê � (C.8)

It follows from Eqs.(4.8),(3.5c),(C.2),and(C.7) thatú ° ? ëë ä �
¹ æG6, ¨ 6, Ã èH, °âä ��æG6, ¨ 6,àèH, Ã- ¾ÍJI Ï K Ñ? ëë ä �
¹ æ»� , - � ß ä � , ° � ß ä � , « � ß è$, °âä ��æ F , - , °Úä , ß« è$, Ã- ¾ � (C.9)

Therefore,we getfrom (C.3)and(C.9) thatú ° ? ëë ä �
¹ æ ë ä F �=èN� , - � ß ä � , ° � ß ¾ , °Úä ¡Læ�� ß è � (C.10)

Wecanrewrite Eq.(C.6)usingestimate (C.10)asÅ Ì ; ü�ä 8:9 ä ë ä F �ë ä � � , - � ß ä ëë ä � � , ° � ß Ê , ° ? ¡Læ�� ß è � (C.11)

WenotethatEq.(C.11)is ahomogeneousequationin , ° with an ¡ æ ë è operatorontheleft handside.

Because,

ñ
° * ,

ñ
- ? ¡ æ(
�è [Eqs.(C.1)] andthedriving termson theright hand-sideof Eq. (C.11)are¡Læ�� ß è , estimate(4.9a)follows.

UsingEq.(3.5b)we getfrom (C.3)and(C.4) that

, « ? Ì ��æ&, ËUû ¤ ä , ß û C(è ä ¡ æ7� « è � (C.12)

Using(4.9a)weobtainfrom identities(C.8) that

, Ë ? ë3 F , - ä ¡ æ7� ß á�
�èÓá , ß@?LA
Ì

3 F , - ä ¡ æ7� ß áM
�è � (C.13)

Substituting (C.13)into (C.12)yieldsestimate(4.9b).
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C.2 Derivation of System(4.10)

In orderto obtainEq.(4.10b)wefirst use(4.9a)to getthat

� , ° � ß , ° ? ¡Læ��
ã á�
 « è � (C.14)

Eq.(4.10b)followsfrom substitutingestimate(C.14)into Eq.(C.11).

Below we derive Eq. (4.10a). SummingEq. (C.5b)with
Ì

timesEq. (C.5a)anddividing by
3 F

leadstoÌ , - û ü�ä 8:9 , - ä ëå � ß , - û ü�ü�ä ú - ?NA �3 F æO; ¤ ä Ì ;PCùè�æ��>= 9 ¨ 6ú ä Ì ú « è ä ¡ æ�� ²óè � (C.15)

Usingidentities(C.7)andestimates(4.9) it followsthat

ú - Í « Ï Ð Û Ñ? ëë ä �
¹ æG6, ¨ 6, Ã èH, - ä ��æG6, ¨ 6,àèH, Ã ° ¾ÍJIAÏ K Ñ? ëë ä �
¹ æ»� , - � ß ä � , ° � ß ä � , « � ß è$, - ä ��æ F , - , °Úä , ß« è$, Ã ° ¾ (C.16)Í ² Ï Ô Ñ? ëë ä � � , - � ß , - ä ë ä F �ë ä � � , ° � ß , - ä � ßF æ ë ä �=è ��æ Ì ; ¤ ä ;DC(èH, - � ß , - ä ¡ æ7�J²(áM
P� ß è �

andthat

6, ¨ 6, Ã ÍJIAÏ K Ñ? � , - � ß ä � , ° � ß ä � , « � ß Í ² Ï Ô Ñ? � , - � ß ä ¡Læ�� ß á�
 ß èwá
6, ¨ 6, ÍJIAÏ K Ñ? F , - , °âä , ß« Í ² Ï Ô Ñ? ¡ æ7� ß áM
�è � (C.17)

Similarly, weobtainthat

ú « Í « Ï Ð Û Ñ? ëë ä �
¹ æG6, ¨ 6, Ã èH, « ä ��æQ6, ¨ 6,¦è$, Ã« ¾ (C.18)ÍJI Ï Ë K Ñ? ëë ä � � , - � ß , « ä ¡ æ�� « á�
R�-è Í « Ï ã�S Ñ?

Ì �3 F æ ë ä �=è � , - � ß æ7; ¤ A Ì ;PCNè$, - á ä ¡Læ�� « á�
R�-è
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and

= 9 ¨ 6ú ô ú ËUû ¤ ä ú ß û CÍ « Ï Ð Û Ñ? ëë ä � ; ¤ ¹ æG6, ¨ 6, Ã è$, Ë*ä ��æG6, ¨ 6,àèH, Ã Ë ¾ ä ëë ä � ;PC ¹ æQ6, ¨ 6, Ã è$, ß ä ��æG6, ¨ 6,ÆèH, Ãß ¾ÍTI Ï Ë K Ñ? ëë ä � ; ¤ æÓ� , - � ß , Ë è ä ëë ä � ;PCÙæ»� , - � ß , ß è ä ¡ æ7� ß áM
�èÍTI Ï Ë « Ñ? ë3 F æ ë ä �=è ; ¤ æ»� , - � ß , - è A
Ì

3 F æ ë ä �=è ;PC�æÓ� , - � ß , - è ä ¡ æ7� ß á�
�è
? ë3 F æ ë ä �=è æO; ¤ A Ì ;PCùè�æÓ� , - � ß , - è ä ¡ æ�� ß á�
�è � (C.19)

Substituting Eqs.(C.16),(C.18)and(C.19)into Eq.(C.15)leadstoÌ , - û ü�ä 8:9 , - ä ëë ä � � , - � ß , - ä ë ä F �ë ä � � , ° � ß , - ?

A ëå � ß , - û ü�ü A � ßF æ ë ä �=è ��æ Ì ; ¤ ä ;DC(èH, - � ß , -

A � ßF æ ë ä �-è ÅU; ¤ ä Ì ;PC Ê ¹ æO; ¤ A Ì ;PCùè�æÓ� , - � ß , - è A � , - � ß æ7; ¤ A Ì ;PC(èH, - ¾ ä ¡ æ7�J²(á�
R� ß è �
Rearrangingtheright handsideof thisequationgives Eq.(4.10a).
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Proof of Proposition 4.8

We briefly outline the derivation of the reducedsystem(4.24). In orderto applymodulation theory

to (4.10) it is convenient to usethe rescaling(4.21), i.e., ­àæ � á � á�.Ùè ? æ ë ä �-è °yË7V ß , - æ � á � á�.Ùè , and

rewrite Eq.(4.10a)asthefollowing perturbedNLS:Ì ­ ü�ä 8:9 ­ ä � ­¦� ß ­ ä )@W©� X ° � ß ­ ä � ß�Y � ­   ? ç á (D.1)

where )@W ? ¡ æ�� ß á�
�è is a small positive constant,X ° æ � á � á�.Ùè ? , ° * )@W ? ¡ æ ë è , Y � ­   ? ú � ­   äÿ � ­   ä � � ­   ä � � ­   ä � ³ � ­   , andú � ­   ? ëå-­ ü�ü á ÿ � ­   ? F Å � ­ ¤ � ß ä � ­2CE� ß Ê ­bá
� � ­   ? ëF Å ­ ß¤ ä ­ ßC Ê ­ Ã á � � ­   ? ëF Å � ­¦� ß ­ ¤»¤ ä ­ ß ­ Ã¤»¤ Ê á
� ³ � ­   ? ëF ÅÂ� ­¦� ß ­ZCMC ä ­ ß ­ ÃCHC Ê � (D.2)

Here ú � ­   correspondsto nonparaxiality andtheotherfunctionalscorrespondto circularpolarization

effects.

With minor adjustments,the calculationsof the auxiliary functionscorrespondingto
Y � ­   in

Eq.(D.1) arecarriedin AppendixB. Theresultsareasfollows.

Lemma D.1. Theauxiliary functionscorresponding to ú , ÿ , � , � , and � Ç
in (D.2) satisfy: q ËUû ü �q ß , � ß ô 	 ß ô 	 ³ß ô ç , andq ß § [ Ûå Å ë� ß Ê ü á � ËUû ü § å Þ [ Û Å ë� ß Ê ü á

� ËUû ü § ëÞ [ Û Å ë� ß Ê ü á � ß ? [ Ûå Å ë� ß Ê ü á
	 ³ ËUû ü ? 	 ËUû ü § Å [ Û A

FÞ Ü�ã Ê Å ë� ß Ê ü á
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where
Ü�ã ?

× £ ã �ÄØÙ� , qA¼ (
Ì ? ë á F

) are the auxiliary functionswith ú � ­Ä®   insteadof
Y � ­H®   in

Eqs.(B.6),andsimilarly for � ¼ , � ¼ , 	�¼ , and 	 ³¼ .

For the fourth term in Eq. (D.1), which correspondsto the mismatchfrom perfectcircular input

polarization,it straightforwardto show that � ß@? ç . In addition, for this termwegetthat

� Ë ? )@W+�þ À�Á × � X ° æ � á � á�.Ùèù� ß � °yË £ æ £ ä � £ Ç èAØ � Ø � ? )�æ7.ÙèÄá (D.3)

where )�æ7.Ùè ? ¡Læ&
Wá+� ß è .

We notethatthefirst equationin (4.24)is thefirst onein (B.5). To obtainthesecondequation,we

substitutetheauxiliary functionsof LemmaD.1 and(D.3) in thesecondequationin (B.5) andusethe

additivity of thereducedsystem(B.5) to perturbationterms.To leadingorderweobtainthat� ü ? � ßF 
 Å A å q ß ä � ËUû ü�ä � ËUû ü A å � ß ä 	 ËUû ü�ä 	 ³ ËUû ü Ê ä ) Ç æ7.ÙèF 


? A � ß [ ÛF 
 Å ë� ß Ê ü� ��� ����������������
A � ßF 


å Ü�ã A � [ ÛÞ Å ë� ß Ê ü� ��� �"$#O%
ä ) Ç æ7.ÙèF 
� ��� �\^]

� (D.4)

Finally, thesecondequationin (B.5) is obtainedfrom (D.4) by defining

) ��������������� ? ë á ) \^] æO.Ùè ? ) Ç æ7.ÙèF 
 ? ¡ æ�� ß á�
�è�á
and

) "$#&% ?
å Ü�ãÞ [ Û A

�Þ ö ë õÞ á
wherewehaveusedtheapproximation

Üùã±ö õ [ Û thathasabout ëNø accuracy (see[33]).
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[65] L. Wöste,C. Wedekind,H. Wille, P. Rairoux,B. Stein,S. Nikolov, C. Werner, S. Niedermeier,

F. Ronnenberger, H. Schillinger, and R. Sauerbrey. Femtosecondatmosphericlamp. Laser

Optoelektron., 29:51–53,1997.


