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Abstract

Intenselasershave applicationgn medicine(e.g., lasersuigery), communicatns,remotesensingof
the atmosphereand more. When an intenselaserbeampropagatesn a Kerr medium,suchasair,
water or glass,the beamcanbecomea long and very narrav filamentas a result of its nonlinear
interactionwith the medium,a phenomenoiealledself-focusing.Laserexperimentssincethe 1960
shav thata sufficiently intenselaserbeampropagatig in a Kerr mediumcan breakup into several
longandnarraw filaments.aphenomenoknown asmultiple filamentationor beambreakup Multiple
filamentationcanbeeithera“curse” (e.g.,in eye sugery)or ablessingdependingntheapplication.
In both caseswve needto know what causeghis phenomenonn orderto controlit. The nonlinear
Schibdingerequation(NLS), which is derived from the nonlinearMaxwell equationsjs the model
equationfor self-focusing.The NLS model,however, hasseveralweaknessesOneweaknesss that
the NLS model predictsa “catastrophic”self-focusingprocess(i.e., singuhrity formation), which
correspondso infinite enegy density Physicalquantites, however, do not becomenfinite. Indeed,
in experiments the self-focusingprocesss arrestedoy physicalmechanismshat are neglectedin
the derivation of the NLS model. In addition whenthe input beamis cylindrically symmetric(e.g.,
a Gaussiarbeam)thenaccordingto the NLS modelit remainscylindrically symnetric during the
propagationHowever, thebeamcannotremaincylindrically symnetricduringmultiple filamentation.
Thereforetheself-focusingnodelshouldincludea physical mechanisnthatcanbreak-upcylindrical
symmety andleadto multiple filamentation.Our studyfocusesonvectorialeffects,which resultfrom
theinteractiorbetweerthethreecomponerd of thebeamselectricfield duringpropagationWe show
thattheseeffects,whicharengglectedn theNLS model,relateto all theweaknessementionedabove.

Much of our attentionhasbeendirectedto possibé explanatians for multiple filamentation.For
over thirty yearsthe standardandonly) explanatian for multiple filamentatiorhasbeenthatit is ini-
tiatedby noisein theinputbeam(“random” multiple filamentation).In this studywe proposea hovel
determinisit explanationfor multiple filamentationbasedon vectorialeffects. Consequentlyevenif



theinput beamhasa perfectlycylindrically-symmetricprofile, it canstill undego multiple filamenta-
tion. To shaw this, we derive a new scalarequationfrom the nonlinearMaxwell equationgor linearly
polarizedbeams,which shavs how vectorial effects can deterministtally breakup the cylindrical
symmety of thebeam.Numericalsimulationsof this (2+1)-dimensionaéquatiorshown thatwhenthe
input beamis sufficiently powerful, vectorialeffectsleadto multiple filamentation.Furthermorewe
comparamultiple filamentationdueto vectorialeffectswith multiple filamentationdueto noise,from
which we concludethat multiple filamentationcanresultfrom eithermechanismWhich of the two
mechanismé$eadsto multiple filamentationin experimentsemainsan openquestion We suggest
simple experimentto answetrthis questia.

Having studied self-focusingof linearly polarized beamswe were motivatedto studythe self-
focusingof circularly polarizedbeams.The primary motivationfor this studywasthat,in contrasto
linear polarization circular polarizationdoesnot inducea preferrel directionin thetrans\erseplane.
Therefore we suspectedhat multiple filamentationis lesslikely to occurwith circular polarization.
Because¢heNLS modelis derivedfor linearpolarizationasystemat studyof multiple filamentation
of circularly polarizedbeamgequiresa differentmathematal model. After inspectng the literature
wediscoveredthatpreviousstudiesusedhewrongmodelto studyself-focusingopf circularly polarized
beamsln this studywe usea systemat perturbatioranalysiso derive anev modelfrom Maxwell’s
equationdor self-focusingof circularly polarizedbeamsn a Kerr medium.Usingthis new modelwe
shaw thatcircularpolarizationis stable.Finally, we comparehepossibiities of multiple filamentation
with the linear and circular polarizationstates. Basedon this comparisonwe predictthat multiple
filamentationis suppressewith circularpolarization.
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0.1 Notations

The principal constantsn this work arelistedin Table1. Additional constantandvariablesfor the
circularpolarizationstatearelistedin Table2. The gradient,divergence curl, andLaplaceoperators
acton (z,y, ), 0., A = 044 + 0y + 0,,. Whentheseoperatorsaresufixedby “ | ” they actonly on
(z,y), €0, A = 0.y + 0y In thederivatonsin Chapter3 andChapter4 we nondimensionalizehe
variablesaccordingto Eq. (3.4). We usecalligraphicletters(€, Py, etc)to denotethe dimensonal
variablesand non-calligraphidetters(E, P, etc) to denotedimensonlessvariables[seeEgs. (3.4)
and(3.5¢c)].

| Constant meaning | equation |
Lo electricpermeability (2.1)
€0 electricpermittiity (2.2)
c light speedn vacuum (2.3)
Wo light frequeny (2.5)
ng linearindex of refraction (2.6)
ko wavenumber (2.7)
Tio nonlinear(Kerr) index of refraction (2.12)
vy Kerr-mechanisntonstant (2.12)
To inputbeamwidth (3.1)
f ratio of wavelengthto input beamwidth (3.1)
N, thresholdpower for collapse (2.21)

Tablel: Principalconstantstheir meaningandthefirst equationn whichthey appear

| Variable/constant | dimensional | nondimensional | equation |
deviation from circularpolarization — 5 (4.6)
electricfield components o E. (4.2)
electricamplitudes A Aq (4.8)
input power P.(0) N4(0) (4.5)
thresholdpower for collapse pere Nere (4.23)

Table 2: Variablesand constantslefinedfor the circularpolarizationstateandthe first equationin
whichthey appear
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Chapter 1

Outline

The nonlinear Schibdingerequation(NLS) is the modelequationfor the propagatiorof intenselin-

early polarizedlaserbeamsn a Kerr medium Basedonthe NLS equationKelley predictedn 1965
thatintensdaserbeamsvhoseinput poweris above a certainthresholdvould undego “catastrophic”
self-focusingin a finite propagationdistance[39], i.e., becomenarrov much more thanthe linear
diffractionlimit (seeFigurel.1). Althoughthis predictionwasconfirmedexperimentallytheNLS, as
aphyscal modelfor self-focusinghasseveralweaknesses:

1. Accordingto the NLS model,the beamintensty becomesnfinite at a finite distance(this sin-
gularity formationis termedbeamcollapseor blowup). As a result,the NLS modelfails to
describébeampropagatiorbeyondthatpoint.

2. The NLS is the leadingorder approximatbn to Maxwell’'s equations. However, becausehe
NLS is extremelysensitve to the additionof smallterms[33], onecannotignoretheremaining
termssimply becausehey aresmall.

3. Accordingto the NLS model,beamswith cylindrically-symmetre input profile shouldremain
cylindrically symmetric during propagation However, self-focusingexperimentsn solids lig-
uids, and gaseshave shown that catastrophicelf-focusingis often precededoy multiple fila-
mentatiori, in which a singleinputbeambreaks-upnto severallong andnarrav filaments(see
Figurel.2)[1, 3,12,13,14,15,16,18,19,41,43,52,53,55]. Thereforeaself-focusingnodel
shouldincludea mechanisnthatbreaks-ughe cylindrical symmetryandleadsto multiple fila-
mentation

*Multiple filamentationis alsocalledmultiplefoci, small-scaldilaments,or beambreakuyp.



2 CHAPTER 1. OUTLINE

LASER

Self-focusing

Figurel.1: Self-focusing.

L0

Figurel.2: Multiple filamentation.

In Chapter2 we review somefactsfrom Electromagneti Theory NLS theory anddiscussthe
connectiorbetweenmultiple filamentationand cylindrical symnetry. In Chapter3 we focuson the
role of vectorialeffectsin self-focusingof linearly polarizedinputbeams We shav thattheseeffects,
which areneglectedin thederivation of the NLS modelfrom Maxwell’'s equationstelateto all of the
above weaknessesf the NLS model:

1. Vectorial effectsarrestthe blowup. As a result,the NLS modelwith vectorial effectscanbe
usedto describebeampropagatiorbeyondthe NLS blowup point.

2. Vectorialeffects,althoughsmallin magnitudehave alarge effect on beampropagationin fact,
we shawv thatvectorialeffectshave a larger effect thannonparaxialiy.

3. In thecaseof linearpolarizationthe determinstic vectorialeffectscanleadto multiple filamen-
tation.

For over thirty years,the standardexplanationfor multiple filamentation,due to Bespale and
Talanw [5], hasbeenthatit is initiated by randomnoisein theinput-beanprofile (“randommultiple

tWe quae[26, 28, 29, 30] in this work without further citation.



filamentation”). Our resultsthus shav that multiple filamentationcan resultfrom either vectorial
effectsor from noisein theinputbeam.Which of thetwo mechanismgadsto multiple filamentation
in experimens remainsanopenguestion.To answelthis questionve suggesa simple experimentfor

decidingwhethemultiple filamentationis dueto vectorialeffectsor not.

We recallthatthe NLS modelis dervedundertheassumptin thatthe beamis linearly polarized
In 1966 Close, Giuliano, Hellwarth, Hess,McClung, and Wagner[21] conductedexperimentswith
intensecircularly polarizedinput beamspropagatig in Kerr media, which suggestedhat circular
polarizationis unstable. Closeet al. also proposeda mathematial modelfor self-focusingof cir-
cularly polarizedbeamswhich they usedto explain the obsered instabiity of circular polarization.
Their modelis a systemof two coupledNLS equationgor thetwo circular polarizationcomponers.
Subsequentheoreticalstudieshave usedthe samesystemof equationsas Closeet al., but obtained
contradictoryresultswith regardto circularpolarization(in)stabilty. As aresult,to thesedaysthere
is someconfusionin the literaturewith regardto circular polarizationstabilty. Remarkablythe only
thing thatwasalwaysagreeduponwasthe Closeet al. modelitself. As we show in this study how-
ever, thismodelis basedn problematiassumptins,andit canleadto wrongresults.Hence previous
studiesusedthewrongmodelfor studyingcircular polarizationstability.

In Chapter4 we presenta systemat: study of propagationof circularly polarizedbeamsin a
Kerr medium In contrastto previous studiesof circular polarization,our derivation doesnot neglect
nonparaxialitythe couplingto the axial componenbf the electricfield, andthe contritution from the
grad-dv term. Thisleadsto anew systenof equationghattakesinto accounthonparaxialitycoupling
to theaxial componentthe contritutionsfrom thegrad-di term,andcouplingto the oppositecircular
componen(i.e., the onerotatingin the oppositedirection). Using this systemwe shaw thatcircular
polarizationis stableduringself-focusing.We alsoshav thatnonparaxialitythe couplingto the axial
componentandthe contritution from the grad-dv term arrestcollapse Jeadinginsteadto focusing-
defocusingoscillations. In addition,we shav thatcircularly polarizedbeamsare muchlesslikely to
undego multiple filamentatiorthanlinearly polarizedbeams.

In Chapter5 we compareself-focusingof circularly- andlinearly-polarizedoeams Basedon our
resultswe predictthatcircularly polarizedbeamsaremuchlesslik ely to undego multiple filamenta-
tion thanlinearly polarizedbeams.

Numericalsimulationsare usedfrequentlyin this study eitherto completethe picture obtained
from the asymptdic results,or whenanalyticand asymptaic resultsare too difficult to obtain. In
Chapter6 we discussspecificissuegelatedto the numericalsimulationsof self-focusingopeamssuch
as numericalrealizationof nonparaxialityand the reliability of numericalsimulatons of multiple
filamentation. For example,we shav that whenthe computatbnal domainis not sufficiently large,
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reflectionsfrom the boundaryof the numericalmeshcan lead to what may appearas breakupof
cylindrical symmetryandevenasmultiple filamentation

We concludein Chapter7 with severalopenproblemsandsuggespossilte directionsfor further
study



Chapter 2
The vector Helmholtz and the NLS

2.1 Reviewof linear propagation

We begin by reviewing severalfactsfrom linearElectromagneti@heory Let E(z, y, z, t) = (E\, Es, E3),
D(z,y,z,t) = (D1, Dy, Ds), andB(z,y, z,t) = (By, By, B;) betheelectricfield intensiy, electric
field induction,andthe magneticfield induction respectrely. Whenthe mediumis isotropic,homo-
geneoushon-magneticandhasno free electromagnetisourcegi.e., chagesor currentsthesefields
satisfythe Maxwell systeni [38]

ivXé—@:o, (2.1a)
Ho

VxE+B =0, (2.1b)
V.D=0, (2.1c)
V-B=0, (2.1d)

whereV = (0;, 0y, 0,), o is magnetigpermeabiliy, andthe electricinductionfield satisfies
D=e(E+P), (2.2)

whereg, is electricpermittivity and P, = (P, P, P3) is thelinear (electric)polarizationfield, which
dependn the interactionbetweerthe field andthe medium. Taking the curl of (2.1b), substiuting
B from (2.1b),andusing(2.2)yieldsthe Maxwell equation

1 15
2 C—QPL,tt ) (2.3)

*Unlessothewisementianed,in thiswork we usethe Sl or RationalizedVIKSA units. For corversionbetweerdifferent
electronagneticunitssee e.g., [38, Apperdix].

E,+VXVxE=—
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wherec = 1/, /€ is light speedn vacuum.It is customaryto usethevectorialidentity
VxVxE=-AE+V(V-E),
whereA = 0,, + 0y, + 0., in orderto rewrite Eq. (2.3) asthevectorialwave equation
S—ZEH —~AE+V(V-E)= —%ﬁm . (2.4)

Electromagnetiavaves, suchassunlightandlaserbeams are soluions of Maxwell’s equations.
Oneof thefeaturesof laserbeamss thatthey aremonochromatic, i.e., they emitradiationata certain
wavelength. Let us considerthe caseof a “cw” laserbeam(shortfor continuouswave), alsocalled
“time-harmonic”in themathematalliterature. Theelectricandpolarizationfieldsof suchbeamscan
berepresentetly

E(x, Y, 2,t) = 5(:5, y,2) e +ce., ﬁL(x, Y, 2,t) = 73L(a:, y,z) e +ce. (2.5)

wherewy is frequeng, £(z, y, 2) = (€1, &, &) and Py (z, y, z) = (P1, P, Ps) aretime-independent
(complex-vaued) vectorfields, and“c.c.” denoteshe comple-conjugateof the termto its left. In
orderto provide a completedescriptionof the field dynamicsit is necessaryo describetherelation
betweerthe polarizationfield andtheelectricfield. In alinearmedium”,i.e., whentheintensityof the
laserbeamis not high enoughto inducea nonlinearresponsethe polarizationfield canbe described
by thelinear constitutve relation

PL = (n2 —1)¢€, (2.6)

whereny = ng(wp) is thelinearindex of refradion. In particular in vacuumng, = 1 andP, = 0.
Substituing (2.5) into the Maxwell equation(2.4) andusing(2.6) gives the linear vectorHelmholtz
eguation

AE—-V(V-E)+kE=0, (2.7)
whereky = wong/c is wavenunber. Using(2.1c)leadsto
V-£=0. (2.8)

Maxwell's equationg2.4) [and the vector Helmholtz (2.7)] have exacttime-harmorg solutions
thatarelinearly polarized i.e., theirelectricfield vectorpointsto afixeddirectionthatis perpendicular
to the direction of propagatio. For exampk, the following are exact time-harmonicplane waves
solutionsof (2.4)

E* = (cos(wot — koz),0,0) = e'“ot=%2)(1 0,0) + c.c.

EY = (0,sin(wot — koz),0) = e'@o=k2 (0 4 0) 4 c.c.
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which arelinearly polarizedin thez andy directionsrespectiely. We notethatthereis an/2 phase
differencebetweenE?® and E¥. As (2.4) is a linear equation,the sum (superpositionof ary two
solutionsis alsoa soluion. Thus,thefollowing fields

1 = = 1 1 .
E(Eg”iEy) = E(cos(wot—koz),isin(wot—koz),O) = — elWotho2)(1 44 0)4-c.c. (2.9)

V2

are alsoplanewave solutiors of (2.4), which are called circularly polarized becauseheir electric-
field vectorformsanimaginarycircle in the (z, y) planeduringthe propagatn. In view of (2.9)it is
customaryto definefor time-harmoic fieldstheleft (+) andright (—) circularcomponents

1

Ei(z,y,2) = (&1 L&) .

S

2

Accordingly, aleft-circularbeamis definedby £_ = 0 andaright-circularbeamis definedby £, = 0.

2.2 The nonlinear vedaor Helmholtz

Whenanintenselaserbeampropagates a mediumits interactionwith the mediumis nonlinearin
which casetheelectricinductionfield is givenby

5260(E+ﬁL+ﬁNL) , (210)

wherePy;, is thenonlinearpolarizatiorfield. In thatcasethe propagathn of cw beamss governedby
thenonlinearvectorHelmholtzequations

AE(z,y,2) = V(V-E)+kE = —ﬁPNL, (2.11a)
07%
Pd 1 —
V-& = —V- P, (2.11b)

wherePy;, is thetime-harmoni nonlinearpolarizationfield. For corveniencewe referto the second
termontheleft-handsideof (2.11a)asthe“grad-div term”.

In vacuumor when beamintensiy is not sufficiently high, P, is negligible, in which case
Egs.(2.10),(2.11a),and(2.11b)reduceto (2.2),(2.7),and(2.8), respectrely. When,however, beam
intensit is sufficiently high, suchaswith intenselaserbeamsPy;, cannotbe neglected.In thatcase,
it is customaryin NonlinearOpticsto expandﬁNL in a power serieswhereeachtermcorrespondso
adifferentpower or productof the component®f the electricfield [11]. Thefirst termin this series,
whichis calledthe second-ordenonlinearpolarizations a weightedsumof the productsof any two
component®f f(e.g., E1E;, &, etc). Becauseof inversbn symnetry, the second-ordenonlinear
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polarizationis zeroin isotropt media[11]. Therefore,in the weakly nonlinearregime, i.e., when
73NL < ]3L, thethird-ordernonlinearpolarizationis the predominanhonlinearinteractionin isotropic
media.Whenthe mediumis isotropt andhomogeneouthis nonlinearpolarizationcanbe described
by thevectorialrelation[11, 44,45]

— — 460 nO ’f[,z — - = - =

Pal€) = S | E-E)NE+(E-EE |

wheren, is the Kerr coeficient’ and+ is a constantwhosevalue dependsn the physcal origin of
theKerreffect (seeTable2.1).
It is instructive to rewrite relation(2.12)as

o 100 Ei2 EEF E.E &
Pan() = ?’ZOZQ 2l o1 0 |+ a& 162 && &
00 1 EE &E |6 &

When~ = 0 theKerr effectis only “semi-vectorial”, in thesensdhatﬁNL = 4eon0ﬁ2\5\25. In other
words,thesemi-\ectoral Kerr effectis given by thescalarindex of refraction

n® = n2 + Angny| ]2 . (2.12)

However, wheny # 0, theKerreffectis genuinelyectorial,i.e., it cannotbewrittenin theform (2.12).

Kerr mechanism v

electrostriction 0
nonresonanrglectrons| 0.5

molecularorientation| 3

Table2.1: Valuesof v for commonKerr mechanisra(seee.g., [11]).

2.3 Fromvedor Helmholtz to NLS

Becauseof the couplings betweenthe field componentsgdirect analysisor simulationsof the vec-
tor Helmhotz model (2.11a)—(2.12)s hard. Therefore,it is customaryto approximag the vector
Helmholz modelwith the NLS model, which is muchmore amenablgo analysisand simuations.

tSeeBoyd [11] for the various definitiors of the Kerr coeficiert.
fNotethat is positive for mostliquids [56, Chp.17]
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We now outlinethederivation of the NLS from the vectorHelmholz model. A moredetailedderiva-
tion is givenin Subsectior8.1.1.

We setthecoordinatesystenmsuchthattheKerr mediumis in thehalf-space: > 0, thebeamenters
the Kerr mediumat z = 0 andpropagate# the positive z direction(seeFigure2.1). We denoteby
£z, y) = £(z,y, z = 0) theinputbeamat the mediumis interface.

4T = ()

N

Kerr medium
z=0

Figure2.1: Thephystal setup.

Strictly speakingwhenanintensdinearly polarizedinput beampropagates a Kerr mediumthe
beamdoesnotremainlinearly polarizedfor all z > 0, becaus®f thenonlinearpolarizationcouplirgs
in the vector Kerr effect (2.12) and the linear coupling throughthe grad-dv termin Eqg. (2.11a).
Neverthelessit is usuallyassumedhatthe beamremains(almost)linearly polarizedasit propagates
insidethe Kerr medium,i.e,, that€, = £ = 0 for z > 0. In thatcase the Kerr effect (2.12)is given
by thescalarelationn? = n2 + 4ngi|E; |2. If onefurtherusesheapproxinationV(V - £) = 0, then,
to leadingorder thevectorHelmhotz equatiorreducego thescalamonlinearHelmhotz equatiorfor
&

i
AE(z,y,2) + K26 =0,  k2=k2 ( 1+ %\m? ) . (2.13)
0

Separatinghe fastoscillaions from the slowly-varyingamplitude,i.e., £, = A, (z,y, z)e***?, equa-
tion (2.13)canberewritten as
4kZns

N

Ay + 2ikoAr, + AL A+ |APA =0, (2.14)
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whereA |, = 9,, + dy,. ThescalaronlinearHelmholtzequationcanbe further simplified by using
the paraxialapproximation | A; ,,| < |koA; .|. Theresultingequationfor the beamamplitude A, is
the (dimensonal)NLS

4k2ns

Ny

2iko A1, + ALA; + |APA =0. (2.15)

2.4 Reviewof NLS theory

We now briefly review several resultsof NLS theory For more comprehensie presentationssee
[33,59]. Let ) bethesolutionof thedimensonlessNLS (seerescalingn Subsectior8.1.1)

W, + A+ [P =0, b(x,y,2 = 0) = Yo(z,y) - (2.16)

Two importantinvariantsof theNLS (2.16)arethe power

N(2) = N(6(,2)) = o [ 10 dady = N(0) (2.17)
andthe Hamiltonian
ma=mem:7%(/WMme—é/w#mw)zﬂm. (2.18)

2.4.1 Variance argumentfor collapse
Let thevarianceof the soluion bedefinedas
V(o) = [ 0P +17) dady,
Thensoluionsof the NLS (2.16)satisfythevarianceidentity [62]:
V.. = H (). (2.19)
FromHamiltonianconseration(2.18)and(2.19)it follows thatV,, = 8 H(0). Hence,
V(2) = 4H(0)2* + V'(0)z + V(0).

Thereforewhen H(0) < 0 thenV (z) shouldvanishat a finite propagatn distancez = Z* andV
shouldbecomeneggative afterward. Since,however, V' is positive by definition, it follows thatthe
solution 1y mustbecomesingular(i.e., collapse)at or before Z*. This provesthat H(0) < 0 is a
sufficient conditionfor collapse.We note,however, thatthe collapseoccursat a distanceZ., < Z*,
wherethevariances still positive (i.e., partialbeamcollaps€27]). We alsoremarkthatthe condition
H(0) < 0 typically overestimateshe actualthresholdoower for collaps€25].
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2.4.2 The TownesSoliton

TheNLS hasthe cylindrically-symmetricwaveguide soluion
Y = R(r)e” r=+\z?+y?,
whereR(r), theso-calledTownessoliton is the ground-statgositive soluion of
A/ R(r)— R+ R* =0, R'(0) =0, lim R(r) =0, (2.20)

A necessargondition for blowup in the NLS is thatthe input power be above the critical power N,
[64], i.e.,, that N (0) > N., wherelV, is equalto the power of the Townessoliton

NC:/R2 rdr ~ 1.86. (2.21)
0

In dimensonalvariableqdi.e., for Eq.(2.15)]this thresholdoower is given by?:

)\2
P. =

= N,, (2.22)
4mngneg

where) is wavelength.

In addition the Townesprofile hasexactly zeroHamiltonian,i.e., H = 0. Becausehe Townes
profile satisfiesboth the necessaryand sufiicient conditionsfor collapse,j.e., N = N. andH = 0,
it is theborderlinecasefor singuarity formation. Hence,if the NLS is solvedwith the Townesinput
beam,i.e., ¥°(z,y) = R(r), thenary smallnumericalperturbationsanleadeitherto collapseor to
globalexistence which explainswhy the Townessolitonis anunstablesolution.

2.4.3 Critical dimension/expnent

TheNLS (2.16)is a specialcaseof thefocusingNLS in d dimensims andwith a generalpower-law

nonlinearity
W (x,t) + ALY + [9]* 7y =0, Y(x,0) = (%), (2.23)
wherex = (z1,...,1q), tistimel,andA | = 0,5, + -+ + Opya,-

SExpression(2.22) is the samein both mks and cgs units, becausen» hasunits of inverse intensity [i.e., n ()
no + noI, wherel is intensity]. In mksandcgsunitstherelationsbetweenvi » in (2.12 andns in (2.22 arens[mks]
2Z0fi2 /g, WhereZy = 377Q2 andnz[cgs] = 4z /noc, respectiely [11, Appendx].

IThecondtion N(0) > N. is necessarfor blowup but notsuficient,i.e., theactualthreshdd powerfor NLS collapse
of input beamss genericallyafew percet abore N .. [25].

llin theNLS (2.16 z playstherole of time.
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A key questionin NLS theoryis whethersolutonscanbecomesinguhr (blowup) in finite time. It
is well known thatthe answerto this questiondependsn the productod asfollows. Whenod < 2
(subcriticalNLS), all solutionsof (2.23)exist globally. Whenod > 2 (supercriticalNLS) solutions
of (2.23)canbecomesingularandthis singukrity formationis insensitve to small perturbationsThe
critical dimensiorexponentod = 2 is a borderlinecasebetweenglobal existenceand singuhrity
formation. In this case,singuarity formationis a very sensitve and even small perturbationsan
arrestthe blowup process. The reasonfor this sensitvity is thatin the critical NLS the Laplacian,
which defocuseghe solution, and nonlinearterm, which focusesthe solution almostbalanceeach
other Consequentlythe blowup processs very sensitve andevena small perturbationcanshift the
balance.

At presentrigoroustheoryfor singuhrity formationin critical perturbedNLS equationss dif-
ficult. As aresult,in this studywe mostlyrely on asymptéic andnumericalmethods.Whenbeam
power is not much higherthan N., the self-focusingdynamicscan be analyzedusing modulaton
theory, which is anasymptdic theoryfor analyzingthe effects of small perturbationson the critical
NLS (2.16)[32, 33]. Modulationtheoryis basedon the obsenation that, after somepropagatiorhas
takenplace,a self-focusindgfilamentrearrangesitself asa modulatedlownesan*, i.e.,

(2,9, 2)] ~ ﬁfc( ’

where R(r) is definedin Eqg. (2.20). Using moduhtion theoryit hasbeenshown, for example,that
nonparaxialityi.e., the A, ., termin Eq. (2.14),canarrestbeamcollapse)eadinginsteadto focusing-
defocusingoscillations[24]. In Section3.3 and Section4.4 we usemodulaton theoryto studythe
self-focusingdynamcs accordingto perturbedNLS models,in which the small perturbationterms
correspondo nonparaxialityandvectorialeffects.

2.5 Multiple filamentation and cylindrical symmery

It is customaryto assumehatthe input beamhasa cylindrically-symnetric profile, i.e., ¥ (z,y) =
o (r). Accordingto the NLS model,beamswith cylindrically-symmetricinput profile shouldremain
cylindrically symmetricduring propagatn, becausehe NLS equation(2.16)is invariantunderro-
tation of the (z, y) plane. In self-focusingexperiments however, a sufiiciently intenselaserbeam
canbreak-upinto severallong andnarrow filaments,a phenomenoknown asmultiple filamentation
[1,3,12,13,14,15, 16, 18,19,41,43, 52, 53,55] (seeFigure1.2). We notethatin 1D NLS models

**|t is essentiato usethe Townesprdfile in theasympoticsasoppced,for exampleto a Gaussiarprofile, becaus@nly
the Townesprofile captuesthe delicatebalancebetweerthediffractionandthe norinearity [27].
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(e.g., propagatiorin fibers)“multipl e filamentation"canoccurwithoutbreakupof spatial-symratry't.
In contrastin 2D NLS modelsfor beampropagatiorin a bulk Kerr medium,multiple filamentation
cannotoccurwithout breakupof cylindrical symmetry(seeFigure 2.2). Therefore,in orderto ex-
plain the phenomenomf multiple filamentation wherecylindrical symmetryis clearly lost, onehas
to adda symnetry-breakingmechanisnto the NLS model. It is thereforenaturalto askwhatis the
symmety-breakingmechanisnthatis responsike for multiple filamentation.

Thestandaraxplanatiorfor multiple filamentationseeSubsectior8.4.2),is thatbreakupof cylin-
drical symnetry is initiated by randomnoisein theinputbeam.In Chapter3 we shaw thatin thecase
of linearly polarizedinputbeamghe deterministt vectorialeffectscanalsoleadto multiple filamen-
tation. Therefore,in general multiple filamentationcan be causeceitherby breakupof cylindrical-
symmety in theinput profile (e.g., by noise)or by the preferrel directionthatis inducedby theinput
polarizationstate(e.g., thedirectionof theinputlinearpolarization).In contrastjn Chapted we shov
thataperfectcircularly polarizedcylindrically-symmetre inputbeamwill notundego (deterministic)
multiple filamentation.

|W(z=0)| lWw(z>0)I
e ———
|W(z=0)| contour . |W(z>0)| contour Py
X X

Figure 2.2: Spatialsymmetrycan be maintaired in 1D multiple filamentation(top) but not in 2D
multiple filamentation(botton).

tFor instancewhentwo identical 1D solitonsmave toward eachotherandoverlap at z = 0 thenat z = 0 theinput
intensityis spatiallysymmetic, yet, accoding to the 1D NLS, therewould be two distinctsolitonsat a sufficiently large
propagationdistance.
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Chapter 3

Linearly polarized input beams

In this chapterwe analyzethe role of vectorial effectsin self-focusingof linearly polarizedinput
beams.In Section3.1 we approximag the vectorHelmholtzequationwith a scalarPDE, which de-
scribesself-focusingin the presenceof vectorialand nonparaxialkeffects. Becausehe perturbation
analysisis involved andbecausetherstudiesof vectorialeffectson self-focusinghave obtaineddif-
ferentequationgrom ours,we present carefulandsystenatic derivation. In particular we dervethe
scalarequatiorusingtwo differentmethodsnamely perturbatioranalysisattheequationevel andat
theLagrangiarevel, andverify thatthetwo methodggive consistentesults.

The new modelequationleadsto a novel explanationfor multiple filamentationbasedon deter
ministic vectorialeffects.In Section3.2we presennumericalsimulatonsthatshow thatthe preferred
directioninducedby linearly polarizedbeamsanleadto multiple filamentationgvenof cylindrically
symmetic input beams(“deterministc multiple filamentation”). Note that since 1966 the standard
(andonly) explanationfor multiple filamentationwasthatit is causedoy randomnoisein the input
beam.

In Section3.3wediscusghecasenheretheinputpower N (0) is only moderatelyabove thecritical
power N, . We usemodulationtheoryto reducethe scalarPDEto an ODE for self-focusingdynamics
of asinglefilamentin thepresencef vectorialandnonparaxiakffects. We shaw thatvectorialeffects
canarrestoeamcollapseand,asaresult,the NLS modelwith vectorialeffectscanbe usedto describe
beampropagatn beyond the blowup point of the NLS. We alsoshow that vectorial effectshave a
largereffect thannonparaxiality

In Section3.4we discusghepossibiity thatnoisein theinputbeamleadsto multiple filamentation
(“random multiple filamentation”). In Section3.5 we comparethe noise and the vectorial effects
explanatiors for multiple filamentation.In Section3.6 we suggest simde experimentfor deciding
whethemultiple filamentationis dueto vectorialeffectsor not.
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3.1 Scalarequationsfor linearly polarized beams

In this sectionwe identify andusethe smallparameterf of the modelto reducethe vectorHelmholtz
equation(2.11a)for linearly polarizednputbeamgo a scalarequation(sjhattakesvectorialandnon-
paraxialeffectsinto account.Theresultsin this sectionareasfollows (seealsoFigure3.1). In Subsec-
tion 3.1.1we applyperturbatioranalysigo thevectorHelmholtz equation(2.11)andderive thescalar
equation(3.7).In Subsectior8.1.2we applyasimilar perturbatioranalysigo theLagrangian(3.11)of
the vectorHelmhotz equationresultirg in the Lagrangian(3.12),whosevariatioral derivatve leads
to thescalarequation(3.13). Although Egs.(3.7) and(3.13)arenotidentical thetwo equationsagree
with eachotherto the orderof accurag of their derivation (SubsubsectioB.1.2).

Chi andGuowerethefirst to obtaina scalarequationthattakesvectorialeffectson self-focusing
into accounf17]. Subsequerdtudiesby Ciattoni, DiPorto, CrosignaniandYariv [20, 22], Blair and
Wagner[7], dela Fuente Varela,andMichinel [23], andMalomed, BoardmanMarinov, Pushkarg,
and Shivarova [9, 46] usedsimilar perturbationanalysisto obtain scalara equationwith vectorial
effectsfor 1D propagatiordynamics.However, all the scalarequationsobtainedin [7, 9, 17, 20, 22,
23,46] differ from Egs.(3.7),(3.13),[andfrom (6.2) in Section6.2], aswell asfrom eachother in the
O( f?) terms.Becausef that,we presentn this studya carefulsystematiclerivation of theequations.
Theagreementf Egs.(3.7)and(3.13),which arederivedindependentlyprovidesfurthersupporthat
theseequationsreindeedcorrect.

vector variational
D E—————

Helmholz (2.11) ~dervatve ~  L-29rangiar(3.11)

l <1 f <1, lestim.(3.6)
estimates approximate
(3.6) Lagrangian(3.12)
variatioral
derivative

scalar scalar
equation(3.7) equation(3.13)

Figure3.1: Schematioutline of thederivationin Section3.1.
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3.1.1 From vector Helmholtz to a scalarequation

Thekey dimensimlessparametenf themodelis

1 A
_ 3.1
/ koro  2mry’ (3.1)

where )\ is wavelengthandr is input-beamwidth. Sincethe wavelengthis muchsmallerthanthe
input-beanmwidth, the parameterf is small,i.e.,

F<l. (3.2)

Theexistenceof a smallparameteenablesisto apply perturbatioranalysison Eq. (2.11)andreduce
it to ascalarequation.To do that,we first useEq. (2.11b)to rewrite Eq.(2.11a)as

- S k2L 1 .
A€ + k§€ + E—OPNL = ——QV(V - Px1) - (3.3)

2

We rescalehevariablesaccordingto

- T N Y N z - 1 Ing - ”
— —, fd —, e s 8 = —A y» Y, thoz y 3-4
o To y To z 2LDF 2T0k0 ’ﬁQ (33 y 2)6 ( )

whereA = (A, Ag, A3) is thedimensiofesselectric-fieldamplitude and Lpr = kor? is the diffrac-

tion length.For corveniencewe dropthetilde signsfrom now on.
Substituton of Egs.(3.4) in thevectorHelmholtzsystemleadsto the dimensimlesssystem

- - 1 - ~
A, + AL A+ 1 fPA..,+N= (3.5a)
~ . 1 2 7 . 1 2
— | fVL+eé; l+§f8z fVL'N+ZN3+§fN3,z ,
o 1 = 1
fV,L-A+iAs+ §f2A3,z = —f? <fVL.N+iN3+ 5f2N3,Z> , (3.5b)
where
- o 1 e o a o o

és = (0,0,1),andV | = (0,, 9y, 0). Eqgs.(3.5a)—(3.5correspondo Egs.(3.3)—(2.12) respectiely.
Using a careful perturbationanalysis,we shawv in AppendixA.1 thatover propagatiordistances
of severaldiffractionlengthsthe dimensiotessamplitudessatisfy

A = 0(1),
Ay = O(f?, (3.6a)
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and
Ay = ifA, + O(f? . (3.6b)

Theserelationsprovide a quantitatve measureof the degreeto which the beamremainsglinearly po-
larized. In particular relations(3.6a)and(3.6b) indicatethat the secondrans\ersecomponents is
significantlysmallerthanthe axial componen€;. Thefactthat&, /€, = O(f?) playsanimportant
rolein theperturbatioranalysispecausé meanghat&, doesnotcontrituteto theperturbatiorterms
in thescalarequationgor A; (seeAppendixA.2).

Remark. Lax, Louisell andMcKnight[42] studiedthe caseweretheKerr effectis “semi-vectorial”,
i.e., thattherefractve index n is givenby a relationof the form (2.12). Using perturbatioranalysis
they derivedtherelation

Asmif(Ars + Agy) ,

which, uponassumingthat A, = 0, they approximatedwith (3.6b). Thus, the derivation in Ap-
pendixA.1 improves on[42] in thatrelation(3.6a)is proved for a“genuine”vectorialKerr effectand
thenusedto shav thatrelation(3.6b)remainsvalid evenwhen A, # 0.

Substitutirg relations(3.6a)and(3.6b)in thevectorHelmhotz equation(3.5a)leadsto thefollow-
ing scalarequationfor A; (AppendixA.2):

Proposition3.1. Whenf <« 1, Egs.(2.11)—(2.12)canbe approximatedwith the scalarequation

1
Z'141,z + AJ_AI + |A1|2A1 = _f2 ZAl,zz (37)
N‘ITS nonparax
4+ 6 2 2 1+ 2y 2 2 4
Ay [A; + (A ,)2A" AP Ay, + A2AT O(fY) .
+1+7\1,\ 1+ (Arg) 1+1+,y |A1[" A o + ATAT 4, +0(f7)

- vl
-~

vectorial

When f = 0, Eq.(3.7) reducedo theNLS (2.16). The 4, ,, termis the nonparaxiaterm, which
comesfrom the scalar Helmhotz equation(2.13). The remainingtermson the right-hand-sié cor-

respondo “vectorialeffects”, i.e., they resultfrom the combinedeffectsof the linearandnonlinear
couplingbetweeng; and€&; in Egs.(2.11)—(2.12).Note that £, doesnot contribute to the vectorial
termsin Eq. (3.7),becausein light of Eq. (3.6a),its effectis only O(f*).

We notethat the “vectorial” termson the right-hand-gile of Eqg. (3.7) do not vanish evenif one
assumeshat&, = &3 = 0 in thederivation. Indeed a closeinspection* of the derivation of Eq. (3.7)
*SeeEq. (A.12) in Apperdix A.2.
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shavsthatif we assumehat&, = £; = 0, theresultingequatiorfor A; is givenby

. 1
Z141,.2 + AJ_AI + |A1|2A1 = _fQZAl,zz - fz(‘Al‘QAl)ww ) (38)
N—————
grad—div Eq
wherethe secondterm on the right-handside correspondso the contritution of £; in the grad-dv
termin thevectorHelmholtz equation(2.11a).Notethatthis termcanalsobewritten as

l,zx

- fQ(‘AIPAl)ww = _f2 4|A1,w‘2A1 + Q(Al,w)QAT + 2‘A1‘2A1,ww + AQA*
—_——

grad—div E;

Thus,strictly speakingthe vectorial-efectsmechanismalsocorrespondsin part,to a scalarmecha-
nism. Theremainingvectorialtermson theright-handsideof Eq. (3.7) correspondo the couplingto
&;. If only thosetermsaretakeninto account(i.e., neglecting nonparaxiabndthegrad-dv-E; terms)
theresultirg equationis

2

/ - [27|A1,z|2A1—(1+7)(A1,z)2A* AP Ay + 4247, | (3.9)

iALAALA |4 24, = -

7

couplir:g to E3
To recap,the vectorial termson the right-handside of (3.7) correspondo the contritution of the
grad-dv-FE; termandthecouplingto &5:

4 2
1+ %) 4P Ar + (Ara)?AT + 1177 ( AP Ay s + AZAT ) (3.10)

- >4
-~

vectorial

1
= ([APAer + 7 | 294" A1 = (1 4+7)(A12)? AT — [A1PAs e +7ATAL,,
~——— 1+~

grad—div E; = ~ o
coupling to E3

3.1.2 A variational approach

We now give an alternatve deriation of a scalarequationfor A, , basedon the Lagrangianof the
vector Helmholiz equation(2.11a). It is straightorward to verify that the vector Helmhotz equa-
tion (2.11a)hasthe Lagrangiardensity

2k2ny

no(1+7)

’ 5]: 1a Z:j
Oy, ' 0, i#j.

Lvua(€,E%) = Expll; — EipEln + KEWEL + ( 5L6* + yatol ) EEEE, (3.11)

where

Eig =
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TheLagrangiann (3.11)is written usingthe standarcssummatio convention. Alternatively, £y can
alsoberewrittenas
s ok - 2 2| &2 2k§ﬁ2 N IAY 5 S\2
Lyu(€E,E%) =~ Z: Eij|2 + kZIE? + T (€-ENV+v(E-E)
i#j

Clearly thequadraticandthequartictermsof Ly correspondo thelinearandnonlineartermsin the
vectorHelmholtzequationyespectiely.

Using the estimateg3.6a)and(3.6b), we shawv in AppendixA.3 that Ly canbe approximated
with termsthatdependonly on A;:
7

1
>+ 5|Al|4 (3.12)

< ATAI,Z - AlAT,z ) _|Al,av|2 - |A1,y

1 ¢ . *
+f2 { _Z‘Al,z|2 - |A1,:c:c|2 - |A1,wy‘2 + 5 ( Al,aczAl,:c - Al,szlﬂ )

1
2A2A 2 A 2A*2 A* 2A2 4.
bory | 2P - (2 + )|+ o
Takingthevariatioral derivative of £ 4, leadsto thefollowing equation:
1

iA, + ALA + A PA = f? { 1

Al,zz + azz ( iAl,z + AJ_AI ) (313)

1
R [27|A1,x|2A1 — (14 7)(A1,0) A7 — |A1PALge +7ATAT ] } +O(FY) .

Thus,the scalarequation(3.13)for self-focusingin the presencef vectorialandnonparaxiakffects
preseresthe Lagrangiarstructureof the vectorHelmholtzequation(2.11a).

Invariants

We can useNoethers Theoremto find conseration laws for Eq. (3.13). Invarianceof the action
[ L4, dzdydz underphasechanged; — A;e* leadsto

/ ( |A1|? + £2| AL s|? > dzdy — %fz/ ( AAT, — ATA, ) dzdy = const .

Thisrelationcanalsobe obtainedoy multiplying (3.13)by A7, subtractinghecomplex-conjugateand
integratirg over the (z, y) plane. Clearly, when f = 0 this relationreducedo Eqg. (2.17). Theterm
I?|A; .|? correspondso vectorialeffects.Indeed from (3.6a)and(3.6b)we have that

/\A\Qdmyz/ <|A1|2+|A2|2+|A3|2> d:vdy:/ (|A1|2+f2|A1,$|2) dady + O(f)
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which hasthe meaningof total beampower. Theright integral corresponds$o nonparaxialy, i.e., it
comesrom balanceof powerin thescalarHelmhotz equation(2.13).
Invarianceof theactionunder‘time dilation”, i.e., z — z + ¢, leadsto

1 1
/ ( |A1,:v|2 + |Al,y‘2 - 5‘141‘4 ) dmdy - f2/ { _Z|A1’z|2 + ‘Al,mP + ‘Al,zy|2

1 ) )
T30+ [ 2|41 A1z — ( (A1) A2 + (A7 ,)° A )} } dzdy = const .

This relationcanalsobe obtainedby multiplying (3.13)by A7 _, addingthe complex-conjwateand

1,27

integratirg overthe (z, y) plane.

Consistencyof equations(3.7)and (3.13)

Thetwo scalarequationdor A, , Eqs.(3.7) and(3.13),arederived from the same'mother’ equation
andby usingthe sameassumpbns andapproximatios. In bothEgs.(3.7)and(3.13),the O(1) and
nonparaxiakermsarethe same but the O(f?) termsthatcomefrom vectorialeffectsarenot. This
apparentnconsiseng canberesohedby shaving thatthetwo equationgliffer only by O(f*) terms,
whichis the orderof accurag of theseequations:

Proposition 3.2. Equatians(3.7) and(3.13)differ onlyby O(f*) terms.

Proof: seeAppendixA.4.

Indeed we checledthatapplyingthe sameperturbatioranalysiso the vectorHelmholtzequation
in the form (2.11a),ratherthanon the form (3.3), leadsto Eq. (3.13), ratherthanto Eq. (3.7). The
consisteng of thederivatonsis sumnarizedin Figure3.1.

3.2 Detaministic multiple filamentation

The standardexplanationfor multiple flamentation(seeSection2.5 and Subsectior3.4.2), is that
breakupof cylindrical symmetry is initiated by randomnoisein the input beam. We now shaw that
determinist vectorialeffectscanalsoleadto multiple filamentation.

In orderto understanavhy vectorialeffectsmightleadto multiple filamentationwe notethatthe
asymmetryin the z andy derivativesof the vectorial perturbationtermsin eitherEg. (3.7), (3.13),
or (6.2) implies that vectorial effects are a symmetry-breakingnechanism.Clearly, this, by itself,
doesnot imply that vectorial effects lead to multiple flamentation. However, the following simu-
lationsshav thatwhenthe input beamis sufficiently powerful, vectorial effectsdo leadto multiple
filamentation(seeChapter6 for detailsaboutthe numericalmethods).



22 CHAPTER 3. LINEARL Y POLARIZED INPUT BEAMS

We notethat at presentthereis no theoryfor the NLS in the high-pover regime N(0) > N..
Thereforeour resultsin this high-paver regime on vectorialeffectsin generalandon multiple fila-
mentationin particular areonly numerical. The arrestof collapseandthefocusing-defocusigoscil-
lationsthatareobsenredin thefollowing simulationshave sometheoreticabasis whichis discussed
in Section3.3.

We beagin by presentingheresultsof simulationsof Eq. (6.2) with f = 0.05 andy = 1/2, where
we graduallyincreasdheinputpower N(0). Theinputbeamis a cylindrically-symmetricGaussian,

Ai(z,y,z =0) = 2¢/N(0) e~ @*+¥") | (3.14)

wherethe constantV (0) is equalto theinput power of A; .

WhenN(0) = 2N, , thebeampropagateasasinglefilamentwhichundegoesfocusing-defocusig
oscillations(Figs.3.2and3.3). Althoughthe beamappeardo be symmetricduringits propagationa
morecarefulinspectionshavs a smalldeviation from cylindrical symmetry

WhenN (0) = 3N, , thebeaminitially goesthroughthefollowing stages(i) self-focusing,(ii) de-
focusinginto a symmetrc ring (crater), (iii) secondself-focusing, (iv) defocusingandformationof
two small sub-peaksand (v) focusingwith a single peak(Figure 3.4). During further propagaton,
thebeamundegoesfocusing-defocusingscillatiors (Figure3.5).

When the input power is raisedto N(0) = 3.75N,., the beaminitially self-focusesand defo-
cusesinto an asymnetric ring with two peakson its rim (Figure 3.6). After the secondfocusing-
defocusingcycle, a completebreakupof cylindrical symnetry occursas the beamsplits into two
filaments.Shortly after, however, thetwo filamentsreuniteandcontinueto propagateasa singlefila-
ment,ascanbeseenin Figure3.7. We call this phenomenompseudanultiple-filamentatia, in order
to distingush it from (genuine)multiple filamentationjn which thefilamentsdo notreunite.

As theinputpoweris furtherincreasedo N (0) = 4N, , asimilardynamicdeadsto theemegence
of two filaments(Figure 3.8). This time, however, the two filamentsdo not reunite. Rathey they
propagatdorwardin thez direction,while moving away from eachotheralongthez axis(Figure3.9).
Whenthe power is increasedo N (0) = 10N, , the beamgoesthroughthe samestagesput in this
casethetwo filamentsmove away from eachotheralongthey axis(Figs.3.10and3.11).

We notethatvectorialeffectsinducea preferreddirectionin thetrans\erse(z, y) plane:Thedirec-
tion oninitial polarization(the z-axisdirectionin our model). Therefore jn the caseof cylindrically-
symmetic inputbeamswhenvectorialeffectsleadto breakupof thebeaminto two filaments thetwo
filamentscanmove away from eachother(in thetrans\erseplane)eitheralongthedirectionof initial
polarization(asin Figure3.9) or perpendiculato it (asin Figure3.11)



3.2. DETERMINIST IC MULTIPLE FILAMENT ATION 23

Finally, with N (0) = 20NV, we obsere multiple filamentatiorinto five filaments:Onethatcontin-
uesto propagat@longthez-axis andfour otherfilamentsthatpropagatslightly ‘sideways’ (Figs.3.12
and3.13).

g

12 -158
z b4

Figure3.3: Iso-surfice| A;|? = 7 of thedatain Figure3.2.
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=30

=30

0.7s

Figure3.4: SameasFigure3.2with N(0) = 3N, .

Figure3.5: Iso-surfice| A, |*> = 7 of thedatain Figure3.2.
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0.14

0.5

Figure3.6: SameasFigure3.2with N(0) = 3.75N,..

Figure3.7: Iso-surhice|A;|? = 48 of thedatain Figure 3.6. Capitallettersto mark corresponding
z-slicesonthe 3D plotsin Figure3.6.
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Figure3.8: SameasFigure3.2with N(0) = 4N, . Viewing anglein the (z, y) planeis —35°.

Figure3.9: Iso-surfice|4;|? = 30 of the datain Figure 3.6. Capitallettersto mark corresponding
z-slicesonthe 3D plotsin Figure3.8.
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Figure3.10: SameasFigure3.2with N(0) = 10N,.

£

Figure3.11:Iso-surfice| A, |> = 70 of thedatain Figure3.10.
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FE0 B0

570 =70

Figure3.12: SameasFigure3.2with N(0) = 20N, . Viewing anglein the(z, y) planeis —35°.

Figure3.13:Iso-surfice| A, |* = 50 of thedatain Figure3.10.
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We now vary someotherparametersn the simulatons. In Figure3.14we adda focusinglensat
themediunisinterfacez = 0 to theinputbeamof Figure3.6,i.e., theinitial conditionis

Ai(z,y,z = 0) = 2¢/2N(0) e @ H¥") i@ +9")/4 (3.15)

andN(0) = 3.75N,. In this simulatbn we obsene the samequalitatve dynamicsaswith the unfo-
cusedbeam exceptthatthe pseudamultiple-filamentatiorstageis muchlonger

In Figs. 3.15 and 3.16 we repeatthe simulaton of Figure 3.8 with f = 0.1. In this casewe
obsene pseudamultiple-filamentationyatherthana genuineone. We do, however, obsere genuine
multiple filamentationfor f = 0.1 whenN(0) = 5N, . Therefore the thresholdpower for multiple
filamentationis higherfor f = 0.1 thanfor f = 0.05. This resultis surprisirg, sincea larger f
correspondso strongewvectorialeffects.In Figs.3.17and3.18werepeathesimulatonsof Figs.3.12
and3.13with f = 0.08. In thiscasethebeamsplitsinto four filaments all of which propagateslightly

off the z-axis.
15 ]
—

Figure3.14: Iso-surfice| A, |? = 45 of the samedataasin Figure 3.6 with a focusinglens]i.e., the
initial condition(3.15)].
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z=0 Z =025 Z = 052

T
A,

Figure3.15: SameasFigure3.8with f = 0.1.

Figure3.16:Iso-surfice| A, |* = 15 of thedatain Figure3.15.
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Figure3.17: SameasFigure3.12with f = 0.08. Viewing anglein the (z, y) planeof the 3D graphs
is —55°.

Figure3.18:lso-surfice| A, |? = 5 of thedatain Figure3.17.
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3.2.1 Summary of simulations

Althoughthepictureof vectorialeffectson self-focusings only partial,thesimulationsin Section3.2,
aswell asadditionaloneswhich we do not shaw, suggesthefollowing. For givenmodelparameters,
thereis a thresholdpower for genuinemultiple-filamentation(that appeardo be in the range3 N .—
5N.), suchthat,

1. Whentheinput-pawer is sufficiently below thisthresholdthe beampropagatessa singke fila-
ment,undegoingfocusing-defocusimoscillations.

2. Whentheinput-power is slightly belown the threshold anasymmetriaing is formedduringthe
defocusingstagefollowedby pseudanultiple-filamentatior(i.e., thefilamentsreuniteinto one
lobe).

3. Whentheinput-powver is moderatelyabove the threshold anasymmetriaing is formedduring
the defocusingstage followed by beamsplitting into two disjoint filaments(genuinemultiple-
filamentation).

4. Whenthe input-pawver is highly above the threshold,the beamcan split into more than two
filaments. In this case all filamentssplit from the centralbeam(ratherthana fractal process
wherethe beamsplitsinto two filamentsandtheneachfilamentsplitsagain).

In both(3) and(4) all filamentsareof comparablgower, whichis roughlybetweenl .5N,. and3.6 N, .
Thus,the power of eachfilamentis belown thethresholdior additional splitting.

As we have alreadysaid, vectorial effects play an essentiakole in the multiple filamentationin
Figs.3.8-3.13asthey aretheonly mechanisnthatbreaks-upgheaxial-symmetryBecausenonparax-
iality preseresaxial-symnetry, a naturalquestionis whetherit is ‘needed’for multiple filamenta-
tion. To answetthis questionwe repeathe simulationsof Figs.3.8—3.13but withoutthe nonparaxial
terms.In thesesimulationswe obsere somebreakupof axial-symnetry but nomultiple filamentation.
Thereforejt is possibé thatnonparaxialityis alsoneededor multiple filamentation.

Remark. In theiso-intensityplotsof multiple filamentation(Figs.3.9,3.11,and3.13),thefilaments
arenot parallelto eachother Ratheythereis anangleof severaldegreesbetweenhefilaments.Such
an anglehasnot beenreportedin the multiple filamentationexperimentdliterature,nor in previous
numericalstudies wherenoisein the input beamleadsto multiple filamentation. This may suggest
that multiple filamentationdue to noiseis more similar to experimenal obsenations thanmultiple
filamentationdueto vectorialeffects. Thisis notthe case however, becaus®f the following reasons:



3.3. SINGLE FILAMENT DYNAMICS 33

1. Mostexperimentsof multiple filamentatioormeasureéhe beamintensityat afixed z. Therefore,
it is possiblethatsuchananglewentunnoticed.

2. Becauseof the differentrescalingin the axial andtrans\ersecoordinatedseeEg. (3.4)], the
phystcal angleis approxinmately f timesthe anglein ouriso-intensityplots Thus,the physical
angleis muchsmallerthanwhatappearsn theplots

3. In our simulationsof noise-drvenmultiple filamentsin Section3.4,thesefilamentsarealsonot
parallel(seeFigure3.26).

3.3 Singlefilament dynamics

Thenumericalsimulatonsin Section3.2shav thatwhentheinputbeamis sufficiently powerful, vec-
torial effectscanleadto multiple filamentation.In addition, thesesimulationsshaw that,regardlesof
whethermultiple filamentationoccursor not, beamcollapseis arrestedanda singlefilamentor sev-
eralfilamentsareformed,which propagatever long distancesvhile maintainingroughly a constant
width.

At presenthereis no theoryfor analyzingself-focusingin the high-paver regime N(0) > N,
which is why we rely on numericalsimuationsin the exploration of multiple filamentationin Sec-
tion 3.2. However, whenthe power of a singlefilamentis not muchhigherthan V., its propagatn
canbe analyzedusingmodulaton theory, which is anasymptott theoryfor analyzingthe effects of
small perturbation®n critical self-focusing[32, 33]. Modulationtheoryis basedon the obsenration
that,aftersomepropagatiorhastakenplace,a self-focusingfilamentrearrangesitself asa modulated

Townesianj.e.,
1 r

26 IRy

‘Al(xa Y, Z)‘ ~

whereR(r) is definedin Eq.(2.20). Therefore self-focusingdynamicss describedy themodulaton
variable L(z), whichis proportional to beam-widthandalsoto 1/(on-axisamplitude). In particulay
L — 0 andL — oo correspondo blowup andto completedefocusingrespectiely.

By applying modulaton theoryto Eq. (3.7) we prove in AppendixB that

Proposition3.3. Whenf < 1 the self-focusng dynamicsof a single filamentpropagating in the
presencef vectorialandnonpaaxid effects[i.e., EqQ.(3.7)] is given,to leadingorder, by thereduced
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systenof ODEs
s
Lzz(z) = _ﬁa
5.) = Lo+ C)e (1 (3.16)
= 2M z)
whele
1 oo
M = Z/p?R?pdp ~ 0.55, (3.17)
0
16 0
C’non arax = 1 d C1vec N5 1 PEE—— . A
: and  Cucl) (1412 ) (3.18)

Inspectionof the derivationof eq. (3.16)shavs thatthe termswith C\,onparax @andwith Cle. corre-
spondto nonparaxiabndvectorialeffects,respectrely. Therefore thereducedsystem(3.16)shovs
thatnonparaxialityandvectorialeffectshave the samequalitative effect on the self-focusingdynam-
ics of a singlefilament. This obsenationis surprisng, becauseat the PDE level [i.e., Eq. (3.7)] the
expressiongor nonparaxialityandfor vectorialeffectsarecompletelydifferent?.

As canbeseerfrom Table3.1,~ is zeroor positve for mostcommonphyscal mechanism&ading
to the Kerr effect. Therefore,from (3.18)we have that Cy..(y) > 16/3. Thus,the reducedsystem
(3.16)shawvsthatvectorialeffectsdominateover nonparaxiality This obsenationimpliesthatmodels
of physcal self-focusingthat include nonparaxialityshouldalsoinclude vectorial effects. We note
thatthis hasnotbeendonein mostpreviousstudies.

Kerr mechanism Y | Cyec(7) | Crs(7) | Carad—div B
electrostriction 0 5.3 -2.7 8
nonresonantlectrons| 0.5 7.1 -0.9 8
molecularorientation| 3 9.8 1.8 8

Table 3.1: Approximate valuesof the vectorial constantsC...(y) [in Eq. (3.18)], C¢,(v), and
Carad—div & [IN EQ.(3.21)]for commonKerr mechanisms.

We canfollow [24, 32] andintegrateEqgs.(3.16)to get

4H,
(yz)2 = _M—y(yM - y)(y - ym)a y(Z) = LZ('Z) ’ (319)
tIt is interestingto notethat the redu@d system(3.16) also appeas in the study of self-focusim dynamicswith a
saturatedronlinarity effect suchasEq. (3.25) [24, 32, 33].
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where

1+ 0(5)

Q

Y

2
ym Mgg—)) ( 1 _ m ) ~ f Nc(Cnonparax + CveC)

1M5(0)
M) (1 ¥ m>~ o)

(3.20)

%

1+0(5)

Ym )

6 = —f?N.(Chonparax + Cvec)Ho/4M?3%(0) and H, ~ H(0), where H(0) is the input Hamilto-
nian(2.18).

We recallthata necessargondition for blowup in theunperturbedLS, i.e., Eq.(2.16),is thatthe
input power is above critical, i.e., N(0) > N, (seeSection2.4). In modulatio theoryvariableg32],
this condition amountsto 3(0) ~ [N(0) — N.]/M > 0. However, when3(0) > 0 we seefrom
Egs.(3.19)and(3.20)thaty(z) > v, > 0. Thereforeblowup is arrestedby vectorialandnonparax-
ial effectsandthe minimal beamwidth is L,,, ~ L(0) f1/N(Cuonparax + Cvec)/4M 3(0) , which, in
phystcalvariablescorrespondseveralwavelenghs. Evenatthis stagehemagnitudeof thenonparax-
ial andvectorialtermsin Eq. (3.7) is O(8) smallerthanthatof the NLS termsA | A; and |4, |24, ,
providing ana-posteriai justificationfor treatingthemassmallperturbations.

In addition, asuflicientconditionfor blowupin theunperturbedNLS (2.16)is H(0) < 0. However,
from Eqgs.(3.19)and(3.20)we seethatif 5(0) > 0 andH(0) < 0 theny,, < y(z) < yu, i.e., arrest
of blowup is followed by focusing-defocusingscillatiors. When nonadiabatiaadiationis added

to (3.16)theoscillaionsdecaywith propagaton [24].

The qualitatve picturepredictedby (3.16),i.e., arrestof blowup followed by focusing-defocusig
oscillations,canbeobseredin the simulationsof Figure3.19,wheretheinput power is only moder
atelyabove N, , aswell asin previous numericalstudiesof vectorialeffects[37, 50]. We verify the
predictionof thereducedsystem(3.16)thatthe effect of nonparaxialiy is defocusingandsmallcom-
paredwith thatof vectorialeffects,by comparingthe dynamicswith andwithout nonparaxiakffects.
Indeed,ascanbein Figure3.19,the effect of negglecting nonparaxialityis slighty focusing.We also
verify thatwhennonparaxiakffectsarekeptbut vectorialeffectsare neglectedin the simuationsof
Figure3.19,thenthe qualitatve dynamicsremainsthe same put the peakintensitesaresignificantly
higher(datanot shown).

We recallthatthevectorialtermsin Eq. (3.7) correspondin part,to the contritution of £; from the
grad-dv term,which doesnot vanishevenwhen&, = £; = 0 [seeEq. (3.8)]. A closerinspectionof
thederivation of (3.16)revealsthatCyec(y) = Cgraa—aiv 5; + Cr,(77), Wherethe constants

8(1 —
Cgra,d—div Il ~ 8 and CEg (’)/) ~ — ( 7) (321)
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correspondo the contrikution of £; from the grad-dv termandthe couplingto £3, respectrely [see
Eqg. (3.10)]. Thisresultis surprising becauset shavs thatthe defocusingeffect of the grad-dv-E;
termis eighttimesstronger thannonparaxiality Also surprisingis thatthe effect of thecoupling to £3
is weaklyfocusingdfor |y| < 1, sinceCg, < 0 (seeTable3.1).

We now verify thesepredictionsusingnumericalsimulatons. In Figure3.20Awe shaw thatNLS
blowupis slighty acceleratedby the couplingeffectsto £5 wheny = 1/2. In addition,asCg, (0.5) ~
—0.9, we getthatCyonparax + Cr, (0.5) = 0.1, which shavs thatthe combinecdeffect of nonparaxiality
andcouplingto &; for v = 1/2 is slightly defocusingIn orderto verify this predictionwe comparehe
solutionof Eq.(3.7)with v = 1/2 (whichtakesnonparaxialitythecoupling to £3, andthecontrikution
of thegrad-dv-E; terminto account)with the solutian of Eq. (3.8) withoutthe nonparaxiaterm,i.e.,

1AL, + ALA + |A1|2A1 = —f2(‘A1‘2A1)m ) (3.22)

which takesonly the contrikbution of the grad-dv-E; terminto account.Figure3.20B shaows that,as
predicted the peakfocusingis slightly lower with the nonparaxiabndthe couplirg to £3 termsthan
without them. As anadditionaltest,we verify thatthe solution of the NLS with the nonparaxiabnd
couplingto £; terms(without the grad-dv-E; term)with the sameparameterandinput beamasin
Figure3.20Bdoesnot blowup (datanot shawn).

Finally, whenthe input power is above the thresholdfor multiple filamentation,a more careful
inspectionof the datain Figs. 3.8, 3.10,and3.12revealsthatafter the spliting hastaken placeeach
filamentundegoesalmost-periott focusing-defocusingscillations. For example,in Figure 3.21
multiple filamentationoccursafter the first two oscillatins, andthe subsequendscillations arethe
focusing-defocusingyclesof eachfilament.

Remark. Asinthecaseof theanglebetweerthefilaments(seetheremarkattheendof Section3.2),
in physcal variablesthe oscillationsare muchslower thanwhat may appearfrom Figs. 3.3, 3.5, and
3.16-3.21 Thesefocusing-defocusingscillatiors canbeinterpretedasself-trappingj.e., the forma-
tion of along andnarrav filament. Indeed,suchoscillatiors were obsened in the cw self-trapping
experimentf Bjorkholm andAshkin [6].
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Figure 3.19: Blow-up in NLS [i.e., Eg. (2.16), dashedline] is arrestedby vectorial effects, with
nonparaxiality[i.e., Eq. (6.2), solid line] and without nonparaxiality[i.e., settig A4,,, = 0 in
Eq. (3.7), dots], resultinginsteadin focusing-defocusingscillatons. Here f = 0.04, v = 0.5,
and(A) 4,(z = 0,7) = V1.05R(r) [i.e., N(0) = 1.05N,]; (B) A;(z = 0,7) = 2/T.IN.e™" [i.e,
N(0) = 1.IN,].
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Figure 3.20: (A) NLS blowup (solid line) is slighty acceleratedy the couplingeffectsto &3 [i.e.,
Eq. (3.9),dashes]samedataasin Figure3.19B.(B) Samedata(andlines)asin Figure 3.19B with,
additionaly, the solution of Eq. (3.22) (dash-dots-."), which reachesa slightly higherpeak,andis
almostindistinguishablefrom the soluion of Eq. (3.7) (solid line).
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700

Figure 3.21: Sameas Figure 3.2 with N(0) = 5N,.. Top: peakintensty. Bottom: Iso-surfice
|A1]? = 10. Thedashedine is the pointwherethe beambreaks-upnto two filaments.
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3.4 Random multiple filamentation

3.4.1 The Bespalo-Talanov model

In 1966Bespale andTalanos suggestethatnoisein theinputbeamis the symmetry-breakingnech-
anismthat leadsto multiple filamentation[5]. Their analysiswasbasedon the assumptiorthat, to
leadingorder theelectricfield is a plane-vave, i.e.,

Ei(x,y,2) ~ e io’r a = const . (3.23)
Using this assumpbn, they shaved that certainfrequenciesare linearly unstable. From this they
concludedhat:

. in a nonlirear dielectric [Kerr medium]amplitude-phas perturbatons of a plane
electiomagnetic wavebring aboutits decayinto individual beams”.

In otherwords, the noise-drven instablities would breakupthe cylindrical symmetryof the beam,
ultimatelyleadingto multiple filamentation

At presentthe Bespalo-Talano explanationis the standardandonly, explanationfor multiple
filamentationof laserbeams Surprisingly until now this explanaton hasnotbeencorroboratedising
numericalsimuations. Testingtheir explanationnumericallyrequiresa (2+1)D simulaton becausef
theinput noise. Althougheven (1+1)D simulations(i.e., usinga cylindrically-symmetic code)were
difficult in the 19605, (2+1)D simulationsbecamepossiblein the 1980s. Onecanonly speculateas
to why this explanation hasnotbeentesteduntil now. Onepossilbe reasorfor thisis thatby the 1980%s
their explanation hadalreadybeenacceptedsthetrue explanaton for multiple filamentationwithout
doubt.

We now numericallytestthe Bespal@-Talanos modelfor multiple filamentation.To do that, we
solvetheunperturbed\LS (2.16)with ahigh-pover([i.e., N(0) > N.] cylindrically-symmetricdGaus-
sianinput-beamto which we addrandomnoisebothin ampliudeandin phasej.e.,

Ay(z,y, 2 =0) = 2¢/N(0) e~ @) | 1+ ¢ * noise(z,y) | | (3.24)

where N (0) is the noiselessnput power, noise(zx, y) is arandomcomple-valuedfunction (seeSec-
tion 6.1 for moredetails),andthe constant: determineghe noiselevel (¢ <« 1). Although we have
mademary simulatonswith high-paver input beamsand randomnoise, we seeneitherevidence
for multiple filamentationnor evenmild instablities. Rather the beamcornvergesto a cylindrically-
symmetic profile asit blows-up(seeFigure3.22andFigure3.23).
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Apparently themajorweaknessf the Bespale-Talanw arguments thatit assumeshat,to lead-
ing order the electricfield is a plane-vave (3.23). Underthis assumpon (which implies infinite
input power) the self-focusingprocesf the field doesnot dependon the trans\ersedynamics,i.e.,
&1, + |E12& = 0. As aresult,instabilties cangrow while the leadingorder solution remainsun-
changedThisis notthe case however, for a propagaimg beam wherethetranswersedynamcs of the
beamdomnatesthe evolution of thenoise.

10

— — Gaussian
—— Gaussian+noise

2
max, 1A, (xy.2)l

0 0.029
Y4

Figure 3.22: Blow-up in the NLS (2.16) of high-paver input beams(3.24) with noise (solid line,
¢ = 0.1) andin theabsenc®f noise(dot-dashedine, ¢ = 0) is very similar. Here N(0) = 15N.,.

Figure 3.23: Contourplots of |A;(x,v, z)|* of the solutionof Figure 3.22at (A) = = 0 and(B)
z = 0.026.
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3.4.2 Noiseand a saturating nonlinearity

In 1968,MarburgerandDawes[48] shavednumericallythatintenseGaussiatheamgropagatigin a
Kerr mediumwith saturablenonlinearity do not collapse pbut insteadgo throughfocusing-defocusig
cycles. In addition,they shavedthatthe trans\erseprofile of the beamcandevelopa concentricing
structure. Althoughthey pointed out therelationbetweera ring structureandtheformationof small-
scalefilaments,they could not demonstratehis numerically becauseheir codewas cylindrically
symmetic. Thisrelationwasestablishedn 1979,whenKonm andSuzukisolvedthe saturatedNLS
usinga Cartesiargrid andshavedthatthering structures indeedunstablg40]. Later, usingbothnu-
mericalsimulationsandan approxinate stability analysis Soto-CrespoWright andAkhmedev [58]
shavedthatthetransitionfrom cylindrical symnetry to multiple filamentationis associatedavith the
appearancef a spatialring. Multiple filamentationdue to noisein the input beamand nonlinear
saturatiorwasalsoobseredin [2, 35,47, 51, 60Q].

In orderto comparemultiple filamentationdueto vectorialeffectswith the oneto noise,we solve
thesaturated\NLS
A * A

A AA+ ———
1A, + A1 1+1+€\A1\2

=0, 0<e<1 (3.25)

with high-powver noisy input beams(3.24). For example,whene = 0.01/In2 andc¢ = 0.02, we
obsene pseudanultiple-filamentationrwhen Ny ~ 10N, (Figure3.24)andgenuinemultiple filamen-
tationwhen N, ~ 14N, (Figs.3.25and3.26). Thereforefor thesevaluesof £ andc, thethresholdor
multiple filamentatiorlies betweenlON,. and14N, .

We carryadditioral simulatonsof Eq. (3.25)with thesamevaluesof € andc in therangel4 N, <
N(0) < 120N, . Thesesimulationssuggesthatnoise-indicedmultiple filamentations characterized
by a powerful centralon-axisfilament,from which less-paverful off-axis filamentssplit. After mul-
tiple filamentationoccurs,above half the input power remainsin the on-axisfilament. The off-axis
filamentsarelesspowerful, asthe power of eachis belov one-tenttof theinputpower. In additin, a
significantamountof power is radiatedto the backgroundaswasalsoobseredin [60]. We notethat
evenwhenthe power of the on-axisfilamentis muchlargerthan14N, (i.e., above theinitial thresh-
old for multiple filamentation) no additioral splitting occurs.This obsenation showvs that,ascanbe
expectedthe effect of input noisediminisheswith propagatio.
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Figure 3.24: Solutionof Egs.3.25with ¢ = 0.01/1n 2 with the input beam(3.24), where N(0) =~
9.75N, andc = 0.02.
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Figure3.25: SameasFigure3.24with N(0) ~ 14N.,.
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35
'.:r.' 15 =

Figure3.26:Iso-intensitysurface| A, |*> = 30 of thedatain Figure3.25. Notethatthebeampropagates
from right to left.

3.4.3 Astigmatism and saturation

In the previous sectionwe shaved thatinput noisecanleadto multiple filamentationin a saturated-
Kerr medium. In this sectionwe shaw thatinput astignatismcanalsoleadto (pseudcandgenuine)

multiple filamentationn a saturated-lkérr medium.
To studywhetherastignmatismcanalsoleadto multiple filamentationwe considertheinputbeam

Ad(x,y) = 2¢/CN, exp [ —(ex)? — ¢? ], (3.26)

where C' is constantand0 < e < 1 is input astignatism parameterfe = 1 correspondgo a
cylindrically-symmetricdnput beam).Our simulations of Eq. (3.25)shav thatinput astigmatsm can
leadto multiple filamentationwhenthe input power is severaltimes N _t. For example,Figure 3.27
shaws an astigmaticinput beamthat break-upinto two filaments. As with noise-initated multiple
filamentation during further propagatioreachof the filamentsundegoesfocusing-defocusig oscil-

lationsandis roughlycylindrically symnetric.

tWe notethattheeffective threshéd power for collapseof astigmatidoeamss higherthanfor cylindrically-symmetric
beamsby afactorof appoximately[0.2(e + 1/e) + 0.6] (se€[27]).
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Figure3.27: Isosurficeof | A, |? of the soluion of Eq. (3.25)with the astigmatt input beam(3.26),

£=0.01,e = 0.6, and(A) C = 2.5 [i.e,, N(0) ~ 4.17N_]; (B) C = 3 [i.e, N(0) = 5N,].

3.4.4 Noiseand nonparaxiality?

The saturationof the Kerr nonlinearity hasbeenobsened experimentaly for only somematerials.
For example, Yau, Lee and Wang reportedrecentlythat the nonlinearityfor Sapphirecrystalis of

theform (3.25). However, thereare othermaterialsfor which the assumptn of nonlinearsaturation
doesnot have a solid phystal justification. Therefore a naturalquestionis whethemoisecanleadto

multiple filamentationn theabsencef saturation.To answetthis questionve studythe possibiity of

multiple filamentatiorfor abeampropagatingn the presenc®f nonparaxiality(but without vectorial
effects),i.e,,

1
1A, +ALA + |A1|2A1 = —Zf2A1,zz . (3.27)

We remarkthat vectorial effects are always presentin physicalself-focusing. Our purposehereis
to analyzethe ability of the noisemechanisnto causemultiple filamentation.In (3.27) we neglect
vectorialeffectsin orderto assurdahatif multiple filamentationoccurs,it occursbecausef theinput
noiseandnot becausef vectorialeffects.

Whenwe solve Eq. (3.27)we do not seemultiple filamentation.For example we solve (3.27)with
aninput beamwith N(0) = 20N, and10% noise. As canbe seenin Figure 3.28,the beamforms
aring at an early stageof the propagationwhich is followed by corvergenceinto a singlefilament
that undegoesfocusing-defocusingscillations during further propagation However, in spite our
simulations,we believe thatmultiple filamentatiormaybe possble with nonparaxialityandnoise for
the following reason.All of the multiple filamentationsimuationsshowv that multiple flamentation
is precededby ring formation, which strongly suggesthat the ring structureis unstableto small
perturbations. As Figure 3.28 doesshaw ring formation, it is possilke that noise-drven multiple
filamentationin the presenc®f nonparaxialitydoesoccurwith higherinputpower.
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-1 -

Figure3.28: Intensityof soluion of Eq.(3.27)with f = 0.1 anda noisyhigh-paverinputbeamasin
Figure3.12.

Remark. As we have seen,in the caseof linear polarizationvectorial effectsresultin anisotropic
termsin the modelequation(3.7). In contrast,n Section4.6 we shav thatfor the caseof circular

polarization vectorialeffectsresultin isotropic termsin themodelequation4.27). Thus,thosevecto-

rial effectscannotieadto multiple filamentationby themseles However, in Section4.6 we shav that
noisewith nonparaxiabandvectorial(circularpolarization)effectscanleadto multiple filamentation,
evenin theabsencef a saturatiormechanism.

3.5 Vedorial effectsand/or noise?

As we have seen,regardlessof whetherthe symmetry-lbeakingmechanismis vectorial effects or
noisein theinputbeam multiple filamentationalwaysoccursaftertheformationof aring duringthe
defocusingstage. Becauisea ring structureis unstable,jt canbe broken into multiple filamentsby
symmety-breakingmechanisms.

Thereare,however, significantdifferencebetweemultiple filamentationnducedby vectorialef-
fectsandby noise.Themostimpartantdifferences thattheformeris adeterministt processhereas
the lateris a randomone. Therefore whenthe input beamis cylindrically symnetric (‘clean’ input
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beam)the filamentationpatternis reproduciblein the caseof vectorial-inducedilamentsbut varies
from experimentto experimentin the caseof noise-indeedfilaments.Anotherdifference which can
be utilizedto determineexperimenally the mechanisnof multiple filamentation(seeSection3.6) is
thatvectorialeffectsinducea preferreddirectionin thetrans\erse(z, ) plane,whichis thedirection
of inputbeampolarization.

Our simulationssuggesthat the thresholdpower for multiple filamentationcausedby vectorial
effectsis significantlylower thanthe one for multiple filamentationcausedoy noise. For example,
simulationsof Eq. (3.25)with ¢ = 0.01 andnoiselevel of ¢ = 0.02 do notleadto multiple filamen-
tationwhenN(0) < 10N, , but do leadto multiple filamentationwhen N (0) > 14N.. In contrast,
in the vectorialcasewith f = 0.05, we alreadyobsenre multiple filamentationwhen N(0) = 4N,.
Thus,multiple filamentationat thesdower powersis morelik ely to betheresultof vectorialeffects.

Anotherdifferenceis thatin vectorial-inducednultiple filamentation regardlesof whetherthere
is acentralfilamentafterthesplitting (Figure3.12)or not (Figure3.8),all filamentsareof comparable
power, whichis belowv 3.6 V... In contrastnoise-induceanultiple filamentationis charactezedby a
powerful centralfilamentwhich hasabouthalf theinputpower, andsignificantlyless-paverful off-axis
filaments.

In addition,becausdothvectorialeffectsandnoisetake partin multiple filamentatiorexperiments
andeachof thesetwo mechanismgan,in principle, leadto multiple flamentationon its own, it is
naturalto askwhetherthey cancooperatdo causemultiple filamentation. To answerthis question
we solve Eq. (3.7) with a noisyinput beamwhosepower is slighty below the thresholdfor multiple
filamentation. We recall that in the casewherethe input beamis symnetric (i.e., without noise),
f =10.05,andN(0) = 3.75N, thenring formationis followed by pseudanultiple filamentation(see
Figure3.7). In contrastwhennoiseis addedto the input beamthe beamundegoesgenuinemultiple
filamentation(seeFigure 3.29). Therefore,in this simuation, noise cooperatewith the vectorial
effectsto lower thethresholdoower for (genuine)multiple filamentation.
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Figure3.29: Iso-surficeof |A;|? = 15 of the solutian of Eq. (3.7) with f = 0.05 andthe noisyinput
beam(3.24)with ¢ = 0.1 and N (0) ~ 3.78N,.

3.6 An experimental test

Theresultspresentegofar shav thatmultiple filamentationcanresultfrom eithervectorialeffectsor
from noisein the input beam. Therefore,in theory whenall parameter®f a multiple-filamentation
experimentareknown, onecanusenumericalimuationsto determinavhethethemechanisnbehind
multiple filamentationis vectorialeffectsor noise.However, atthe high input powersassociatedvith
multiple filamentation,other physcal mechanisrma (e.g., plasmagenerationtime-dispersion,etc.),
which arengglectedin both models,canalsobecomemportant. Thus,our modelmight not capture
all therelevantphysts, in which case,its reliability in determinng the mechanisnbehindmultiple
filamentationis lessclear

In orderto overcone this difficulty andbe ableto determinewhethervectorialor randomeffects
are the physicalmechanisnmbehindmultiple filamentation,we proposethe following experimental
test. This testis basedon the obsenrationthat vectorial effectsare the only metanismneglectedin
the derivationof the NLS modelthat breaks-upthe cylindrical symmetrywhile inducinga preferred
directionin anisotropc homogeneoumedium(the directionof inputbeampolarization).Therefore,
if multiple filamentations causedy vectorialeffects,then

1. Thefilamentationpatternin thetrans\erseplaneshouldpersistoetweerexperiments.

2. Whenthe direction of linear polarizationof the input beamis rotatedin the trans\erseplane
betweerexperimens, the filamentationpatternshouldfollow the samerotation.

3. Whena beamsplitsinto two filaments,the spliting shoull occureitheralongthe directionof
initial polarizationor perpendiculato it (seeFigs.3.9and3.11).

In contrast,when multiple filamentationresultsfrom randominstabilties, the filamentationpattern
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shouldvary betweerexperimentsandbeindependentf thedirectionof initial polarization.
We notethatin the multiple-filamentatiorexperimens in [52], Nowak andHamobsenedthat

“the ... [filamen{ patterns... althoughrandomin appeaance were perfectly repro-
ducibleshotto shot”.

A similar obsenation wasreportedby Brodeur llkov and Chin [14]. Becauseof this obsenation,
Nowak and Ham conjecturedthat multiple filamentationwas dueto small in-homaeneitiesin the
medium. However, our study shaws that this behaior is also consistentwith the vectorial effects
explanationfor multiple filamentation.

input polarization

A(x.y.2=0) = [s,,0,0] A(x.y.2=0) = [ip,0S(6), Y Sin(8).0]
N
(@) ©) 0
(1,0,0) «° iﬁ \
y E—— y
X X

filamentation pattern

© (d)

a -

X X

Figure3.30: An experimenal testfor identifying determinisc multiple filamentationcausedy vec-
torial effects. Let alinearly polarizedinput beam(a) whosedirectionof linearpolarizationis (1, 0, 0)

propagaten a Kerr mediumandlet (c) befilamentationpatternat somepropagatiordistance Rotate
the input polarizationto (cos #,sin 6, 0) (b) and repeatthe experiment. If multiple filamentationis

causedy vectorialeffects,thefilamentationpatternshouldfollow the samerotation(d).



Chapter 4

Circularly polarized input beams

The NLS modelis derived underthe assumptn thatthe beamis linearly polarized In 1966Close,
Giuliano,Hellwarth,Hess McClung,andWagner{21] conductedxperimens with intensecircularly
polarized inputbeamspropagatig in Kerr media,which suggestdthatcircularpolarizationis unsta-
ble. Closeet al.alsoproposeca mathematial modelfor self-focusingof circularly polarizedbeams,
whichthey usedto explainthe obsenedinstabilty of circularpolarization.Theirmodelwasa system
of two coupledNLS equationdor the two circular polarizationcomponerd. Subsequenteoretical
studieshave usedthe samesystemof equationsasCloseetal., but obtainedcontradictoryresultswith
regardto circularpolarization(in)stability. As aresult,to thesedaysthereis someconfusionin the
literaturewith regardto circular polarizationstability. Remarkablythe only thing that was always
agreeduponwasthe Closeet al. modelitself. As we shaw in this study however, this modelis based
on problematt assumpbns,andit canleadto wrongresults.Hence previousstudiesusedthewrong
modelfor studyirg circularpolarizationstability.

This chapteris organizedasfollows (seealsoFigure4.1 andseeTable2 in Section0.1 for nota-
tions). In Sectiord.1we describethe contradictoryresultsof previousstudieson circularpolarization
stability, all of which werebasedon the Closeetal. system(4.3). In Section4.2 we systematally
reducethevectorHelmholiz equatiorto the new system(4.10)thatmodelsself-focusingof circularly
polarizedbeams.Similarly to the Closeet al. system(4.3), the new system(4.10)takesinto account
the couplingto the opposie-circularcomponenti.e., the onerotatingin the opposie direction). Un-
like (4.3),however, thenew System(4.10)alsotakesinto accounbeamnonparaxiali, thecouplingto
theaxial componentandthe contribution from the grad-dv term. Using (4.10)we show thatcircular
polarizationis stable.We alsoshav thatthe assumptinson which the derivation of the Closeet al.
System(4.3) is basedcanbe physcally incorrect. In Section4.3 we prove thatwhennonparaxiality
the couplingto theaxial componentandthe grad-dv termsareneggligible, Systemg4.3),(4.10),and



50 CHAPTER 4. CIRCULARL Y POLARIZED INPUT BEAMS

the simplersystem(4.20) areasymptottally equivalent, andthat solutionsof thesesystemsanun-
demgo collapse.n Section3.3we usemodulatian theoryto describehe dynamicsof a singlefilament
with the reducedsystemof ODEs(3.16), which shawvs that nonparaxiality the couplingto the axial
componentandthe contribution from the grad-dv term arrestbeamcollapseandleadto focusing-
defocusingoscillaions. In Section4.5 we usenumericalsimulatons of System(4.10) to confirm
the stability of circular polarizationandthe predictionsof modulaton theory Thesesimulatonsalso
demonstrat¢hat System(4.3) canleadto wrongpredictions.

As we have shavn in Section3.2,the preferral directionin thetrans\erseplanethatis inducedby
linearly polarizedinput beamscanleadto deterministt multiple filamentation evenwhenthe input
beamsare perfectly cylindrically symnetric. In this chapterwe show that,in contrast,cylindrically
symmetic, circularly polarizedinput beamscannotundego multiple filamentation becausen that
casethe input polarizationstatedoesnot induce a preferreddirectionin the trans\erseplane. In
Sectiord.6 we shav thatwhentheinputprofileis cylindrically symmetrichena smalldeviation from
circularpolarizationis unlikely to leadto multiple filamentation However, smallimperfectionsn the
input profile, suchasinput noiseor astigmatsm,canleadto multiple filamentation.

vector
Helmholiz (2.11)

et

(new) single (new)
System(4.10)| filament | ODEs(3.16)

N

(new) (new)
System(4.16) scalarequation(4.27)

O(gj)/ yigz)

Closeetal.| O(e?) |(new) simpler
(4.3) -~ (4.20)

Figure4.1: Schematioutline of thederivation f = 1/ryky ande measurethedeviationfrom perfect
circularpolarization[seeEg. (4.6)].
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4.1 Polarization (in)stability - historical background

Strictly speaking anintensecircularly polarizedinput beamthat propagatesn a Kerr mediumdoes
not remaincircularly polarized.Indeed the vectorKerr effect (2.12) canbe rewritten in termsof the
circularcomponentss

o 4 n o >
P, = ?Tﬁ? [<|6+|2+|5_|2+|83|2)e+v(26+5_+6§>6* :

wheretheleft-circular (+) andright-circular(—) componentgaredenotedy

Si(x,y,z) = % (81 + 7'52 )7 (41)

with the correspondingnput components? (z,y) = &.i(x,y,2 = 0). Thus,&,, £, and&; are
nonlinearlycoupledthroughthe vectorKerr effect (2.12) andlinearly coupledthroughthe grad-dv
termin Eqg. (2.11a). Therefore evenif initially £° = 0 then£_ doesnot remainzerofor z > 0. In
addition,in practicetheinputbeamis never perfectlycircularly polarized.Therefore a morerealistic
representatioof circularly polarizedinputbeamss £9 > £° .

All the previous studiesof circularpolarizationstability includedthe coupling of £, to £_, but
neglectedthe coupling of £, to the axial componen€; andthe grad-dv termin (2.11a),i.e., they
assumedhat

E <&, &<E, V(V-&<kE,. (4.2)

Undertheassumptioa(4.2),EqQs.(2.11)—(2.12yeduceto thetwo coupledequations

4k§n2

Agi + kggi + m

[ ELP+ (1 + 27)\5¢|2] EL=0.

Thesestudiesalsousedthe slowly-varyingenvelopest . = A. (,y, z) e*0* andthe paraxialapprox-
imation&,. ,, < ko€+ ., whichleadto thetwo coupledequationgor .4, andfor A_:

4k8n2
no(1+17)
System(4.3) hasbeenusedto determinewvhethercircularpolarizationis stable.As we now show, the

2iko Ay, + AL A + [ AL+ (1+29)|Az? } AL =0. (4.3)

resultshave beencontroversial.

4.1.1 The analysisof Closeet al.

In 1966 Close, Giuliano, Hellwarth, Hess,McClung, and Wagner[21] conductedexperimentswith
intensecircularly polarizedinput beamspropagatingn Kerr media. They obsered that“in every
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casestudied,the trappedlight from a beam,circularly polarized to betterthan 1 part in 200, was
markedly; if notcompletelydepolarizedas soonas self-trapping could be detected”.Moreover, “the
filamentpattern[...] suggesedthatead filamentmightconsistmainly of light linearly polarizedin
somerandomdirection”. In otherwords,they obseredthatcircularpolarizationis unstableandthat
during self-focusingcircularly polarizedbeamsormedfilament(s)thatarelinearly polarizedin ran-
domly orienteddirections(seeFigure4.2).

circularly polarized randomly oriented
input beam linearly polarized filamen

self-focusing

Figure4.2: Theexperimentalbbsenation of Closeetal. [21].

Closeet al. suggestedhe following theoreticalexplanaton for instabilty of circular polarization
obseredin theirexperimens. From(4.3)it followsthattheeffective changeof thenonlinearefradive
index of A. is givenby

ony = 1+ ‘Ai|2 +(1+ 27)|A:F‘2 ‘ (4.4)
0

When~ > 0 thecoeficientof thesecondermin thebracletsof Eq. (4.4)is largerthanthecoeficient
of thefirstterm*. Therefore Closeetal. concludedhatwheny > 0 then:

1. Self-focusingof the wealer-circularcomponents fasterthanthatof the strongercircularcom-
ponent.As aresult,eventwally a balances reachedvhere| A, | ~ |.A_|, which correspondso

linearpolarization

2. Linearpolarizationis stablewherea<ircular polarizationis unstable.

*Notethat~ is positive for mostliquids [56, Chp.17].
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4.1.2 Subseqent studiesof (4.3)

Wagner Haus,andMarburgerusedthe aberrationlesapproximatbn to approxinate (4.3) with a sys-
tem of ODEs[63]. Basedon theseODEsthey concludedthat the self-focusingdistance(i.e., the
distancefor beamcollapse)is “sensitve’ to small departuregrom circular polarization. This result
suggestshatcircularpolarizationis unstable However, it wasnotedin [63] thattheaberrationlesap-
proximaton is a only roughapproximatiorof self-focusingdynamicg. PrakasrandChandrg54] as
well asVlasov, Korobkin, andSeror [61] studied(4.3) and,usingargumentssimilar to thosein [21],
reachedhe conclusionthat both linear and circular polarizationsare stable. Theseconclusionsare
consistentvith the experimentalobsenatiors of Meyer [49], aswell asof SkinnerandKleiber [57],
andof Golub,Shuler, andErez[36].

In 1970BerkhoerandZakharw [4] shaved thatthe power of eachcircularamplituce in (4.3) is
conseredduringthe propagationi.e., that

Nie) = [ 1Asf dody = N2 (0) (4.5)

This provesthataccordingto (4.3) circular polarizationis stablé for bothy > 0 andy = 0, because
N,(z)/N_(z) = N,(0)/N_(0) > 1. In spiteof this, the explanationof Closeetal. for instability
of circular polarizationhaspersistedn the NonlinearOpticsliteraturelong after 1970(e.qg.,in the
classicbook of Shen[56, Chp. 17]) and even up to thesedays. Remarkably the only thing that
wasalwaysagreeduponis the System(4.3) itself. The derivation of (4.3) is based however, on the
assumptns (4.2), which canbe physcally incorrect(seeSection4.2). Indeed,our simulatonsin
Sectiond.5shaw thatSystem(4.3) canleadto wrongpredictions.

4.2 Newmodelfor self-focusng of circular beams

In this sectionwe presenta systenatic derivaion of the new System(4.10)for propagatia of circu-

larly polarizedinput beamswhich we derive from thevectorHelmhotz model(2.11). System(4.10)

consistof two coupledequationgor thetwo circularpolarizationamplitudeswhich, unlike the stan-

dardCloseet al. model(4.3), takesinto accountnonparaxialitythe couplingto the axial component,
andthegrad-dv term.

t1t is now known thatapplyirg the aberratiofessappoximation to the 2D NLS canleadto completdy incorrectpre-
dictions[27]. Indeed,ournumerichsimulationsn Sectiond.5shaw thattheself-focusingdistances relatively insensitve
to the deviation from circularpolaiization (seefootnde in Sectior4.5).

tStrictly speaking power conseration doesnot imply that the intensityof A _ doesnot becomecomparableto the
intensityof A, . However, the numerical simulatiors in Section4.5 shawv that A _ does remainmuchsmallerthan 4
during the prgpagatio, in contiastto the qualitative argumentof Closeetal. .
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As in the caseof linear polarization(seeSubsectior3.1.1), a key dimensimlessparameterof
the modelis f = 1/kory. We areinterestedn the casewhereinput beamis almostleft-circularly
polarized,.e.,

/Y =0(), &)< &Y, (4.6)

wheres measurethedeviationfrom perfectinputcircularpolarization.Thereforetherearetwo small
parameterin the problem,i.e.,

f<1l and ek 1. 4.7)

Becausef ande aresmallwe canuseperturbationanalysisto simgify the vectorHelmhotz equa-
tion (2.11). To dothat,werescalehevariableqasin thecaseof linearpolarization)accordingo (3.4)
andobtainthe nondinensionakystem(3.5). In analogywith (4.1) we denotethe nondimensanalcir-

cularamplitudesby

Ai(x,y,z) = % ( Al + ZAZ ) (48)

andthe correspondingnputamplitudesby A% (z,y) = A+ (z,y,2z = 0).
Usinga carefulperturbatioranalysisof Egs.(3.5) we prove in AppendixC.1thefollowing result:

Lemma4.1. Let an almostcircularly polarized input beam[i.e., that satidies (4.6)] propagate in
a Kerr medium. Assumethat the rescaling(3.4) is valid and that f and ¢ are small. Thenthe
dimensiontssamplitudessatisfy

A_JA, = O(f?¢), (4.9a)
and
Az/Ay = % (iA+,I + Ay, > +O(f3,f). (4.9b)

Sincefrom Lemmad4.1it followsthatA_ < A, andA3; < A, for z > 0, we have thefollowing
result:

Proposition 4.2 (Stability of circular polarization - part I). Undertheassumpbnthattherescaling
(3.4)is valid, an almostcircularly polarized input beamremainsalmostcircularly polarized during
the propagation.
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Proposition4.2 shows that circular polarizationis stable,in agreementith Berkhoerand Za-
kharov [4] andin contrastto Closeet al. [21]. Moreover, whereaghe standardexplanaton of Close
et al.’s for instablity of circular polarizationassumeshat~y > 0, Proposition4.2 is independenof
thevalueof v. An obviousweaknes®f Propositiond.2is thatit is basedon theassumpbn thatthe
scaling(3.4) remainsvalid during the propagation.A-priori, the validity of this assumptions ques-
tionable,becausef the high intensties that can be reachedduring the self-focusing. However, in
Section3.3 we substariaite Proposition4.2 by proving that(3.4) remainsvalid during self-focusing.
Numericalsimulatbnsin Sectiord.5alsocorroboratehisresult.

We recallthatall the previousstudesusedSystem(4.3),whosederivation is basedntheassump-
tionthat&;/E_ < 1. However, from estimateg4.9)it followsthatE_/&; = A_/A; = O(f,e/f).
Thus,

Corollary 4.3. Where < f theassumpbnthat€; <« £_ iswrong

Indeed,in Section4.4 and Section4.5 we shav that System(4.3) leadsto completelywrong
predictionswhene < f. Moreover, we shav thatevenwhen f < ¢ this systemcanleadto wrong
predictiongseee.g., Figure4.5).

Usingtheestimateg4.9) we prove in AppendixC thefollowing result:

Proposition4.4. Letanalmostcircularly-polaizedinputbeam[i.e., thatsatisfes(4.6)] propagate in
a Kerr medium.Thento leadingorder A, (z, y, z) satisfythe coupledsystem

1 1 14+2
A, 4 ALAL + A PA = — ~fPA, L, — AP, (4.10a)
NLS for Ay nonparax coupling to B
2
— (1f+ | AVAAPA (VLA +APAA 4 ALA AL,

~
grad—div+-coupling to E3

1+ 2y 2
ALFAL =0, 4.10b
T A (4.10b)

- 7

A, +ALA_+
—_——

LS for A_

~
coupling to E4

whee

IVIALP = AP+ AL P (ViAy)? =A%, + A7,

Thetermsthatare neglectedin Egs.(4.10a)and (4.10b)are O(f*,ef%) andO(f?, &%), respectively
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Letusexplaintheorigin of thetermsin System(4.10).Eq. (4.10b)is alinearSchivdingerequation
for A_ with anonlinearcouplingto A, thatresultsfrom thenonlinearcouplingof £, to€_ in (2.11)—
(2.12).Whene = f = 0 System(4.10)reducego thefollowing NLS for A, :

1
/[:A'F,Z + AJ_A+ + —|A+|2A+ == O (411)
1+~

The A, ,, termon the right-hand-sideof Eq. (4.10a)is the nonparaxialtterm that comesfrom the
scalarHelmholtzequation.The secondermresultsfrom linearandnonlinearcouplingsof £, to £_
in (2.11)—(2.12Y. The remainingtermsin Eq. (4.10a)resultfrom the couplingof £, to £ andthe
grad-di term. In Section3.3 we shaow thatthe effect of the O(f?) terms,which areneglectedin the
Closeetal. system(4.3),dominategheeffect of thecouplingto £_.

As in the caseof linear polarization(seeSubsectior8.1.1),heretoo the O(f?2) on theright-hand
sideof (4.10a)do notvanishevenif oneassumeshatf = &3 = 0. Indeed,a closeinspectionof the
derivation of this equationshavs thatif we assumehaté_ = & = 0, thentheresultingequationfor
A, [insteadof Eq. (4.10a)]is

' 1 f2 f2
A, +A AL+ —— A PAL = —"A, ,,— ——A (A, PA) , 412
Ay, 1A+ 1+’y| +" A+ 4 201+ 7) 1(|A4AL) ( )

- vl

~
grad—div E4

wherethe secondermon theright-handsidecorrespondso the contritution of £, from thegrad-dv
termin thevectorHelmholiz equation(2.11a),which canalsobewritten as

f2
2(1+7)

f2
C2(1+9)

~
grad—div E4

AL(|A4124;)

TheremainingO( f?) termsin the squarebracletson theright-handsideof Eq. (4.10a)correspondo
the couplingto &. If only thosetermsaretakeninto account(i.e., neglectingnonparaxialy andthe
grad-dv-E, terms)theresultingequations

2

- vl

. 1
Ay +ALA + —— A PA =+
147

~
coupling to Es3

To recap,the O(f?) termsin the squarebraclets on the right-handside right-handside of (4.10a)

A closeinspectionof the derivation of Eq. (4.10a) shaws thatthe norlinear interactionbetweer€ ;. anditself in the
divegene termin Egs.(2.1)—(212) alsocontritutesto theseO(f 2) terms,i.e., thesetermsdo not vanishevenif one
assumethaté_ = &3 = 0 [seeEq.(C.19)in Apperdix C.2].
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correspondo the contribution of thegrad-dv-F, termandandthe couplingto £5:

f2
2(1+17)

AVIAPA, + (VIA )AL + A PALA, + 420,04, } (4.14)

~
grad—div+-coupling to E3

:LA (\A \QA) _
T2y T

TV vV
grad—div E coupling to E3

f? .
2(1 + 7) (VLA AL +[APALAL |

>y - 7

4.2.1 Power consewration

As mentionedn Subsectiort.1.2,BerkhoerandZakharw [4] shovedthatthe power of eachcircular
amplitweis conseredin the System(4.3). The sameholds,to leadingorder in (4.10). To seethat,
we multiply (4.10)by A%, integrateoverthe (z, y) plane,andsubtracthecomplex conjugatdo obtain
that

[ i acas )+ (104 - ac8,ay) | dsay = 0()

wherethe O(f?) error correspondso the O(f?) termson the right-handside of (4.10a). Using the
identity (|A+|?), = AL AL, + A A%, andGreens Theoremleadsto the conseration law

Nie) = [ [Auf dady = N2 (0) + O(). (4.15)

In otherwords,the power of eachcircularcomponents conseredwith O(f?) accurag. Since(4.6)
impliesthat N_(0) /N, (0) = O(£?), we concludefrom Eq. (4.15)that N_(z) /N, (z) = O(f?,&?),
i.e.,thatalmostall of thebeams powerremaingn theleft-circularcomponenturingthe propagatn.
As we have noted,strictly speakingpower conserationdoesnotimply thattheintensty of A  does
not becomecomparabldo theintensty of A, . However, the numericalsimulationsof System(4.10)
shov that A_ doesremainO(e) smallerthan A, duringthe propagatior(seeSection4.5).

4.3 Early stageof propagatian

During the early stageof the propagatiorthe O(f?) termsin System(4.10)aresmall andthe model
canbesimplified by settingf = 0. Theresultingsystemof equationss

1
'iA+,z + AJ_A+ + m ‘A+‘2 + (1 + 2’}/)‘14_‘2 A+ =0, (4163.)

1+ 2y

A_, + A A
1A, + A +1+7

1AL [2A_ = 0. (4.16b)
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Below we prove thatsolutions of (4.16) canundego catastrophicollapse.Therefore the simplified
model(4.16) canbe usedfor the early stageof the propagatio, but fails to describethe propagatn
nearandbeyondtheblowup point.

We note the Systems(4.3) and (4.16) are almostidenticafl, the only differencebeingthat the
equationfor A_ in (4.3)includesthe |[A_|?A_ term. This termsis negligible, however, becaust is
O(e?) smallerthanthe |A,|?A_ termin (4.10b). Indeed,numericalsimulatonsin Section4.5 shawv
thatsolutiors of Systemg4.3)and(4.16)arealmostindistinguishable.

4.3.1 Collapseof circularly polarized beams

We now prove thatsoluionsof (4.16)cancollapseatafinite propagatio distance.To do that,wefirst
obsenethat(4.16)conseresthetwo povers N, (z) [see(4.5)] aswell asthe Hamiltonian

- ) o1 / )
H(z) = /(\VA+|+\VA—|)dxdy sy | 1A ey

1+ 2y
2(147)

Thelatteris proved by multiplying (4.16)by A; ., , addingthetwo equationsandtheir complex con-

/|A+|2|A_|2dxdy. (4.17)

jugatesijntegratingover the (z, y) plane,andtakingtherealpart.

In addition,we have thefollowing result:
Lemma 4.5 (Variance Identity for (4.16)). Let AL (z, y, z) bethesolutionof (4.16)andlet
V() = [(AL + 1A P& + o) dody (4.18)
beits variance Then
V,, = 8H(z), (4.19)
wheee H(z) is definedby (4.17).

Eq. (4.19)canbe provedby differentiatingl’(z) twice with respecto z, using(4.16)to replacez
derivativeswith trans\ersederivatives,andintegratingby parts.

As in the caseof the NLS, from Hamiltorian conseration (4.17)andthe varianceidentity (4.19)
it follows thatwhen H(0) < 0 the variancewould becomenegative at a finite propagatiordistance.
Sinceby definition the variancehasto be posiive, this implies that the solution blows up at a finite
propagatiordistance:

YIndeed roughly speakiny, f = 0 correspndsto assumption§4.2) andthe paraxialapproimation.
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Proposition4.6. Let H(z) begivenby (4.17).ThenH (0) < 0 is a suficientcondition for collapseof
solutionsof (4.16).

A similar result,of course holdsfor System(4.3):

Proposition4.7. Let AL (z, y, z) bethesolutionof (4.3)andlet H (z) begivenby

1
[ AL dady

H(z) = / (VAL + VA dody - 5

1+2
50 + 27 /|A+| A dady.

ThenH(z) = H(0) andV,, = 8H(z), wher V(z) is givenby (4.18). Theefore, H(0) < 0isa
suficientcondition for collapseof soluionsof (4.3)

Remark. Propositons4.6and4.7 shawv thatthe couplingto £_ doesnot arrestthe collapse.In fact,
becauséhecouplingtermto A_ in thesquarebracletsin (4.16a)appearsvith apositve coeficient, it
accelentesthecollapse.In Section3.3we shav that,in contrastthe combired effect of the coupling
to £3 andthegrad-dv termcanarrestthecollapse.

4.3.2 Thresholdpower

Becausethe |A_|?A, termin (4.16a)is O(¢?) small comparedwith the |A, |24, term, to leading
orderthis termis negligible and System(4.16) canbe further approximatedvith the semi-decoupled
system

1
Ay, +ALAL+ ?|A+|2A+ =0, (4.20a)
142
AL+ ALA + 1+ Y 14,24 =0, (4.20D)
Heretheequatiorfor A, is decoupledrom A_. If werescaled, in (4.20)as
W(x,y,2) = (1+7) A (z,y,2) (4.21)

then (4.20a)becomegshe NLS (2.16), shawving that the thresholdpower for collapseof circularly
polarizedbeamss

N& = (14 ~)N.. (4.22)

In dimensonalvariableghis thresholdpower is givenby
2

»Pcirc —

c

1+ ~)N,, 4.23
47Tn0n2( +7) ( )

wheren = ngy + nol, and/ is theintensity
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4.4 Singlefilament dynamics

Similarto Section3.3, we canusemoduhtiontheoryto describethe dynamcs of a singlecircularly-
polarizedfilament, whosepower is not much higherthan N¢™. By applyingmodulaton theoryto
System(4.10)we prove in AppendixD that

Proposition4.8. Whenf, s <« 1 self-focuaiag dynamicsof a single circularly-polarizedfilamentis
given,to leadingorder, by thereducedsystenof ODEs

Lzz(z) = _ga
) (4.24)
o) = LG £ OB (L) 40 (o),

whee 8 < 1, M =1 [ 2 R2pdp ~ 0.55, Cronparax = 1, Cuec ~ 16/3,andCp_(2) = O(f2, ¢).
0

Inspectionof the derivation of (4.24) shavs thatthe termswith Conparaxs Cvec, @aNdCg_(z) cor-
respondto the nonparaxiality grad-dv term and couplingto £3, andcouplingto £_ in EqQ. (4.10a),
respectrely.

Basedon (4.24)we make thefollowing obsenrations

1. Toleadingordet nonparaxialitythegrad-dv term,andcouplingto £5 have thesamequalitative
effect on self-focusingof a single filament. This obsenationis surprising,becausetthe PDE
level[i.e., System(4.10)] theexpressimscorrespondingo nonparaxialityandto couplingto £3
arecompletelydifferent.

2. Cyec = 5.3Chonparax- Thus,System(4.24)shows thatthe combinedeffect of the grad-di term
andthe couplingto &3 is morethanfive timesstrongeithannonparaxialiy.

3. Whene <« 1 theterm correspondindgo Cg_ is muchsmallerthanthe othertermsin (4.24).
Therefore System(4.24)shavs thatthe couplingto £_ is negligible comparedvith nonparaxi-
ality, the couplingto &3, andthe grad-dv term. We thusseethatthe Closeet al. model(4.3) is
wrongevenwhens > f.

4. Exceptfor the smalltermthatcorrespondso the couplingto £_, System(4.24)is independent
of 7. Indeed,if onenegglectsthe couplingto £_ in Eq. (4.10a)andrescalesA, asin (4.21)
then~ is “eliminated” from therescaledequation.Thus,we seeagainthatthe valueof v (i.e.,
whetherit is zeio or positive)hasno effecton circular polarizationstability, in agreementvith
BerkhoerandZakharw [4] andin contrasto Closeetal. [21] (seeSection4.1).
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If we ngglectthe couplingto £_ (i.e., setCr_ = 0), then(4.24)is the sameas (3.16), the only
differenceis in the constantsorrespondindo the vectorialeffects. Therefore we canconcludethat
collapses arrestedy nonparaxialityandthe contritution of £, from the grad-dv term, followed by
focusing-defocusingscillatinswhen H(0) < 0. In addition, the minimal filamentwidth is L., ~
L(0) f/N&x¢(Chonparax + Cvec)/4MB(0) . Since3(0) < 1, evenat this stagethe magnitudeof the
O(f?) termsin (4.10)is O(3(0)) smallerthanthatof theNLS termsA ; A, and|A|?A,, providing
ana-posterori justificationfor treatingthe right-handsidetermsin (4.10)assmall perturbationgand
shawving that

Corollary 4.9. Thescalingof thevariables(3.4) remainsvalid during the propagation.
This enablesisto remove theassumptia in Propositon4.2:

Proposition 4.10(Stability of circular polarization - part 11). Whenanalmostcircularly polarized
filament[i.e., thatsatisfieg4.6)] with powermodeatelyabove N ¢ propagatein a Kerr mediumthe
filamentremainsalmostcircularly polarized(i.e, A_ < A,) forall z > 0.

Finally, we recallthatthe O( f2) termsin Eq. (4.10a)correspondin part,to the contritution of £,
from the grad-dv termin the vectorHelmholtz equation(2.11a),which doesnot vanisheven when
&_ = & = 0. A closerinspectim of thederivation revealsthatCec = Cgraa—div 5, + Cg,, Wherethe
constants .

Corad—aiv B, =8 and Cg, = —-

3
correspondo contritutionof £, from thegrad-dv termandthe couplingeffectsto €5 [seeEq.(4.14)].

Thisresultis surprising becausé showvsthatthe defocusingeffect of the contritution of £, from the
grad-dv is eighttimesstronger thannonparaxiality Also surprisingis thatthe effect of the coupling
to &5 is weaklyfocusing sinceCp, < 0.

4.5 Stability of circular-polarization - simulations

In this sectiorwe confirmPropositon4.10andthepredictionsof modulatio theory by solving (4.10)
for thealmostcircularly polarized Gaussiannputbeams

A (z,y) = /N0) eV (1 + &), (4.25)

wheretheinputpower N (0) is moderatelabove N&™ (4.22)ande is theinput“ellipticity angle”(i.e.,
¢ = 0 correspond#o a perfectlyleft-circularly polarizedoeam).Below we studydifferentasymptadic
regimesof the parameterg’ ande.
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Figure 4.3A confirmsthat whennonparaxialiy andthe couplingto the axial componentare ne-
glected(i.e., f = 0) solutiors of Systemg4.3), (4.20),and(4.16)canundego catastrophicollapse,
andthatthesolutiors of thesethreesystemsarealmostindistinguishablgseeSection4.3). Figs.4.3B
and4.4shov that A_/A, = O(e), i.e., thatthe solutilms remaincircularly polarizedto leadingor-
der As theintensityof A, grows duringthe self-focusingprocessthe intensiyy of A_ alsogrows
becausef the couplingto A, . However, A alwaysremainssmallerthan A, becauset hasinsuf-
ficient power for an independentollapse(seeSubsectior.2.1). Figure 4.4 also confirmsthat A .
approachea modulatedlTownesprofile duringthecollapsej.e.,

A (2,9, 2)| ~ /1 +vﬁR(LZZ)), (4.26)

where R(r) is definedin Eq. (2.20), which justifiesthe application of modulatbon theory (seeSec-
tion 3.3).

Wheno < f <« ¢ onemightexpectthatthecouplingto A_ in (4.10)would dominatethe coupling
to A3 andnonparaxiality In fact, quitethe opposites true. When f > 0 the pictureof self-focusing
completelychangesbecausehe O( f?) termsin (4.10),which correspondo nonparaxialityandthe
couplingto As;, arrestbeamcollapseandleadto focusing-defocusingscillations, as predictedby
modulaton theoryin Section3.3 (seeFigure4.5A). In addition the beamremainsalmostcircularly
polarizedduringpropagatn (seeFigure4.5B). Thus,evenin thisregime System(4.3) leadsto wrong
predictions.

When f = O(e) andwhen f > ¢ the pictureis qualitatvely similar to thecasel < f < ¢
(seeFigs.4.6 and4.7). Moreover, the valueof ¢ seemdo have negligible quantitaitve effect on the
dynamicsof A, ascanbe seenby comparingFigs. 4.5A and4.6Al. Finally, focusing-defocusig
oscillatonsandcircularpolarizationstability arealsoobseredwhentheinput poweris muchhigher
than NS, aregimethatis formally beyondthe validity of moduhtiontheory(seeFigure4.8).

IThis compaisonalsoshaws thatthe deviation from circularpolaizationhasa smalleffect onthelocationof the(first)
focal poirt (seefootnotein Subsectior.1.2)
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Figure4.3: Solutionsof System(4.3) (dashed)System(4.16)(dotted),andSystem(4.20)(solid): (A)
on-axisamplitude;(B) deviation from circularpolarization.Herey = 0.5 andtheinputbeamis (4.25)
with e = 0.1 and N (0) = 1.5N&,
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Figure4.4: | A, | (solid) corvergesto themodulaed Townesprofile (4.26)(dots)duringbeamcollapse.
Dashedineis |A_|/e. Shovnis thesolutionof (4.16)from Figure4.3.
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Figure4.5: Solutionsof System(4.10): (A) peakampliudesof A, (solid) and A_ (dashed);(B)
deviation from circular polarization. Samey andinput beamasin Figure4.3 with f = 0.01 and
e=0.1.
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Figure4.7: SameasFigure4.5with f = 0.1 ande = 0.01.
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4.6 Multiple filamentation

In Section3.2we shavedthatthe preferreddirectioninducedby linearly polarizedbeamscanleadto
multiple filamentation evenof cylindrically symmetricinput beams Let usnow considerthe “ideal”
caseof a circularly polarizedinput beamwith a cylindrically-symmetricprofile. Sincein thatcase
neitherthe mediumnor the input beaminducea preferreddirectionin the (z, y) plane,we canmake
thefollowing obsenation:

Corollary 4.11. Let a circularly polarized, cylindrically-symmetrianput beam(i.e., A% = A% (r)
and A° = 0) propagate in a Kerr medium.Thenthebeamremainscylindrically symmetriauringthe
propagation. In particular, the beamdoesnot undego multiple filamentatia.

In the caseof a cylindrically-symmetricinput profile (i.e., A. = A%(r)) with a smalldeviation
from circular polarizationstate(i.e., A2 < AY%), the beamwill notremaincylindrically symmetric
during its propagationbecausehe initial condition £ of the vector Helmholtzmodel(2.11)is not
rotationinvariantasa vectorentity. However, becauséqs.(4.10)areisotropc, whentheinput profile
is cylindrically symnetric, thenaccordingto (4.10)the beamwould remaincylindrically symmetric,
i.e, AL = Ayi(r,2) for all z > 0. This differenceis causedby the anisotrofic O(e f?) termsthat
arengglectedin (4.10a),which accountfor the symmetry-breakingn the Helmholtzmodel(2.11) **
Thus,we concludethat

Corollary 4.12. Letan almostcircularly polarized,cylindrically-symmetg input beam[i.e., A° <«
A% and AY = A9 (r)] propagatein a Kerr medium.Thento leadingorder the beamremainscylin-
drically symmetricduring the propagation,i.e., A, = A, (r, z) + O(ef?) forall z > 0.

Corollary 4.12 suggestghat cylindrically symmetrc, almostcircularly polarizedbeamswould
not undego multiple filamentation. This resultis not conclusve, of course,as (4.10) neglectsthe
O(ef?) symmetry-breakingermsin the vector Helmhotz model (2.11). Indeed,in the “extreme”
caseof linear polarization(i.e., ¢ = 1) theseO(f?) symmetry-breakingermscanleadto multiple
filamentation(seeChapterb).

4.6.1 Scalarequationfor circularly polarized beams

In Corollaries4.11and4.12we assumedhattheinputbeamis cylindrically symnetric. Suchidealiza-
tion, however, is unrealistic asthereis alwayssomedegreeof imperfectionwhengeneratingninput

**A closeinspectim of the derivation of (4.10) shavs thatthe O(f*) termsthatareneglectedin (4.10a) areisotrofc,
becausé¢hey correspondto highea-ordereffectsof norparaxialityandthe couging of £ 4 to &;.
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beam.Becausehecouplingto A in Eq.(4.10a)is O(¢?) small(seeSubsectio.2.1),System(4.10)
canbeapproximatedvith the scalarequation

1 1
iA—'—’Z +ALAL+ —|A+|2A+ = __f2A+,zz (4.27)
I+~ 4
2
_ﬁ 4‘VJ_A+‘2A++(VJ_A+)2A:_+|A+|2AJ_A++A§_AJ_A1 )

In Sectionst.6.2and4.6.3we use(4.27)to studywhethersmallimperfectionsn theinput profile can
leadto multiple filamentationof circularly polarizedbeams.

4.6.2 Noiseinducedmultiple filamentation

As discussedn SubsectiorB8.4.1,the standardheoreticalexplanation of multiple filamentation(of

linearly polarizedbeams)vassuggestedy Bespale andTalanos [5]. In orderto testwhethernoise
canleadto multiple filamentationof circularly polarizedbeamswe first solve the Closeet al. sys-
tem (4.3) with very high-paver input beamsto which we addnoisebothin amplitudeandin phase,
ie.,

AY (z,y) = V/N(0) e @) (1 £ €*) | 1+ ¢ *noise(z,y) |, (4.28)

where N (0) is the noiselessnput power, noise(z, y) is a randomcomple-valuedfunction, andthe
constantc determineghe noiselevel (¢ <« 1). In our simulatonswe seeneitherevidencefor mul-
tiple filamentationnor evenfor mild instablities. Rather the beamcollapseswhile corverging to a
cylindrically-symmetricprofile (seeFigs.4.9 and4.10). We do see,however, multiple filamentation
whenwe solve Eq. (4.27)with noisyvery powerful inputbeamsj.e.,

A (z,y) = V/N(0) e~ @) | 1+ ¢ x noise(z,y) |, (4.29)

whereN (0) is severaltimes N, For example,in Figure4.11we shov a noisybeamwith tentimes
thethresholdpower that breaks-ugnto threefilamentsit Notethatthe differencebetweerthe scalar
equation(4.27)andthe Closeet al. system(4.3) is the O( f?) nonparaxialandcouplingto £; terms,
both of which areisotropc. Thus,thesetermscannotleadto multiple filamentationby themseles.
NeverthelessasFigure4.9 shows, they are necessaryor noise-inducednultiple filamentation,(see
Section5.2for furtherdiscussion

tTA closerinspectim of theresultsrevealsthatafterthe breakip hasoccuredeachof thefilamentsundergoesfocusing
defacusingoscillations,as predcted by moddation theory(seeSection3.3) andis roughly cylindrically symmetric(see
Figure4.13)
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Figure4.8: SameasFigure4.5with N(0) = 5N andf = ¢ = 0.05.
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Figure 4.9: Peakamplitude of the solution of System(4.3) with the noisy input beam(4.28) with
e =0.1,c= 0.1 (i.e, 10% noise),and N (0) = 10N&" (solid),andthe sameinput beamwithout the
noise(i.e., ¢ = 0, dashed).

1 1

Figure4.10: Contourplotsof (A) |Ay(z,y,z = 0)| and(B) |A, (z,y,z = 0.036)| of the solufon of
Figure4.9 (solid).
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Figure4.11:Intensiy of thesolution of Eq. (4.27)with f = 0.05 andthenoisyinputbeam(4.28)with
c=0.1andN(0) = 10N&e,
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Figure4.12:1sosurficeof |A, | of thesolutionin Figure4.11.
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4.6.3 Astigmatism induced multiple filamentation

Optical devices,suchasthoseusedfor producingcircularly-polarizedoeamsare known to produce
astigmatt beamgseege.g., [8]). To studywhetherastigmatisn canalsoleadto multiple filamentation
we considertheinputbeam

A’ (z,y) = 24/CN&r exp [ —(ex)? — y? ], (4.30)

where C is constantand0 < e < 1 is input astignatism parameterfe = 1 correspondgo a
cylindrically-symmetricdnput beam).Our simulations of Eq. (4.27)shawv thatinput astigmatsm can
leadto multiple filamentationwhentheinput power is severaltimes N ™, For example,Figure4.14
shawvs astigmatt inputbeamshatbreak-upnto two andthreefilaments.As with noise-initatedmul-
tiple filamentation,during further propagatioreachof the flamentsundegoesfocusing-defocusig
oscillationsandis roughlycylindrically symnetric.

HWe notethatthe effective threshdéd power for collapseof astigmaticoeamss higherthanfor cylindrically-symmnetric
beamsby afactorof appoximately[0.2(e + 1/e) + 0.6] (se€e[27]).
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Figure4.13: Contourplot of | A, (z,y, z = 0.35)| of the solution of Figure4.11.
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Figure4.14: Isosurficeof |A, |? of the soluions of Eq. (4.27)with f = 0.05 andastignatic input
beamg4.30)with (A) C = 7.5 ande = 0.9 [i.e., N(0) = 8.3N¢]; (B) C = 3.75 ande = 0.6 [i.e.,
N(0) = 6.25N¢r°],



Chapter 5

Comparison of linear and circular
polarizations

It is instructive to comparethe resultsof linearly polarizedinput beamswith thoseof circularly po-
larizedones.In SubsectiorB.1.1we shavedthatwhenthe input beamis linearly polarizedin the
directionandf < 1, Egs.(2.11)—(2.12canbe approximatedwith the scalarequation(3.7):

) 1
3A1,z + AL A + |A1|2A1J = —f2 ZAl,zz
NLS ——

nonparax

4+ 6y 2 2 1+ 2y 2 2
A oPAL + (A1) A% A" Arze + ATA] ;

- -

grad—div+coupling to E3
wherethevariablesarerescaledaccordingto Eq. (3.4)and A, is thenondimensnal amplituce in the
z direction. Using the samerescaling,we shoved in Subsectiort.6.1thatwhenthe input beamis
(perfectly) circularly polarizedand f < 1, Egs.(2.11)—(2.12)canbe approximatedwvith the scalar
equation(4.27):

. 1 1
iAp +ALAL + 1—|A+|2A+ =—f7| <A
+ v 4
~ - - N——
NLS nonparax

20+ 7) [4|VLA+|2A+ + (VLA )2AY + A PA A, + A2A A% |

- vl

grad—div—l—c?):lpling to E3
In the limiting caseof f = 0 theseequationsshow thatthe thresholdpower for self-focusingof
circularly polarizedbeamss higherby (1 + «) thanfor thelinearly polarizedbeamgseeEq. (4.22)].
In addition,we recallthatin the caseof circular polarizatiorry canbe “f actoredout” of the equation
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[seeEq. (4.16a)]. Therefore,when&° is negligible then, to leadingorder the constanty doesnot
affect the beamdynamics otherthanto increasehethresholdpower (4.23). In contrast;y cannotbe
factoredout of the correspondingcalarequatiorfor linearly-polarizedinputbeamgq3.7).

5.1 Singlefilament dynamics

Applying modulaton theoryfor thecaseof linearpolarizationi.e., to Eq. (3.7)] andfor thecaseof cir-
cularpolarization[i.e., to System(4.10)]leadsto thereducedsystemg3.16)and(4.24),respectrely.
Thesereducedsystens arequalitatively the sameandvery similar quantititively: in bothsystemghe
modulaton constantorrespondingo nonparaxialityis Chenparax = 1 andtheonly (small) difference
betweernthesereducedsystemss in the constantorrespondingo vectorialeffects,which for linear

16
Cvec(q/)%—(l—i— i )

3 1+~

polarizationis

andfor circularpolarizationis Cy.. ~ 16/3 . Thereforethereducedsystemshow thatbothnonparax-
iality andvectorialeffectsaredefocusingarrestcollapse andleadto focusing-defocusig oscillatians.

We recall thatin the caseof linear polarizationthe O(f?) termsin the reducedPDE (3.7)] cor-
responds,n part, to the contribution of £; from the grad-dv term, which doesnot vanish even
whené&, = & = 0. Similarly, in the caseof circular polarizationthe O(f?) termsin (4.10a)
correspondjn part, to the contribution of £, from the grad-dv term, which doesnot vanisheven
whené_ = & = 0. A closerinspectionof the deriation of the correspondingeducedsystems
revealsthat the constantscorrespondingo the contritution £, and £, from the grad-dv term are
Cerad—div B, = Cgrada—daiv 8, ~ 8. Theseresultsare surprising becausehey shav thatfor both lin-
ear and circular polarizatiors the contribution of £; or £, from the grad-dv termis a defocusing
defocusingnechanisnthatis eighttimesstronger thannonparaxiali.

Also surprisingis thatthe couplingto £5 is considerablywealer thanthe contrilbution of £; or £,
from the grad-dv term, andthat this couplingis focusing for linear polarizationit is focusingfor

lv| < 1, because
8(1—1)

and for circular polarizationit is focusingindependenyl of v, becauseCg, ~ —8/3. Basedon
previousstudiesof vectorialeffectson self-focusingthe generahotionhasbeenthatvectorialeffects
aredefocusingandare (mainly) dueto the couplingto £;. Thus,the interpretationof the resultsin
previous studiessuggestedhatthe couplingto £5 is a defocusingmechanismln contrast,our study
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shaws thatthe domirant (defocusingeffectsresultsfrom the contrikution of £, or £, from thegrad-
div term (which are, strictly speaking scalareffects), whereaghe couplingto &3 is, in fact, weakly
defocusingln retrospectthis resultmaynot seemsosurprising asit showvs thatthe couplingto £3 is
slighty focusing,whichis similar to thecouplingto £ _ in the caseof circularpolarization.

5.2 Multiple filamentation

In Chapter3 we pointoutthatthe preferreddirectioninducedby linearpolarizationof aninput-beam
breaksup the cylindrical symrmetry in the vectorHelmhotz model(2.11). Numericalsimulationsin
Section3.2 shav that this symmetrybreaking,which is manifestecby the anisotropicO(f2) terms
in (3.7),canleadto multiple filamentationgvenwhentheinput profile is perfectlycylindrically sym-
metric,i.e., &) = £Y(r) and&Y = 0. In contrastcircular polarizationdoesnot inducea preferred
direction. Therefore,in Chapter4 we show thata cylindrically-symmetriccircularly polarizedbeam
would not undego multiple filamentation(seeCorollary 4.11). Moreover, Corollary 4.12 suggests
thatevencylindrically symrmetric, almostcircularly polarizedbeamsare unlikely to undego multiple
filamentationpecause¢he anisotropicermsaremuchwealer (O (s f?)).

In SubsectiorB8.4.1we testednumericallythe original Bespal@-Talanov modelfor multiple fila-
mentation by solvingtheunpertubedNLS (2.16)with high-paver cylindrically-symmetrc Gaussian
input-beamsto which we addedrandomnoise (4.29). We saw neitherevidencefor multiple fila-
mentationnor evenfor mild instabilties. Rather the beamsconvergedto a cylindrically-symmetric
profile andcollapsed However, whenadditioral physicalmechanismssuchassaturatiorof the Kerr
nonlinearity areaddedto the NLS model,theninput noisecanleadto multiple filamentationof very
high-paver inputbeamgseeSubsectiorB.4.2). For circularly polarizedbeamswve reachsimilar con-
clusions:Whenwe solve the Closeet al. model(4.3) with high-paver noisyinput beamshe beams
collapsewhile corvergingto a cylindrically-symmetre profile (seeSubsectior.6.2). However, when
nonparaxialityandthe couplingto the axial componenareincluded,input noisecanleadto multiple
filamentationof circularly polarizedinput beams.Thus,noisecanleadto multiple filamentationonly
in the presencef aregularizingmechanisnfsuchasnonlinearsaturationnonparaxialityor coupling
to theaxial componenjtthatleadto anunstableaing structure.

Table 5.1 summarizeshe possibilty of multiple filamentationundervariousinput beamcharac-
teristics. To recap,ideal cylindrically-symmetriccircularly polarizedinput beamswill not undego
multiple filamentation. Small ellipticity of the input polarizationis unlikely to leadto multiple fila-
mentationof circularly polarizedbeamswhereasnput beamnoise/astimatismcanleadto multiple
filamentation.Therefore suppressin of multiple filamentationof circularly polarizedbeamsshould



74 CHAPTER 5. COMPARISON OF LINEAR AND CIRCULAR POLARIZA TIONS

focuson producinga cylindrically-symmetricinput beam,ratherthan on producingperfectcircular
polarization. In contrast,one cannotsuppressnultiple filamentationof linearly polarizedbeamsby
producinga cleancylindrically-symmetricinput beam. Finally, circularly polarizedbeamsare less
likely to undego multiple filamentatiorthanlinearly polarizedbeams.

| Inputbeamcharacteristics || Linearpolarization| Circularpolarization||

Perfect polarizationstateand o
S , . yes(determinisic) no
cylindrically-symnetric profile
Smalldeviationfrom kel
. L n
preferentialpolarizationstate yes uniikely
Smallimperfectionsn the s s
input profile (noise/astigratism) y y

Table5.1: Possibiliy of multiple filamentationundervariousinput beamcharacteristics.



Chapter 6

Numerical issues

In Section6.1 we presentan overview of the method usedfor the numericalsimudations. In Sec-
tion 6.2we explain how we approximatehe nonparaxiatermin themodelequationgo obtaininitial-

value problems which are more amenabldor numericalsimuations. In Section6.3 we provide a
numericaltestto make surethat the splitting the determinisic multiple filamentationsimulationsis

dueto vectorialeffects,ratherthanto grid effects.In Section6.4we shov thatwhenthecomputatonal
domainis not sufficiently large, reflectionsrom the boundaryof the numericalmeshcanleadto what
may appeaiasbreakupof cylindrical symmety andevenasmultiple filamentation.

6.1 Numerical methods - overview

In our simulationsof the (2+1)D NLS-typeequationg2.16),(3.25),(4.3),and(4.10),we useafinite-
differenceschemeon arectangulaCartesiargrid with fourth-orderaccurag in space.Time-steppig
(i.e., z-stepping)s achiezedusingafourth-orderRunge-Kittaalgorithm. This procedurealthoughnot
themostefficientfrom anumericalstandpait, is chosermainly becausef its robustnessWe impose
zero-Dirichletboundaryconditions at the outer boundaries.BecauseDirichlet boundaryconditions
arereflectingratherthanabsorbingspecialcareis takento assurehatreflectionsfrom the numerical
boundarieshave no effect (seealso Section6.4). Furthermorethe resultsare verified by enlaging
the computatimal domain aswell asby refiningthe grid andreducingthe time-step.In addition, we
confirmedthevalidity of the Runge-Kittaalgorithmby usingthe Crank-Nicholsoralgorithm.

In mostof the simulationsthe symnetriesin thex andy directionsenableusto solve theequation
ononequadrantf the(z, y) plane.However, in therotationsimulationof Figure6.1thesesymmetries
cannotbe exploited. Therefore thosesimulationsarecarriedon all four quadrantof the (z, y). The
sameappliesto the “noisy” simulatonsin Section3.4 and Subsectiort.6.2,becausetherwisethe
noisewould be symnetric in the z andy directions in which caseit would be lesslikely to lead
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to a completebreak-upof cylindrical symmetry The noisein theinitial conditions[e.g., in (3.14)]
is realizedusing MATLAB’s randfunction, which generatesandomnumbersthat are uniformly
distributedin theinterval [0, 1].

Remark.

BecauseMATLAB is aninterpretedanguage,for” loopstake considerablymorerun-timecom-
paredwith compliedlanguagegsuchasC). Therefore specialcareis takento “vectorize”the MAT-
LAB code.Thismeanghattheonly forloopin themainpartof thecodeis thetime-steppig loop. All
otheralgebraicoperationdn the schemeareaccomplisked usingmatrix additionand multiplication,
which areinternally vectorized(i.e., parallelized)in MATLAB. Furthermorewe use MATLAB’s
spdiagsunctionto generatehe sparsedifferentiaton matrices,becauseM ATLAB’s operationson
suchmatricesare considerablyfasterthanon full matrices.In particular the differentiaton matrices
take the boundaryconditionsinto account.

6.2 “Elim inating” the nonparaxial term

Egs.(3.7),(3.13), (4.10),and(4.27)containthe nonparaxiaterms A, ,, and A, ,,. Thesetermsare
not relatedto vectorial effects, asthey comefrom the substitition £, = A, (z, y, z)e*0* (for linear
polarization)or £, = A, (z,y, z)et*o* (for circular polarization)in the scalar nonlinearHelmholtz
equation(2.13).Becausehe Helmholiz equationis a boundaryalueproblem solvingit numerically
onthehalf-planez > 0 requiressettirg appropriateadiationboundaryconditionsatz — oc. Since,in

additionthisequatioris nonlinearsolvingit asatrueboundary-alueproblemis difficult*. Therefore,
the standardapproachin numericalsimulatons is to approximag the nonparaxiafterm A, ,, with

termsthatdo not have z-derivatives.

In AppendixA.5 we shaw thatthe nonparaxiatermin Egs.(3.7) and(3.13)canbe approximated
with

Al,zz = — AiAl + 4|A1|2AJ_A1 + 4(VJ_A1) . (VJ_AT)Al (61)

+2(V1iA) - (VLADAT + [A ' AL | +O(f?)

whereA? = (9,,+9,,)? isthebiharmonicoperator Substituing theapproximaibn (6.1)in Eq.(3.7)

*For arecennumeical studyof thescalamorinearHelmholtzequatiorasatrueboundaryvalueprodem, seef31, 34).
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leadsto thefollowing initial valueproblem

A, + AL A+ |APA, = (6.2)
NLS

1
il [ AT A +4|APALA +A(V LA - (VIAD A +2(V1 AL - (VIADA] + A ' A ]

- vl

TV
nonparaxial

1+ 2y
1+~

4+ 6y
1+~

—f? |A1a? Ay + (A1) AT + +O(f*) .

-

( ‘Al‘QAl,ww + A%Ai,zz )

7

v
vectorial

For conveniencewe notetheorigin of thetermsin Eq. (6.2).

Clearly, thetwo scalarequationgor A; obtainedn Section3.1andEq.(6.2) agreewith eachother
to theorderof theiraccurayg (seealsoSubsubsectin3.1.2):

Corollary 6.1. Equations(3.7)and (6.2) differ only by O(f*) terms.

We canapply the same“treatment”for the circular polarizationmodels. First, it is convenientto
rescaled, in Eq.(4.27)asin (4.21)in orderto eliminatey from the equation.We thenapproximate
the nonparaxiatermwith (6.1) [the proofin thesameasin AppendixA.5]. Substituting approxima-
tion (6.1) afterrescalingA. in Eqg. (4.27),andcollectingtermsleadsto the following initial value
problem

i + A1¢ + Y%y = (6.3)
| ALY+ 2R — AV P - 20780 + Il |,

thatis usedin our numericalsimulatons. Becausethe A, ., termin (4.27)is multiplied by f2,
it follows from (6.1) that Egs. (6.3) and (4.27) are consistento O(f*?), i.e., to the order of their
derivation. We alsousethe substiution (6.1) in our simuationsof System(4.10)in Sectior4.5.

6.3 Physical or grid-in ducedsplitting?

As notedin Section3.2, vectorial effectsinducea preferreddirectionin the trans\erse(z, y) plane,
which, in our model, is the z-axis direction. Therefore,in the caseof cylindrically-symmetricinput
beamswhenvectorialeffectsleadto breakupof the beaminto two filaments,the two filamentscan
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move away from eachothereitheralongthedirectionof initial polarizationor perpendiculato it. In-
deed,n oursimulationsthefilamentsmove away in eitherof thesedirections.However, the Cartesian
grid thatwe usein our simulatonsalsohasthe preferredz andy directions. Therefore, we would
like to make surethatthe splitting in thesesimuationsis dueto vectorialeffects,ratherthanto grid
effects.

To do that, we solve Eq. (6.2) usingthe sameparameterandinput beamasin Figure 3.8, but in
therotatedcoordinatesystem

(&,m) = (zcosby — ysinby, zsinby + ycosby) ,

wheref), is theangleof rotation.Sincein therotated({, n) systenthe preferreddirectionof vectorial
effectsformsanangleof 6, with é,, thereis now acleardistinctionbetweerthe preferreddirectionof
vectorialeffectsandthatof grid effects. We notethatNLS andnonparaxiatermsin Eq. (6.2) remain
the sameunderrotations. The vectorial perturbationtermsin Eq. (6.2) do changeunderrotations,
accordingto:

A1 r = Al’f COS 90 -+ Al,n sin 00 ,

)

Al,wx = Al’& cos® 0o + Al,&n sin(290) + Al,nn sin? Oy .

In thesimulationin Figure6.1wetake 6, = 30°. We obsenethe samedynamicsaswhenf, = 0°,
exceptthat the direction of beam-spliing and filament propagationin the (¢, n) planefollows the
preferreddirectionof thevectorialeffects. Thus,this simulaton shavs thatthe multiple filamentation
obseredin our simulatbnsis afeatureof the PDE (6.2), ratherthana numericalartifact.

1} (a) 1t (0)
y r] 0\0‘.\®
e
-1 grid, vectorial -1 grid
-1 1 -1 1
X §

Figure6.1: Contourplotsat z = 0.32 of the solution of (6.2) with the sameparameterssin Fig-
ure 3.21and N(0) = 5N.. (a) Computedin the (z,y) plane. (b) Computedin the (z,7) plane
(8o = 30°). Arrows show preferreddirectionsof the numericalgrid andof the vectorialperturbation
terms.
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6.4 Boundary-induced filaments

We now shaw thatwhenthecomputatbonaldomainis notsufficiently large, refledionsfrom thebound-
ary canleadto whatmay appearasbreakupof cylindrical symmetryandevenasmultiple filamenta-
tion. To seethat,we carrythreesimuationsof Eq. (3.25)with the samehigh-paver inputbeam.The
first simulation,which senesasabenchmarkis over alargerdomainwith Dirichlet boundarycondi-
tions. The othertwo simulationsareover a smallercompuationaldomain,on whichwe imposeeither
Dirichlet or periodicboundaryconditions For consiséngy, we usethe samenoisefunctionrealizaton
in thetwo simuationsover the smallerdomainandextendthis noisefunctionin the (z, y) planewith
zerovaluesfor the simulationover thelargerdomain.

In the simulation over the larger domainwe do not obsene multiple filamentationfor 0 < z <
0.9 (Figure 6.2A, top). In addition,at z = 0.9 the beamhasan almost-symrmetric ring structure
(Figure6.2A, bottam). In contrastwe obsene filament-typepatternsn the iso-surficesof the two
simulationsover the smallerdomain(top of Figure6.2B and6.2C).Moreover, in the simuation over
thesmallerdomainwith Dirichlet boundaryconditionsthering atz = 0.9 isasymmetri¢Figure6.2B,
bottorm). Thus, the filamentsobsered in the simulaticns over the smallerdomain,aswell asthe
breakupof symrmetry of thering, area numericalartifact.
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Figure 6.2: Solution of Eq. (3.25) with ¢ = 0.01 and with the input beam A;(z,y,z = 0) =
36 e (@ +¥)n2)[1 4 0.02 % noise(z, y)] (i.e, N(0) ~ 253N,). Computatbnaldomainandboundary
conditiors are (A) (z,y) € [—8,8]?, Dirichlet boundaryconditions (B) (z,y) € [-3, 3]?, Dirich-
let boundaryconditins. (C) (z,y) € [-3,3]?, periodic boundaryconditions. Top: Iso-surfice
|A;1? = 30. Bottom: 3D plotatz = 0.9.
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Chapter 7

Suggestiondor further study

During the courseof our studyseveral problemsremainedunsolhed andseveralnen questios were
raised.Below we mentionsomeof theseproblemsandsuggespossilte directionsfor further study

Whentheinputpower N (0) is only moderatelyabove thecritical power, thepropagatio dynamics
canbe analyzedusingmodulationtheory andis thusfairly well understood Unfortunately thereis
no suchtheoryfor the high-paver regime[i.e., N(0) > N.] at which multiple filamentationtakes
place. The reasonfor this is that modulation theory assumeshat the beamis closeto a modulated
Townesprofile, which is cylindrically symmetrc. In contrastmultiple filamentationmeansa com-
pletebreakupof cylindrical symmnetry. Furthermoreall the multiple filamentationsimulationsshav
thatmultiple filamentationis precededy ring formation,in contrastto the Townesprofile, which is
monotaically decreasingThereforeafuturegoalis to offer a new asymptat theoryfor self-focuang
that doesnot assumecylindrical-symmety, can predictring formation, and can explain multiple fil-
amentatio at the high-powerregime Becauseat presentthereis no suchtheory we canonly rely
on numericalsimulatonsto explore vectorial (and other) effectsin the high-paver regime. Several
key questimsstill await ananswey suchas: How doesthethresholdpowerfor multiplefilamentaton
dependnthemodelparametes? andHow do the numberand patternof thefilamentsdependnthe
inputpowerandon theinput profile?

Many laserexperimens areconductedvith ultrashortlaserpulses.The propagatiorof suchpulses
is characterizetty additionalphenomenasuchastime-dispersia, thatcanbeneglectedor cw beams.
A key questionis: Whatis the effect, if any, of time dispesion and other ultrashort phenomena
on multiple filamentakon of ultrashort pulses? Similarly, at the extremelyhigh power regime (e.g.,
TeraWatt laserbeams[65]) plasmaformation and other multi-photon processesake place, which
raiseghequestionVhatis theeffect,if any, of plasmaformationon multiple filamentdion of extremely
powerfulbeams?

Perhapshemostimportantopenquestiorrelatedto our studyis: Whatis themedanismthatleads
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to multiple filamentaton? We believe thatthe resultsof this studysupportthe explanation basedon
the input linear polarizationstate,at leastwhenthe input power is only a few times N, . A definite
answerhowever, would probablyemege from the experimentatestsuggestedh Section3.6.

Anotherkey questionn thisstudyis: Are circularly polarizedbeamdesslikelyto undegomultiple
filamentaion thanlinearly polarizedbeams”asedon our resultswe predicta positve answerto this
guestion.This predictioncanbe testedexperimentaly. For exampk, let ussupposehatthethreshold
input power for multiple filamentationof a linearly polarized beamin a Kerr mediumis N/irear. One
canthenrepeatthe experimentusingthe samebeam whosepolarizationstateis changedo circular
beforeit entersthe Kerr medium If multiple filamentationis suppressedor circular polarization,
the correspondindghresholdpower shouldbe lower. Becausehe thresholdpower for self-focusing
with circular polarizationis (1 + ) higherthanwith linear polarization(4.22), we expectthat, at
the very least, Ngrewlar < (1 4 y)Njinear - As we have predicted however, asidefrom the threshold
power for self-focusingmultiple filamentationis lesslik ely with circular polarization becausdinear
polarizationinducesa preferreddirectionin the trans\erseplane,whereacircular polarizationdoes
not. Thus,we expectthat Ngreuar js strictly smallerthan (1 + ) Nfirear which would supportour
prediction.

Finally, the possbility to controlbeampropagatiorby changinghepolarizationstatecanbe useful
in mary applications.We studiedlinear andcircular polarizationstates;however, otherpolarization
statesarepossibé, suchasazimuthalandradialpolarizationgseee.g., [10]). Thisraiseshequestim:
How do otherpolarizationstatesaffectself-focusingand multiple filamentaton of laserbeams?
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Scalar equationsfor linear polarization

A.1 Derivation of (3.6a)and (3.6b)

Theinputbeamis linearly polarizedin the z direction,i.e.,
Ay =A3=0 at z=0. (Al)

Thereforeto leadingorder thebeamremaindinearly polarizedover propagatn distance®f several
diffractionlengthsi.e.,

A =0(1), As=o(l), A3=o(1). (A.2)

po= 0(1), (A-3)
P, = Gi(A1) - Ay + Ga(Ar) - A +o(1), (A.4)
P3 = Gg(Al) . A3 + G4(A1) . A; + O(].) 5 (A5)

wherethefunctionsG; (i = 1,2, 3,4) areO(1). UsingEgs.(A.2)—-(A.5), we canrewrite Eq. (3.5b)as
Ay =if Vo A4 2 | =2 Age +iGs(A) - Ay +iGa(A)) - 45 | +O()
Fromthis equationandEq. (A.2), we canconcludethat
Az =if(Aix + Asy) +O(f?) = O(f) . (A.6)
UsingEqgs.(3.5¢)and(A.6), we canrewrite Eq. (A.4) as

Py =G1(A1) - Ay + Go(Ar) - A5+ O(f?) . (A.7)
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Theseconccomponenbf the Helmhotz equation(3.5a)reads
1 - 1
iAoz + ALAs + Py + 5 Az, = —f0, ( fVL-P+iPy+ 3 P, ) : (A.8)

In light of Egs.(A.2)—(A.6), theright-hand-sidef Eq. (A.8) is O(f?). ThereforeusingEq. (A.7) we
canrewrite Eq.(A.8) as

idy, = —AL Ay — Gi(Ay) - Ay + Go(Ay) - Ay + O(F?) . (A.9)

From(A.1) and(A.9) we obtain(3.6a). The estimatg3.6b)follows from (A.6) and(3.6a).

A.2 Proof of Proposition 3.1

Thefirst componenobf theHelmholiz equation(3.5a)is
iAr, + AL A + P+ i fPAL. + [0, ( V. -P+iPs+ % f2P;, ): 0. (A.10)
In light of Egs.(A.5) and(A.6), we have that P; = O(f). Therefore Eq. (A.10) canberewrittenas
iA, +ALA + P+ i fPA L. + fo, ( fV,-P+iPs >= O(fY). (A.11)

In orderto simplify thetermsthatdepencbn P, we usethe estimate$3.6a)and(3.6b)to obtainfrom
Eq.(3.5¢)that

2
P, = |Ai]PA; + 1]_:_7 [ A1z [PA; — (A1) A} } +0(f*),
_if 24 a2 s 3 (A.12)
no = 1L (.- aa, ) voe).

—

V.- P = P+ Py, =24 2A1, + A24%, + O(f?) .

Substituing theestimategA.12) in Eq. (A.11), we obtainthe scalarequation

2
1
iAL, + ALA + | APA + / [ |A1z|* A1 — (A1) AS } +=f* A1,
1+ 4
1
w0, | (24P A, ) - (1P -, )| = o),

which canbesimplifiedto give Eq. (3.7).



A.3. DERIVATION OF EQ. (3.12) 85

A.3 Derivation of Eq. (3.12

Lemma A.1. ThecomponentsftheLagrangian Lvy (3.11)canbeapproximatedwith

Eili; = O(f%), (A.13)
‘ fon 1 1 i . .
gj’k“:j,k = 4T0ﬁ02 F‘AIP + F‘AQP 2 + _5 A]_Al’z - A]-Al,z
1
+|A1 >+ |A1,y2:| +f? [ZlAl,zFJr | At gz]? + | Aty [? (A.14)

1
_5 ( 141,mz14>i< AT q;zAl,z ):| } +O(.f6) )

REE = 4fz”;° [%\A1\2+ Ly 2] +O(f) (A.15)
rone | f f
and
_2kgny (555'?”5551.) erger =20 Ly (A.16)
no(1 +7) ! ! ! 47§ 2

f*no f?
41209 2(1 + )

{ 2 AP A — [ (Ao A2 4 (AL A2 } } LO(f%).

Proof. Usingtherescaling(3.4) andsubsituting the estimate¢3.6a)and(3.6b)we have that

. 2 2

3.4) f*ng i oy | (3.60),(3.60) f no A 6

Ex ki = Al +-=A O = -0 =0 , A.17
which proves(A.13). Similarly,
(3-4) f27'L() Al T 2 Al Y 2 Al 2 2 A2 T 2 A2 Y 2
Ei vl = : —= koA : —=
RS gk 4ﬁ2 (‘ To + To + Qko T +2 04 * To To
Ay 2 A, P | Asy P As 2
koA o2 —oy 2 koA
+‘2k00+202 +"I‘0 +‘T‘0 +‘2k00+203 )
(3.60),(3.60) fQT’E)lTLO fA1 . A1
4’/12 f

1 2
+ |if ALzl + i f Aray P+ ‘ §if2A1,m +iAs, ) +0(f%),
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which gives(A.14). Relation(A.15) is straightforvard. Finally,

W2, fin?

no(1+ ) 1672

2kgny 1k ksl wo ox (34)

_ fPno f?
C ArZng 2(147)

( A AT AR AL + YA AALA; )

2 2
[(\A1\2+|A2|2+|A3|2) +7\A%+A§+A§ ]+o<f4>

(3.6a),3.6) [f°ng  f? 2 2
2 A A
Ar2ny 2(1 4 7) A+ A

2 2
2 ) T ‘ A2 ifiaz, ] Lo,

which gives(A.16). [

Substitutig Egs.(A.13)—(A.16)in (3.11)anddividing by f?nq/4rns gives(3.12).

A.4 Proof of Proposition 3.2

Egs.(3.7) and(3.13) have the sameO(1) andnonparaxiaterms. Therefore the differencebetween
theseequationcomesonly from the vectorialterms,andis givenby

Eq.(3.7)— Eq.(3.13)=

4
f2 . +6’Y|A1w
147 ’

1+ 2y .
1+ ~y ( ‘A1‘2A1,$$ + A%Al,ww )

2A; — (A1,)%AT —

1
M [ 27| A152 A1 — (14 7)(A1z)? A} — |42 Ay 2o + YATAT }

—Opg ( AL, + AL A ) } +O(fY . (A.18)

We now prove thatthis differenceis O(f*), ratherthanO( f?). To do that,we differentiateEq. (3.13)
twice with respecto z, to obtain

Oz ( iAr, + ALA + AP A ): O(f?) .
Therefore,

O ( iAr, + AL A ): — [ 4 A1 2P A1 + 2(A1)° AT + 2| AL PA e + A%A;‘,m +O(f?).
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Substituing this equationn Eq. (A.18) givesthat
Eq.(3.7)— Eq.(3.13)=

446 142
f2{_ ,Y|A1,:c Y

AL2A, L, + AZA*
1+~ (‘ 1" Az + A7 l,a:a:)

24, — (A;,)%AT —
Ty 1= (A1g)* A7

1
i [

. = (4 2) (A = A A+ 743 |

+ [ 4‘A1,w|2A1 + 2(A1,:E)2AT + 2|A1|2A1,$$ + A%Ai,xx :| } +O(f4) .

Technicalcalculationshav thatthe O( f?) termsontheright-hand-sile canceleachother Therefore,
thedifferencebetweerEgs.(3.7)and(3.13)is only O(f*).

A.5 Derivation of Eq. (6.1)

Let usdenote

W= A A + A P4, . (A.19)
Usingeitherof thescalarequationg3.13)or (3.7),we have that

A, =iW+0(f?) . (A.20)
Thereforedifferentiating(A.20) with respecto z andusing(A.19) and(A.20), we getthat

(A.20)

A iW, +0(f2) Y2V inL Ay, +2i[A12A,, +iA2AT, + O(f?)

W20 AW =2 A PW + A2+ O(f?) . (A.21)
Substituing (A.19) in theright-hand-sidef (A.21), we obtain

Ape = A2 A — A (JAPAL) — 2|41 PA LA + A2AL AT — | A" A + O(f?) . (A.22)
Eq.(6.1)followsfrom Eq. (A.22) andthe vectorialidentity

AL (JAL2A7) = 2/ A1 2PA LA + 4(V 1AL - (VLAD A +2(V 1Ay - (VLA)AT + A2A AT
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Modulation theory for vectorial and
nonparaxial effects

B.1 Modulation theory

In orderto conformto the notationsof [33], we denotey) = A, e = f?, andrewrite Eq. (3.7) asthe
perturbed\NLS

Wy + ALY+ Y)Y +eF[Y] =0, (B.1)

whereF[y] = P[y] + G[¢] + H[y] + K[¢] and

1 446
Pl = g, OGN = T,
1+ 2y

147

(B.2)

HY = ()2, Ky = (WW@+W@J-

Here P[1] correspond$o nonparaxialiy, andG|[y], H[¢], and K[| correspondo vectorialeffects.
Modulationtheoryis basedn thefollowing assumpbns:

e Thefocusingpartof afilamentis closeto theasymptoic profile ¢ g(r, z), whichis givenby

Yr(r, z) = I R(p)e™ (B.3)

whereR(p) is definedin Eqg. (2.20),

p(r,z) == LGz) , S(rz):=C((2) + Tfézg) . Glz) = L21(z) : (B.4)

e Thefilamentspoweris closeto thecritical power N...

e Theperturbatiortermsaresmall,i.e,, |eF| < |A | and|eF| < [¢]3.
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Undertheseassumpbns, self-focusingdynamicsof the perturbed\LS (B.1) is describedto leading
order by

Lzz(z) = _g ’ ﬂz(z) = ﬁ (fl,z - 4f2 ) ) (BS)

where N, and M aredefinedin Eqgs.(2.21)and(3.17), respectiely, andthe auxiliary functionsfor
F[y] aregivenby

fil2) = ZRe [ FwrllR(:) + pR (p)le * dody
(B.6)

fa(2) = %Im/F[wR]w}dedy-

BecauseEq. (B.6) is linearin F', the reducedsystem(B.5) is additive in the perturbationterms.
Thereforejn our casewe getthat

fi=pi+gi+h+ ke, fo=p2+ g2+ ho+ ko, (B.7)

wherep; (: = 1, 2) aretheauxiliary functionswith P[¢g] insteaddf F[ig] in Egs.(B.6), andsimilarly
for g;, h;, andk; (seeAppendixB.4).

Lemma B.1. Theauxiliary functionscorrespondingo P, G, H, and K in Eq. (B.2) satidy:

N, 1
D2~ I(ﬁ)z’ P X P2,
g = 0, g1,z ™~ 3i1++6z)Nc<%>z’
by = 0, ki, ~ 32(;:% <3Nc—216><%>z,

whee I ~ 6N, .

In orderto prove LemmaB. 1, we first make somepreliminary calculations

B.2 Preliminary calculations

In thefollowing calculationsve switchbackandforth betweenCartesiarandcylindrical coordinates,
givenby
(z,y) = (rcosf,rsinf) = pL(cos d,sinf) .

. d
We alsodenote(-)' := 4 -

The smallparametem modulaton theoryis 5(z). We canutilize thisto simpify the expressios
in LemmaB.3, by usingthefollowing relations:
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LemmaB.2. Let|3| < 1. Then,thefollowing relationshold:
[L2L7] = [2"L}] = O(B) < 1, (B.8)
R? - (RS,)* ~ R2, (B.9)
whete [-] standdfor the characteristicsize

Proof. Theserelationsfollow from [z] = [L], [S,] = [LL,], and|3| = |L3L,,| < 1.0

LemmaB.3. Letyy begivenby (B.3)and(B.4). Then:

lrs|? ~ L™*R?cos’d, (B.10)
Im [ (Yre) e ] = L7*(R*),S,, (B.11)
Re [ () e 25 ] ~ L™*R?cos?0, (B.12)
1
Re(Vptres) ~ L7 (RR" cos? 0 + ;RR’ sin29) : (B.13)
Proof. From(B.3) and(B.4) we obtainthat
zL, _ R'cost ! n o 1, .,
Sm_i’ 2 =7 Rm—ﬁ<R coS 0+;Rsm 0). (B.14)
UsingEqgs.(B.3) and(B.4) we getthat
wR,w = L_I(R;U + ZRSw)ezs ) (815)
from which we obtain
. . , 1
‘wR,x|2 (B:15) L—Z(Ri + RZS:%) (B:14) L—4 C082 0 ( R 2 + ZRZpQLQLi ) ) (816)

This expressiorcanbe furthersimgified using(B.8), because
/ ]. / U
R? + ZpQR2L2L§ =R*+O(L*L?) ~ R*.
Substituing this approximatiorin (B.16) leadsto (B.10). In addition,from (B.15) we have that

(Vro)? = L2 | R2 — (RS,)? +i(R*):S: | (B.17)
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from which (B.11)follows. From(B.17) we alsohave that
Re |:(¢R,z)26_2i5:|: L—2 |:R2 (RS ) :| 2R2 314) L—4R COS 0’

which proves(B.12). Finally, we have that

(B.15)

VR.zo ) [ 1eiS [(Rm—RSf;)-i—z’(QRme-i—RSM)} :

Fromthis relationwe getthat

a4 R ) R 1 1
Re($jtbmer) 200 2 (Rm — RS? >(B=14) = [( R cos’ 6+ sin29> —ZﬁRLﬁ]

By R ( R" cos® 0 + %R' sin’ # ) ,
which proves(B.13).

B.3 Integral relations

Herewe obtainrelations(B.18),(B.20),(B.21),and(B.26),in orderto reducethenumberof constants
thatappeaiin thereducedsystem(3.16).
Thefollowing relationis well-known:

/R4p dp = 2N, . (B.18)
We now prove someadditionalrelations.

LemmaB.4. Let R(p) bedefinedby Eq. (2.20)andlet

I = 3/R2R/2pdp, I, := 3/pRR'3pdp,
(B.19)
I; = 3/pR2R'R”pdp, I, = 3/R3R"pdp, Iy = /Rﬁpdp.
Thenthefollowing relationshold:
Il + IQ = Nc , (BZO)

3
L+L+ 1 — ZR‘*(O) = 3N, -2l . (B.21)
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Proof. Theproofwill follow from the four linearequationgB.22)—(B.25)with Iy, I, I3, 14, Ig,
R(0), and N., whichwe now derive. Multiplying Eq. (2.20)by (3p?R? R’ dp) andintegrating, we get
that

/ ( 3p°R*R'R" + 3pR*R? + 3p*R°R' — 3p*R*R/ ) dp=0.

Using(B.19)we arrive at

1
Ii+ 1, +/ [ 3P (R = %/P(R‘*)' dp'E Li+1, - / ( pR® — ng‘* ) dp=0,
where®IBP” standdor integration-by-partsUsing(B.18), we obtainthat

Il + I3 = IG - 3Nc . (822)

Multiplying (2.20)by (R?p dp) andintegrating we obtain
/ ( pR’R" + R*R' + pR® — pR* > dp=0.
Using (B.18) we obtainthe secondelation
1 o0
=1
3 /
0

Fromthedefinitionof I; we have that

1

(R dp+Is—2Ne = 5

1
I — ZR‘*(o) +Is—2N.=0. (B.23)

NG

B.19)

I = 3 / R’R'R'pdp'Z -3 / (pR*R)Rdp "=

=~ W

/ (RY'dp — 21, — I
0

= 21%4(0) — 26 — I,
whichleadsto thethird relation
3+ 1y = ZR‘*(O) : (B.24)
Integrationof thedifferentialidentity
3d N e e 2 mE e 912t
§d_p (pRR ) = 3pR°R*“+3p°"RR° + 3p°R°R'R" |
leadsto thefourth relation

L+L+1;=0. (B.25)
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Solvingthelinearsystem(B.22)—(B.25)we obtain
L = Is—2N,, I, = 3N.—- I,

3
I, = —N., I, = 6NC—316+ZR4(0),

from which (B.20)and(B.21)follow. (J

Finally, our numericalcalculationgseealso[33]) shaw thatIg ~ 6.07N,.. Thereforewe canuse
theapproxination

I ~ 6N, (B.26)

which hasabout1% accurag.

B.4 Proofof LemmaB.1
Thefirst perturbatiortermin Eq. (B.2) is thenonparaxiaterm P[¢]. In [24] it wasshavn that
1 1 i N, [ 1
Pl K Pg = % Im/ Z¢R,zz¢R dxdy ~ I ( ﬁ >z . (B.27)

Thereforeto leadingorder p; canbe negglectedin thereducedsystem.
Accordingto Eq. (B.6), the secondauxiliary functioncorrespondingo G[¢] is

14+ 6y 9
= — I drdy =0.
92 27TlJr,y/m( ) dzdy
Calculatingg; givesthat
4+6yL »
o= T Re [ el un(R + pR)e S dody
(B.3) 4-1—67

£ / Wral?R(R + pR') dudy

(B.10) 4 + 6’)/ L
14+ nL*

2 !
R?cos? (R + pRR') dzdy (B.28)

2
4+6v 1 , ,
= 1—:_ 7? coszﬁdﬁ/(R2R2+pRR3)pdp
v
0
(B19) 4+67 1 [, (B20) 4+ 6y %
T 14432\ ") T 3(14q) L2
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For H[v] we have that

L . N B.3 ,
b= ZRe [(WnoPup(R+ pR)e S dody L [ Rel(bnaIR(R+ pR) dedy
(B.12) 1 (B.19) 1 (B.20) N, (B.29)
- 2 : ¢
= L2 RR (R+pR,) COS gpdpdg ~ 3L2 (Il +12 ) = @ .
and
hy = —Tm [ () ) dzdy 2P L [ R2m | (gpa)2e %5 | dudy
2m - R 2w L? -
(B.11) 1 2( P2 _ 1 4
=" o7a /R (R*);Sydzxdy = i /(R )z Sz dxdy
IBP 1 4 (B.14) L 4 (BSO)
= Sz /R Sze dxdy = P /R dxdy
_ L, 4 (B.18) N
L T ( ).
For K[| we have that
142 (B.3) 2+ 4y R? .
[¢R]w 1 i < |¢’R| dJR T + dJRd)wa ) dJR = T’;}/L2 € <¢R¢R,mm ) . (831)

In light of (B.31),theintegrandin k, (B.6) is realvalued.Therefore k, = 0. Calculatingk; givesthat

L .
ki = —Re/KWR] <R+PR') e dudy
(B:3) /Re ( [Vr] wRR ) <R+pR') dzdy
) 14+ 2y2L?
an ZEEVEE [ Re (w}‘zwau ) ( R’ +pRR’> pdpdf (B.32)
14y 7 ’
: 1+2vy 2 1
(B13) 142y 2 RR" cos?0 + —~RR'sin20 R%*+ pRR' ) pdpdf
14+~ wl? P
(19) 1+27 2 3 4 (B21) 2+ 4y !
1+73L2[4+3 PO+ h 3+ ) o

Combining(B.27)—(B.30)and(B.32) provesLemmaB.1.
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B.5 Proofof Proposiion 3.3

To obtainEgs.(3.16),we substitie the auxiliary functionsof LemmaB.1in Eq.(B.5), useEq. (B.7),
anduses = f2. Doingthat,to leadingorderwe obtain

f? fANe (1
B, = oM —4py + g1, + hi, — 4hy + ki, Y 12 )

- >
-~

nonparaxial

f2 [ 4+6y 1 2+ 4y 1
N,+ =N, — N, 3N, — 21 — ),
A BT T30+4) 6 L2

WV
vectorial

z
7

from which we obtainthe seconcequationin (3.16),with Chronparax = 1 and

~ =14+ —— ) .
1+7v 3 1+~

4
CveC(’V) = 3 :
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Proof of Proposition 4.4

The startingpoint for the derivationof (4.10)is Egs.(3.5), which werealsousedin the deriation of

Eq. (3.7). Below we omit the technicaldetailsthat were alreadyobtainedin AppendixA.1 andAp-

pendixA.2.

C.1 Derivation of estimates (4.9)

We assumethat the input beamis almostleft circularly-polarized(4.6), i.e., that A° < A% and

A <« AY. Thereforejt follows from Egs.(3.5) thatover propagatiordistancef severaldiffraction

lengths
A+(‘T7 Y, Z) = 0(1) ’ A_(.Qf, Y, Z) = 0(1) ’ A3(.T, Y, Z) = 0(1) :

In analogywith (4.3) we definethe nondimengnal circularnonlinearpolarizations

1
P:t::ﬁ (Plj:ZP2> y

whereP = (P,, P,, Py) is definedin (3.5c).
Similarly to thederivationin [29] it follows from Egs.(3.5b),(3.5¢),and(C.1) that

Therefore substituing (C.4) in Eq. (3.5a)gives that

1 =
iA1,z+ALA1+Zf2A1,zz+P1 =—f0, (fVJ_'P+7;P3> +0(f%),

(C.1)

(C.2)

(C.3)

(C.4)

(C.5a)
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and
1 L,
iAg, + AL Ay + ZfQAQ,Zz + P, =—f0, ( fV.-P+iPs ) +0(f") . (C.5b)
Subtractingzq. (C.5b)from i timesEg. (C.5a),dividing by v/2, andusing(C.2) givesthat
1
A, +ALA + Zsz”” + P =0(f?). (C.6)
Throughouthederivationin AppendixC we usethefollowing identities,whoseproofis straightfor
ward:
A X = AP+ A+ Ay 2 A2 4 AP+ |4
(C.7)
AAd = 2+a2+42PoA,4 + 42,
and
(48) 1 (4.8) 1
A= — | AL+ A ), Ay = —— | AL —A_ ) . C.8
(A ) w2 () ©9)
It follows from Egs.(4.8),(3.5¢),(C.2),and(C.7)that
1 T A% TN Ax
P = 1o [(A-A JA_ +y(A- )A+}
(cn 1 2 2 2 2\ A%
Thereforewe getfrom (C.3)and(C.9) that
1
We canrewrite Eq. (C.6) usingestimae (C.10)as
. 1+ 2y 2 1 2 _ 2
(zaz+AL+ 1+7|A+| +—1+7|A_| )A__O(f). (C.11)

We notethatEq.(C.11)is ahomogeneousquationin A_ with anO(1) operatorontheleft handside.
Becaused? /AS = O(e) [Egs.(C.1)] andthedriving termson the right hand-sideof Eq. (C.11)are
O(f?), estimatg4.9a)follows.

UsingEq. (3.5b)we getfrom (C.3)and(C.4) that

Az =if(Aiz + Asy) + O(F%) . (C.12)
Using(4.9a)we obtainfrom identties (C.8) that
1 1
A= EA++O(f2’€)’ Ap = —EAJr"‘O(anS) : (C.13)

Substituing (C.13)into (C.12)yieldsestimatg4.9b).
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C.2 Derivation of System(4.10

In orderto obtainEq. (4.10b)we first use(4.9a)to getthat
A |PA-=0(f%¢%. (C.14)

Eq. (4.10b)follows from substiuting estimatgC.14)into Eq. (C.11).

Below we derive Eq. (4.10a). SummingEq. (C.5b) with i timesEq. (C.5a)anddividing by /2
leadsto

f

75(8;.; +i0,)(fVL - P+iP;) +O(fY) . (C.15)

1
Z'A—|—,z + AJ_A+ + Zf2A_|_,zz + P_|_ = —

Usingidentities(C.7) andestimateg4.9)it followsthat

(3.5¢) 1 iy Tx
L O A A D
: 1
@ T [(|A+|2 F AP+ A5 )AL +v(24, A + A2)A* (C.16)
(4.9) 1 2 14 2y 2 f? . 2 4 _ 2
= ——|A]PA, + A_|*AL + O + 0y ALI"AL + O(f*, i
1+’y| +FAL 1+7| Ay 2(1+7)‘(Z ) ALPAL (f%ef?)
andthat
N c.7 4.9
A A D AP AP+ (42 AP+ 02 1)
A4 D oaa + 2902,
Similarly, we obtainthat
5c 1 Y e

if

mm?@ —i9,) A+, +O(f* £ f)

) 1 (3.6b)
S —y P LY 3 =
1_{_7‘ +‘ 3+O(fa€f)
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and

- -,

. 8, , 1 g ;
o | (A A DAt | 0, | (A8 (A D4

(C.17) 1 2 1 2 2
=7 —0,(|AL|°A —0,(|AL]*A
1+,_ya$(‘ +7A) + 1+76y(| +742) + O(f%,¢)

(C.13) 1 1

maz(MH Ay) - may(\AH Ay) +0(f%¢)

1
= ——— (0, —i0,))(JAL[?PAL) + O(f2%,¢) . C.19
Zai %~ (A A + 0 e) (C.19)
Substituing Egs.(C.16),(C.18)and(C.19)into Eqg. (C.15)leadsto
1+ 2y
1+~

1
’l'A_|_’2 + AJ_A+ + —|A_|_|2A+ + ‘A_‘2A+ =
1+~
f2

- 2

_%fQA—F,zz -
2
D ( O 10 ) [ (00 = i0) (|44 PA}) = AL (@ —iB) Ay | +O(fef).

Rearrangingheright handsideof this equationgives Eq. (4.10a).




Appendix D

Proof of Proposition 4.8

We briefly outline the derivation of the reducedsystem(4.24). In orderto apply modulatian theory
to (4.10)it is corvenientto usethe rescaling(4.21),i.e., ¥(z,y,2) = (1 +v)~/2A,(z,y,2), and
rewrite Eq. (4.10a)asthefollowing perturbed\LS:

i, + AL + [P + Cela_ |y + FPFp] =0, (D.1)

whereC, = O(f?,¢) is a small positive constanta (z,y,2) = A_/C. = O(1), F[s)] = P[] +
G[¥] + H[Y] + K[y] + K'[4], and

Pl = ... 6ol = 2 (Wl el ) v,

DN |

Al = g (@ee)e. KW = g (et ) . ©2)

Kol = 5 (6P, )

Here P[] correspond$o nonparaxialiy andthe otherfunctionalscorrespondo circularpolarization
effects.

With minor adjustmentsthe calculationsof the auxiliary functions correspondingo F[¢] in
Eq.(D.1) arecarriedin AppendixB. Theresultsareasfollows.

Lemma D.1. Theauxiliary functionscorrespondigto P, G, H, K, and K’ in (D.2) satisy: p; , <
P2, 9o = ko = k; =0, and

N, 1 4 1
D2 ~ Z(ﬁ) ) g1,z ~ ch(ﬁ) ;
1 1 N, 1
z ~ _Nc T o ) = == To )
(). wo= 5 (7)),
; 2 1
omn ~ (ne20 (),
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whee I = /R6pd,0, p; (i = 1,2) are the auxiliary functionswith P[¢g] insteadof F[ig] in
Egs.(B.6),andsimilarly for g;, h;, k;, andk; .

For the fourth termin Eg. (D.1), which correspondso the mismatchfrom perfectcircularinput
polarization,t straightforvardto shaw that f» = 0. In addition for this termwe getthat

L
C:r Re/ la_(z,y,2)]?L 'R(R + pR') dvdy = C(2) , (D.3)

whereC'(z) = O(e, f?) .
We notethatthefirst equationin (4.24)is thefirst onein (B.5). To obtainthe secondequationwe

fi=

substiutethe auxiliary functionsof LemmabD.1 and(D.3) in theseconcequationin (B.5) andusethe
additivity of thereducedsystem(B.5) to perturbatiorterms.To leadingorderwe obtainthat

2 ’ Cl z
B. 2f_M ( —4ps + 91, + h, —4ho + k1, + Ky, ) + 2](\/[)
2N, (1 f2 4I;— 8N, [ 1 C'(2)
- — B IR B . D.4
2M L? 2M 3 L2 + 2M (D-4)
nonparax vec B

Finally, thesecondequationin (B.5) is obtainedrom (D.4) by defining
_ 0

C1n0nparax =1 3 CYE_ (Z) M = O(f27 5) )
and A1
8 16
CV = 5 _ N,
“ 3N. 3 3

wherewe have usedthe approximatbn I ~ 6 N, thathasabout1% accurag (se€[33]).
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