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We study light transport in optically thick luminescent random media. Using radiative
transport theory for luminescent media and applying asymptotic and computational
methods, a corrected diffusion approximation is derived with the associated boundary
conditions and boundary layer solution. The accuracy of this approach is verified for
a plane-parallel slab problem. In particular, the reduced system models accurately the
effect of reabsorption. The impacts of varying the Stokes shift and using experimen-
tally measured luminescence data are explored in detail. The results of this study have
application to the design of luminescent solar concentrators, fluorescence medical
imaging, and optical cooling using anti-Stokes fluorescence. C© 2014 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4882815]

I. INTRODUCTION

Most studies of light propagation in random media assume that the light scatters elastically,
i.e., the wavelength, which is inversely proportional to energy, does not change as a result of its
interaction with the medium. Such systems are commonly modeled using (single-energy) radiative
transport theory, also called radiative transfer.1–3 In contrast, when light propagates in a luminescent
medium, it scatters inelastically, i.e., the emitted wavelength differs from the absorbed one. Inelastic
scattering in random media can be modeled using multi-energy radiative transfer, which has been
applied, among other problems, to model the scattering of neutrons, neutrinos, and other massive
particles, as well as non-resonant scattering of photons (cf. Refs. 4–7). An important aspect of
luminescence, e.g., fluorescence or phosphorescence, is that the absorbed and reemitted spectra are
anchored to atomic or molecular resonances. As a result, there can be a significant overlap between
the absorption and reemission spectra. This overlap induces reabsorption, i.e., light that is absorbed
and reemitted, can be reabsorbed. Since the probability of reemission is strictly less than one,
multiple reabsorption can result in a significant loss of light flux. Reabsorption is a limiting factor
for fluorescence medical imaging (cf. Refs. 8–11), optical cooling using anti-Stokes fluorescence
(cf. Refs. 12 and 13), and luminescent solar concentrators (LSCs) (cf. Refs. 14 and 15). For this
reason, it is important to model accurately the effects of reabsorption.

A common method for computing transport in multi-energy systems is Monte Carlo simulations.
This approach has been applied to luminescent media as well (cf. Refs. 11,14,16, and 17). However,
Monte Carlo simulations converge relatively slowly. On the other hand, almost all previous studies
of luminescence in random media that have used the deterministic radiative transfer approach have
modeled the physical system using two coupled single-wavelength radiative transport equation
(RTEs), which correspond, in some average sense, to the absorption (excitation) and reemission
(fluorescence) (cf. Refs. 18–27). Furthermore, almost all of these studies have considered optically
thick media and derived a diffusion approximation (DA) consisting of two coupled partial differential
equations. While this approach is certainly useful, a limitation of this approach is that it does not
model reabsorption accurately.
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Recently, the authors proposed a deterministic “luminescence radiative transport equation”
(LRTE) for modeling light scattering in random luminescent media (LSCs)28 (see also Ref. 29
for a similar equation). The LRTE is an instance of a multi-energy (or multi-wavelength) radiative
transfer theory. This theory accounts accurately for reabsorption and has been used to model light
transport in LSCs.28 However, solving the LRTE can be computationally challenging. The aim of
this study is to develop an asymptotic theory for the LRTE in optically thick media. This regime is
characterized by reemission probability (photoluminescence quantum yield) close to unity. Using
asymptotic methods, we derive a corrected diffusion approximation, which consists of a single
partial differential equation, with associated boundary conditions and a boundary layer solution.
The accuracy of this approach is verified for a plane-parallel slab problem by comparison with
direct computations of the LRTE. In particular, within the regime of asymptotic validity, the reduced
system accounts accurately for reabsorption.

The paper is organized as follows. In Sec. II, we recap the LRTE and associated boundary
conditions. In Sec. III, starting with the LRTE in its scaled form [Eqs. (9) and (12)] and us-
ing asymptotic methods, a diffusion approximation is derived including the interior and boundary
layer solutions. In Sec. IV, the plane-parallel slab problem is solved for the special case when
the incident light is a collimated beam. In particular, we show that the reduced system captures
accurately the reabsorption of light. In Sec. V, the validity of the diffusion approximation is verified
by comparison with direct computation of the LRTE. The impact of varying the Stokes shift, i.e.,
the mean wavelength separation between the absorption and reemission spectra, is investigated in
Sec. V A. To systematically analyze various physical assumptions and regimes, we employ “syn-
thetic” luminescence data in the form of Gaussian distributions. In addition, in Sec. V B we test the
reliability of the diffusion approximation using experimentally measured luminescence data.

II. LUMINESCENCE RADIATIVE TRANSPORT EQUATION

The fundamental quantity in radiative transfer is radiance (or specific intensity), which is the
power per projected surface area, per unit wavelength, per unit direction. We consider steady state
systems (i.e., no time dependence) and denote the radiance by

I (x,�, λ) : D × S2 × � → R+,

where D ⊂ R3 is the spatial domain, S2 the unit sphere of directions, � the interval of wavelengths
participating in the process, and R+ ≡ R

⋂{ f | f ≥ 0}. Following Ref. 28, we assume that the
radiance is governed by the LRTE

� · ∇ I + μaLa I = μrLr I, (1)

where La and Lr are the absorption and reemission operators (defined below), respectively, and μa

and μr are the absorption and the reemission constants, respectively. These constants are related by

μr = QYμa, (2)

where QY is the photoluminescence quantum yield, which is the probability that a photon that is
absorbed will be reemitted. The absorption spectrum is denoted by fa(λ), which is the probability
of absorption at a particular wavelength, i.e., λ �→ fa(λ) ∈ R+ is a probability distribution function
with the usual normalization

∫
�

fa(λ)dλ = 1. The absorption operator in (1) is defined as

La I = fa(λ)I. (3)

The general reemission operator in (1) is

Lr I =
∫

�

∫
S2

Kr (λ, λ′,�,�′)I (x,�′, λ′) d�′dλ′, (4)

where Kr(λ, λ′, �, �′; g) is the reemission kernel. The reemission kernel is the probability of light
that is absorbed in direction �′ and wavelength λ′ to be reemitted in direction � and wavelength λ.
The reemission kernel proposed in Ref. 28 for luminescence is

Kr (λ, λ′,�,�′; g) = fr (λ) fa(λ′)Pr (�,�′), (5)
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where Pr(�, �′) is called the scattering phase function (defined below) and fr(λ) is the normalized
reemission spectrum [

∫
�fr(λ) dλ = 1]. To model the scattering phase function, we use the Henyey-

Greenstein function30

Pr (�; g) = 1

4π

1 − g2(
1 − 2g cos � + g2

)3/2 , cos �
.= � · �′ ∈ [−1, 1], (6)

where g ∈ [0, 1] is the anisotropy parameter. This function determines the amount of light scattered
at a relative angle � with respect to the direction of incidence. We note that the reemission kernel
(5) agrees with Monte Carlo modeling of photon transport in luminescent media.28

For a well-posed problem, the boundary conditions for (1) are

I = RI + B on �in = {(x,�, λ) ∈ ∂D × S2 × �, � · n̂ < 0}. (7)

These conditions prescribe the radiance at the spatial boundary for all directions pointing into the
domain, i.e., along the unit outward normal n̂. Here, B denotes the exterior source incident on the
boundary, such as sunlight or a probe beam, and R is the Fresnel reflection operator for the light
reflected internally at the boundary due to a mismatch in the refractive indices inside and outside of
the domain.

It is interesting to point out that the (single-wavelength) RTE is a special case of (1) with the
special reemission kernel

Kr (λ, λ′,�,�′) = δ(λ − λ′)Pr (�,�′), (8)

where δ is the Dirac delta function. However, unlike (8), the luminescence reemission kernel (5)
is a function of the product of absorption and reemission spectra. Physically, this is because the
absorbed and reemitted spectra of luminescence are anchored to atomic or molecular resonances. In
contrast, non-resonant inelastic scattering of massive particles and/or photons is characterized by
a scattering cross section that depends on the relative energy or wavelength difference between the
incident and scattered radiation. In some cases (such as Compton scattering), the energy loss is a
function of the scattering angle as well. The corresponding scattering kernels are therefore modeled
by functions of (E − αE′ − β� · �′), where E and E′ are the incident and scattered energies
(or frequencies), respectively, and α and β are constants (cf. Refs. 4, 7, and 31). Moreover, the
energy loss in non-resonant scattering is often small. In such cases, the multi-energy RTE can be
approximated with a reduced Fokker-Planck type equation (cf. Refs. 4 and 7). However, such an
approximation is in general not valid for luminescence.

III. DIFFUSION APPROXIMATION IN OPTICALLY THICK MEDIA

Radiative transport equations are difficult to solve without introducing approximations. In
optically thick media, or in highly scattering media, the (time-independent) radiative transfer equation
can be approximated with an elliptic partial differential equation, which is called the DA (cf.
Refs. 3, 32–35). The diffusion approximation is much simpler than the RTE, because it is local and
does not depend on direction. However, it is well-known that the standard diffusion approximation is
not very accurate near the boundaries of the domain (cf. Refs. 36–40). Many studies have addressed
this limitation using various other methods. Larsen and Keller41–43 used boundary layer matched
asymptotic expansion techniques to derive an equation for the boundary layer. Kim44 improved upon
this earlier work by introducing a corrected diffusion approximation and boundary layer. In this study,
following the Kim’s approach, we derive asymptotically a corrected diffusion approximation for the
LRTE (1). Here, we refer to the approximation in the interior of the domain as the (corrected)
diffusion approximation, whereas, the full approximation including the boundary layer solution is
referred to as the “diffusion approximation with a boundary layer” or DABL (see Fig. 1).

Before introducing the asymptotic analysis, it is convenient to regroup the terms in the LRTE
(1) as

� · ∇ I + μa(1 − QY) fa(λ)I︸ ︷︷ ︸
absorption

+μaQY fa(λ)LI︸ ︷︷ ︸
reemission

= 0, (9)
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FIG. 1. A schematic representation of regions of validity for of the diffusion approximation (DA) and boundary layer (BL).

where

LI
.= I − fr (λ)

fa(λ)

∫
S2

∫
�

Pr (� · �′) fa(λ′)I dλ′d�′. (10)

Assumption 1. We make the following physical assumptions about the medium and source terms.

1. The medium has a quantum yield close to unity, i.e.,

QY = 1 − ε2, 0 < ε 
 1. (11)

2. The absorption constant is μa = α

ε
, where α = O(1) is a rescaled absorption constant.

3. The absorption and reemission spectra scale as fa = O(1) and fr = O(1).
4. The spatial variations of the incident source and of the boundary of the domain are small

compared with ε.

Assumption (1) is suitable for many organic and semiconductor fluorescent particles, whose
quantum yield can be as high as 95% or higher (cf. Refs. 14 and 15). The other assumptions ensure
that the validity of the asymptotic scaling (cf. Refs. 41 and 43 for a detailed discussion of the
smoothness assumptions).

Introducing these assumptions into (9) leads to

ε� · ∇ I + ε2α fa(λ)I + (1 − ε2)α fa(λ)LI = 0. (12)

This equation is our starting point of the asymptotic analysis.

A. Asymptotic analysis

We seek an approximate solution of (12) with the boundary condition (7) in the form

IDABL ≈ 
int + �BL , (13)

where 
int is the interior solution, i.e., the corrected diffusion approximation, and �BL is the boundary
layer solution.

1. Corrected diffusion approximation for the interior solution

In the interior of the domain, we expand the solution as


int = φ0 + εφ1 + · · · . (14)

Substituting (14) into (12) and collecting in powers of ε, leads to

−α fa(λ)Lφk = � · ∇φk−1 + α fa(λ)[I − L]φk−2, k = 0, 1, . . . , (15)

where I is the identity operator and it is implied that φ − 2 = φ − 1 ≡ 0. For k = 0, the leading order
equation in (15) is

Lφ0 = 0. (16)
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Using (10) and (16) gives

φ0 = fr (λ)

fa(λ)

∫
S2

∫
�

Pr (� · �′) fa(λ′)φ0d�′dλ′. (17)

Since the right-hand side does not depend on �, φ0 does not depend on �,

φ0 = φ0(x, λ). (18)

In other words, the eigenfunction of L corresponding to the zero eigenvalue is an isotropic function,
For k = 1, Eq. (15) gives

− α fa(λ)Lφ1 = � · ∇φ0. (19)

We seek a solution of the form

φ1 = C

fa(λ)
� · ∇φ0, (20)

where C is the undetermined constant. Substituting (20) into (19) leads to

− αC� · ∇φ0 + αC fr (λ)
∫

�

∫
S2

Pr (� · �′)�′ · ∇φ0d�′dλ′ = � · ∇φ0. (21)

To continue we need a certain identity. It can be shown that for any function, Pr(� · �′), and
any vector function F(·) that does not depend on �, the following identity holds (cf. Ref. 3):∫

Pr (� · �′)�′ · Fd�′ = g� · F, (22)

where the integration is over all directions and g, the anisotropy parameters, is the first moment of
Pr, i.e.,

g =
∫ 1

−1
Pr (�) cos �d�,

where we have used the notation in (6).
Using (22) with F = ∇φ0, Eq. (21) simplifies to

αC� · ∇φ0 − α fr (λ)Cg� ·
∫

�

∇φ0dλ′ = −� · ∇φ0. (23)

Integrating (23) over �, using
∫
�

fr (λ)dλ = 1, and rearranging the terms leads to∫
�

dλ [1 + Cα(1 − g)] � ·
∫

�

∇φ0dλ′ = 0. (24)

Since φ0 is isotropic and its gradient is nonzero, Eq. (24) yields the undetermined constant as

C = − 1

α(1 − g)
. (25)

Using (20), the first-order correction term is

φ1 = − 1

α(1 − g) fa(λ)
� · ∇φ0. (26)

For k = 2, Eq. (15) gives

� · ∇φ1 + α fa(λ)[I − L]φ0 = −α fa(λ)Lφ2. (27)

Substituting Lφ0 = 0 and (26) we get

� · ∇ ·
[
− � · ∇φ0

α(1 − g) fa(λ)

]
+ α fa(λ)φ0 = −α fa(λ)Lφ2. (28)
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Next, we integrate both sides over S2 × �. Regarding the right-hand side, we recall that

Lφ2 = φ2 − fr (λ)

fa(λ)

∫
S2

∫
�

Pr (� · �′) fa(λ′)φ2d�′dλ′. (29)

Multiplying Lφ2 by fa(λ) and integrating over S2 × � gives∫
�

∫
S2

fa(λ)Lφ2 d�dλ =
∫

�

∫
S2

fa(λ)φ2 d�dλ −
∫

�

fr (λ)dλ

∫
S2

Pr (� · �′) d�

∫
�

∫
S2

fa(λ)φ2 d�dλ.

Since
∫
�

fr (λ)dλ = 1 and
∫

S2 Pr (� · �′) d� = 1, it follows that the right-hand side is zero. Hence,
the double integral of the right-hand side of (28) vanishes. Using the divergence theorem for the
left-hand side of (28) leads to ∫

�

[∇ · (κ∇φ0) − α fa(λ)φ0] dλ = 0, (30)

where the diffusion coefficient is

κ(λ) = 1

3(1 − g)α fa(λ)
. (31)

In order to obtain a unique solution of (30) subject to the boundary conditions (7), a sufficient
condition is to require that the integrand of (30) vanishes, i.e.,

∇ · (κ∇φ0) − α fa(λ)φ0 = 0. (32)

Thus, to O(ε), the interior solution 
int is


int ∼ φ0 − 3κε� · ∇φ0, (33)

where φ0 satisfies (32). This is the corrected diffusion approximation.
We remark that the “standard” diffusion approximation is


D A ∼ φ0, (34)

i.e., the solution of (32) alone. It is important to note that, for the solution of (32) to be correct to
O(ε) near the boundary of the domain and in its interior, the boundary conditions for (32) must be
asymptotically accurate to O(ε) as well. In Sec. IV C, we derive such boundary conditions for the
plane-parallel problem.

2. Boundary layer solution

In the boundary layer, we seek an approximate solution �BL of (12) in a neighborhood of a
particular point xb on the smooth boundary of ∂D. To do this, a new coordinate system is defined
with xb at the origin and x�→(ρ, ζ ) , where ζ ‖ n̂(xb) and ρ ⊥ n̂(xb). Accordingly, the new angular
variables are defined as

μ = � · n̂(xb) = cos θ, μ ∈ [−1, 1], (35)

�⊥ =
√

1 − μ2(cos ϕ, sin ϕ), ϕ ∈ [−π, π ]. (36)

Thus, �BL = �BL(ρ, ζ , μ, �⊥, λ).
We consider the source term on ∂D, i.e., at ζ = 0, to be a slowly varying and axisymmetric about

n̂(xb) for all xb ∈ ∂D. Therefore, using the notation of (7), the boundary source term is denoted as
B(ρ, μ, λ), i.e., independent of �⊥. Similarly, the Fresnel reflection operator in (7) is assumed to
be axisymmetric and

R[I (μ, ·)] ≡ r (μ)I (−μ, ·), (37)
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where r(μ) is the reflection coefficient. As I ≈ 
int + �BL, the boundary condition on ζ = 0 can
be written as

�BL (ρ, 0, μ,�⊥, λ) = −
int (ρ, 0, μ, λ) + r (μ)�BL (ρ, 0,−μ,�⊥, λ) + r (μ)
int (ρ, 0,−μ, λ)

+B(ρ, μ, λ).

Substituting the interior solution (33) yields

�BL (ρ, 0, μ, λ) = −φ0(ρ, 0, λ) + 3κε(μ∂ζ + �⊥ · ∇⊥)φ0(ρ, 0, λ) + r (μ)�BL (ρ, 0,−μ, λ)

+r (μ)φ0(ρ, 0, λ) − 3κεr (μ)
[−μ∂ζ + �⊥ · ∇⊥

]
φ0(ρ, 0, λ) + B(ρ, μ, λ) at ζ = 0, (38)

where we have used the operator identity

� · ∇ ≡ μ∂ζ + �⊥ · ∇⊥, (39)

where ∇⊥ denotes the gradient on the tangent space of ∂D.
We now introduce the stretched variable ζ = εζ*. Substituting (36) into (12) and using (39)

with the stretched variable gives

μ
∂�BL

∂ζ ∗ + ε�⊥∇⊥�BL + ε2α fa�BL + (1 − ε2)α faL�BL = 0. (40)

We seek a solution of (40) as ε → 0+ . For fixed ζ , this means that ζ* → ∞. Therefore, the boundary
layer problem is defined in the half space ζ* > 0. A necessary condition to ensure the asymptotic
matching between the interior and boundary layer solutions is

�BL → 0 as ζ ∗ → ∞. (41)

Similar to the interior solution, we seek a solution in the boundary layer of the form

�BL (ρ, εζ ∗, μ,�⊥, λ) = ψ0 + εψ1 + O(ε2). (42)

Substituting (42) into (40) and collecting the O(1) and O(ε) terms, gives the following two equations
in the half-space ζ* > 0:

μ
∂ψ0

∂ζ ∗ + α faLψ0 = 0, (43)

μ
∂ψ1

∂ζ ∗ + α faLψ1 = �⊥ · ∇⊥ψ0. (44)

Substituting (42) into the boundary conditions (38) and collecting the O(1) and O(ε) terms, yields
the associated boundary conditions on ζ* = 0 as

ψ0(ρ, 0, μ,�⊥, λ) = r (μ)ψ0(ρ, 0,−μ,�⊥, λ) − [1 − r (μ)]φ0(ρ, 0, λ) + B(ρ, μ, λ), (45)

ψ1(ρ, 0, μ,�⊥, λ) = r (μ)ψ1(ρ, 0,−μ,�⊥, λ) + 3κ[1 + r (μ)]μ
∂φ0(ρ, 0, λ)

∂ζ ∗

+ 3κ[1 − r (μ)]�⊥ · ∇⊥φ0(ρ, 0, λ). (46)

We observe that since (43) and (45) have only axisymmetric operators, the leading order solution
ψ0 does not depend on �⊥. In addition, by integrating (44) with respect to ϕ [defined in (36)] we
observe that the term on the right-hand side vanishes. Similarly, integrating (46) with respect to ϕ

we observe that the last term on the right-hand side vanishes. It follows that ψ1 does not depend on
ϕ (or �⊥).

Using (42), we conclude that, to O(ε), �BL = �BL(ρ, ζ , μ, λ) does not depend on �⊥ and it
satisfies the boundary value problem

μ
∂�BL

∂ζ ∗ + α faL�BL = 0 in ζ ∗ > 0, (47a)
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FIG. 2. A plane-parallel slab with a reflecting bottom surface at z = z1 and transparent top surface at z = 0.

with the boundary conditions

�BL (ρ, 0, μ, λ) − r (μ)�BL (ρ, 0,−μλ) = S(ρ, μ, λ), on 0 < μ ≤ 1, (47b)

where we have combined the non-homogeneous terms into

S(ρ, μ, λ)
.= −[1 − r (μ)]φ0(ρ, 0, λ) + B(ρ, μ, λ) + 3εκ[1 + r (μ)]μ

dφ0

dζ ∗ (ρ, 0, λ). (47c)

We point out that these boundary conditions, and the boundary layer solution, depend on the interior
solution, φ0, which, in turn, requires the (yet unprescribed) boundary conditions.

Since the approximate boundary layer solution is axisymmetric, it is convenient to rewrite the
reemission operator in (47a) as

L�BL = �BL − 1

2

fr (λ)

fa(λ)

∫
�

∫ 1

−1
p0(μ,μ′) fa(λ′)�BLdμ′dλ′, (48)

where p0(μ, μ′) is the redistribution function for the Henyey-Greenstein scattering, i.e.,

p0(μ,μ′) = 1

2π

∫ π

−π

Pr

(
μμ′ +

√
1 − μ2

√
1 − μ′2 cos(ϕ − ϕ′)

)
d(ϕ − ϕ′). (49)

Here, p0(μ, μ′) determines the fraction of light from a cone of angle μ′ that is reemitted into a cone
of angle μ. Alternatively, this function can be expressed as

p0(μ,μ′) = 2

π

1 − g2

√
γ1 + γ2(γ1 − γ2)

E(k), (50)

where

γ1 = 1 + g2 − 2gμμ′, γ2 = 2g
√

1 − μ2
√

1 − μ′2, k = 2γ2

γ1 + γ2
, (51)

and E(k) is the complete elliptic integral of the second kind.

IV. SOLUTION IN A PLANE-PARALLEL SLAB

In this section, we apply the foregoing theory to find the asymptotic solution in the case of a
plane-parallel slab (see Fig. 2).

A. Plane waves

To solve the boundary layer problem (47), we use the method of plane waves following Ref. 45.
The first step is to compute the plane wave solutions (in the full-plane) and the associated spectrum.
To do this, we make the ansatz

�BL (ζ ∗, μ, λ) = V (μ, λ)eηζ ∗
, (52)
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where η and V (μ, λ) are eigenvalues and eigenfunctions, respectively. Substituting (52) into (47a)
gives the generalized eigenvalue problem

μηV (μ, λ) + α fa(λ)LV (μ, λ) = 0. (53)

It is helpful to discretize this problem. This is used to compute the spectrum and the plane waves solu-
tions and, later, in order obtain the asymptotic boundary conditions for the diffusion approximation.
We discretize the L operator (48) using the Gauss-Legendre quadrature rule

∫ 1

−1
p0(μ,μ′; g)V (μ, λ)dμ′ ≈

M∑
j=−M

p0(μ j , μ
′
j )V (μ j , λ)w′

j , (54)

where μ′
j and w′

j are the quadrature abscissas and weights, respectively, and M is the number of
roots of the Legendre polynomials. We also discretize the wavelength interval � into N equally
spaced nodes and use the Simpson quadrature formula, i.e.,

∫
�

V (μ, λ′)dλ′ ≈
N∑

�=1

V (μ, λ�)q�, (55)

where the qjs are the corresponding weights. Substituting (54) and (55) into the operator (48) and
into the eigenvalue problem (53) leads to the discrete generalized eigenvalue problem

(
μ jη j + α f �

a

)
Vj,� = α

f �
r

f �
a

N∑
�=1

f �
a

M∑
j=−M

p0(μ j , μ
′
j ; g)Vj,�w

′
j q�, (56)

where Vj,� = V (μ j , λ�), f �
a = f (λ�), and f �

r = fr (λ�).
It can be observed that the pairs [η, V (μ, λ)] and [−η, V (−μ, λ)] satisfy the same Eq. (53).

Therefore, the plane wave solutions have the symmetry property

η j = η− j , V− j (μ, λ) = Vj (−μ, λ), j = 0, . . . , M.

Hence, the eigenvalues can be ordered as

· · · < η− j < . . . < η−1 < η0 < η1 < . . . < η j < · · · , (57)

where η0 = 0 corresponds to a constant eigenfunction, V0.46

The associated full-plane Green’s function G(ζ*, μ, λ; μ′, ζ ′) satisfies

μ
∂G

∂ζ ∗ + α fa(λ)LG = δ(μ − μ′)δ(ζ ∗ − ζ ′), μ ∈ [−1, 1], ζ ∗, ζ ′ ∈ (−∞,∞). (58)

The solution of (58) can be obtained using the above plane waves as

G(ζ ∗, μ, λ; ζ ′, μ′) =

⎧⎪⎨
⎪⎩

∑
j≥0

Vj (μ, λ)eη j (ζ ∗−ζ ′)Vj (μ′, λ), ζ ∗ < ζ ′

∑
j≥0

W j (μ, λ)e−η j (ζ ∗−ζ ′)W j (μ′, λ), ζ ∗ > ζ ′,
(59)

where W j
.= V− j .

B. Green’s function for the boundary layer problem

Next, we denote the Green’s function for (47a) in the upper-half plane ζ* > 0 as H0(ζ*, μ, λ;
ζ ′, μ′), which satisfies

μ
∂ H 0

∂ζ ∗ + α fa(λ)LH 0 = δ(μ − μ′)δ(ζ ∗ − ζ ′), μ ∈ (0, 1], ζ ∗ > 0, (60a)

H 0(0, μ, λ; ζ ′, μ′) = r (μ)H 0(0,−μ, λ; ζ ′, μ′), 0 < μ ≤ 1, (60b)
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where (60b) corresponds to the homogeneous (left-hand side) part of (47b) on the top surface. The
solution of (60a) can be expressed in terms of the full-plane Green’s function as

H 0(ζ ∗, μ, λ; ζ ′, μ′) = G(ζ ∗, μ, λ; ζ ′, μ′) − G̃(ζ ∗, μ, λ; ζ ′, μ′), (61)

where G̃(ζ ∗, μ, λ; ζ ′, μ′) satisfies the auxiliary problem

μ
∂G̃

∂ζ ∗ + α fa(λ)LG̃ = 0, (62a)

G̃(0, μ, λ; ζ ′, μ′) = G(0, μ, λ; ζ ′, μ′). (62b)

The solution of (62) can be obtained as a series of plane waves. Combining it with Eqs. (59) and
(61) yields

H 0(ζ ∗, μ, λ; ζ ′, μ′) =

⎧⎪⎨
⎪⎩

∑
j≥0

Vj (μ, λ)eη j (ζ ∗−ζ ′)Vj (μ′, λ) − ∑
j≥0

W j (μ)eη j ζ
∗ ∑

p>0
C j,pVp(μ′, λ)e−ηpζ

′
, ζ ∗ < ζ ′

∑
j≥0

W j (μ, λ)e−η j (ζ ∗−ζ ′)W j (μ′, λ) − ∑
j≥0

W j (μ, λ)eη j ζ
∗ ∑

p>0
C j,pVp(μ′, λ)e−ηpζ

′
, ζ ∗ > ζ ′,

(63)
where Cj, p are constants. Substituting (63) into the boundary condition (60b) yields the linear system
of equations for the constants Cj, p as∑

j≥0

[
W j (μ, λ) − r (μ)Vj (μ, λ)

]
C j,p = [

Vp(μ, λ) − r (μ)Wp(μ, λ)
]
, 0 < μ ≤ 1, p > 0. (64)

The solution of the upper-half plane problem is then

�0
BL (ζ ∗, μ, λ) =

∫ 1

0
H 0(ζ ∗, μ, λ; 0, μ′)S(μ′, λ)μ′dμ′, (65)

where S(μ′, λ) are the non-homogeneous terms in the boundary condition (Eq. (47b)). Combining
(63) and (65) gives the boundary layer solution as

�0
BL (ζ ∗, μ, λ) =

∑
j≥0

W j (μ, λ)e−η j ζ
∗
∫ 1

0

⎡
⎣W j (μ

′, λ) +
∑
p>0

C j,pVp(μ′, λ)

⎤
⎦S(μ′, λ)μ′dμ′. (66)

We note that the same approach can yield the Green’s function in the lower-half plane, which,
due to the symmetries of the problem, can be written as

H 1(ζ ∗, μ, λ; ζ ′, μ′) = H 0(ζ1 − ζ ∗,−μ, λ; ζ1 − ζ ′, μ′), μ ∈ [−1, 0), ζ ∗ < ζ1, (67)

where ζ 1 ≡ z1/ε. Below we use (67) to solve the boundary layer problem at the bottom of the slab.

C. Asymptotic boundary conditions

Recall that the asymptotic matching conditions require that �BL decay to zero as ζ* → ∞
[Eq. (41)]. The only non-decaying term in (66) is the one corresponding to the zero eigenvalue with
a constant solution (j = 0). Hence, it follows from (66) that a necessary condition to satisfy (41) is

P [S(μ, λ)] ≡
∫ 1

0

⎡
⎣W0(μ′, λ) +

∑
p>0

C0,pVp(μ′, λ)

⎤
⎦S(μ′, λ)μ′dμ′ = 0, (68)

i.e., this is a solvability condition for boundary layer solutions that decay to zero. Combining the
solvability condition (68) and (47c) gives

P
[
B(μ, λ) − (1 − r (μ)) φ0(0, λ) + 3εκμ (1 + r (μ))

∂

∂ζ ∗ φ0(0, λ)

]
= 0. (69)

Using (69), the boundary conditions for the corrected diffusion approximation (32) can be written
as

aφ0 − bn̂ · ∇φ0 = B0, (70a)
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B0 = P[B(μ, λ)], (70b)

a = P[1 − r (μ)], (70c)

b = 3εκP[μ(1 + r (μ))]. (70d)

We remark that many studies in the optics and physics literature have suggested various ways
of choosing boundary conditions for the diffusion approximation (cf. Refs. 47–49 and references
therein). The advantage of the boundary conditions (70) is that they are asymptotically accurate to
O(ε).

D. Interior solution

In the interior layer, using (32) and (70) gives the boundary value problem for the interior of the
slab as

κ
∂2φ0

∂z2
− α fa(λ)φ0 = 0 in 0 < z < z1, (71a)

aφ0 − b
∂φ0

∂z
= B0 on z = 0, (71b)

aφ0 + b
∂φ0

∂z
= 0 on z = z1. (71c)

The solution of (71) is

φ0(z, λ) = c1 cosh(mz) + c2 sinh(mz), (72)

where the coefficients are

c1 = B0

c0
[a sinh(mz1) + mb cosh(mz1)], (73a)

c2 = −B0

c0
[a cosh(mz1) + mb sinh(mz1)], (73b)

c0 = (a2 − m2b2) sinh(mz1) + 2mba cosh(mz1), (73c)

m2 = α fa(λ)

κ
. (73d)

Substituting (72) and (73) into (33), yields the asymptotically accurate interior layer solution as


int ∼ [c1 − με3κmc2] cosh(mz) + [c2 − με3κmc1] sinh(mz). (74)

E. Boundary layer solution

To find the boundary layer solution, we assume that the incident beam on the top surface is
collimated and is directed perpendicular to the top surface, i.e., in term of (47c),

B(μ, λ) = δ(μ − 1). (75)

Using (65) and (75) yields boundary layer solution near the top surface

�0
BL (z, μ, λ) = −φ0(0, λ)

∫ 1

0
H 0(0−, μ, λ; 0+, μ′)[1 − r (μ′)]μ′dμ′ (76)

+3εκ
dφ0(0, λ)

dz

∫ 1

0
H 0(0−, μ, λ; 0+, μ′)[1 + r (μ′)]μ′2dμ′ + H 0(0−, μ, λ; 0+, 1).
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Similarly, using (67) yields the boundary layer solution near the bottom surface

�1
BL (z, μ, λ) = φ0(z1, λ)

∫ 0

−1
H 0(0−,−μ, λ; 0+,−μ′)[1 − r (μ′)]μ′dμ′ (77)

−3εκ
dφ0(z1, λ)

dz

∫ 0

−1
H 0(0−,−μ, λ; 0+,−μ′)[1 + r (μ′)]μ′2dμ′.

The solution of the full problem is then

I = 
int + �0
BL + �1

BL . (78)

V. PHYSICAL INVESTIGATIONS

Below we perform a series of computational experiments of the LRTE and DABL. The LRTE
is solved using the methods presented in Sec. IV A. The purpose of these investigations is twofold:
to validate the asymptotics and garner physical insight into the salient features of the solutions. In
particular, we focus on accurately quantifying the effects of reabsorption.

A. Reabsorption effects

To recap, when light is absorbed and reemitted, it can be reabsorbed. The probability of
reemission is called the photoluminescence quantum yield and is denoted by QY. Hence, qualitatively,
the loss of light flux (or photons) after n reabsorption events increases exponentially as QYn. The
asymptotic assumption leading to the diffusion approximation is that this probability is close to unity
(11). However, even when the quantum yield is quite large, say, 95%, if there is a significant overlap
between the absorption and reemission spectra, the reabsorption effects can be significant.

A common way to characterize this overlap is the Stokes shift, �λS, which is characteristic
wavelength separation between the absorption and reemission peaks. This is illustrated in Fig. 3 for
the “synthetic” Gaussian spectra

fr (λ) = e− (λ−λr )2

2σ2

σ
√

2π
, fa(λ) = e− (λ−λa )2

2σ2

σ
√

2π
, (79)

where λa and λr are the central absorption and reemission wavelengths, respectively, and σ is the
characteristic width of these spectra. The Stokes shift can then be defined as

�λS = λr − λa . (80)

Below we study the reabsorption in the LRTE and DABL for varying values of Stokes shift.
We show that DABL is accurate when the Stokes shift is small. When the Stokes shift is large,
DABL is, in general, not asymptotically valid. However, its results are still qualitatively accurate for
wavelengths in the reemission range.

0

0.2

0.4

0.6

0.8

1

λ

absorpt i on

emi ss i on

λa λr

ΔλS

FIG. 3. Schematic absorption (dashes) and reemission (solid) spectra. �λ = λr − λa denotes the Stokes shift.
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FIG. 4. Radiance on the top surface a function of the cosine angle computed directly using the LRTE (dots) and DABL
(dashes). Here, ε = 0.01, g = 0.8, λa = 545, λr = 590, and �λS ≈ σ

3 .

In our computations, we consider a slab with z = 0 and z1 = 1 and the relative refractive index
as nrel = 1.4. We use the Fresnel reflection coefficient for unpolarized light, given by

r (μ) =
{ 1

2 | (nrelμt −μ)
(nrelμt +μ) |2 + 1

2 | (nrelμ−μt )
(nrelμ+μt )

|2, μ > μc

1, μ ≤ μc
, (81)

where the cosine angle of the transmitted radiation is

μt =
√

1 − n2
rel (1 − μ2)

and the cosine of the critical angle is μc =
√

1 − 1
n2

rel
.

1. Small Stokes shift

When the Stokes shift is small, i.e., in terms of (79), �λS 
 σ , there is a large overlap between
fa and fr. Therefore, the probability for reabsorption is high. This is typical for organic fluorescent
particles, such as Rhodamine B (cf. Ref. 14). Specifically, in the computations below, we use (79)
with λa = 545, λr = 590, and σ = 150. This corresponds to �λS ≈ σ

3 .
First, we choose ε = 0.01 and consider a forward peaked scattering phase function (50) with

an anisotropy parameter g = 0.8. Figure 4 shows that radiances on the top surface, computed using
the LRTE and DABL, as functions of the direction cosine, μ. This computation shows that DABL is
very accurate. To understand this behavior of the radiance, we recall that the source is a collimated
beam on the top surface pointing downwards, i.e., along the μ = 1 direction. Since the medium is
highly diffusive, the radiation in the directions that are close to the tangent of the boundary is largely
backscattered from the medium to the top surface. This is consistent with the roughly constant
radiance in the range − 1 ≤ μ < 0.7. However, much of the forward peaked radiation is transmitted
outside of the medium, which is consistent with the dip of the radiance at the top surface in the range
0.7 < μ ≤ 1.

To quantify the accuracy of DABL, we use the reflectance outside of the top surface and the
transmittance outside of the bottom surface, defined, respectively, as

R = −
∫ 0

−1
[1 − r (μ)]I (0, μ, λ)μdμ, (82)

T =
∫ 1

0
[1 − r (μ)]I (z1, μ, λ)μdμ. (83)

The respective relative errors of DABL are defined as

‖ER‖∞ = ‖RL RT E − RD ABL‖∞
‖RL RT E‖∞

, ‖ET‖∞ = ‖TL RT E − TD ABL‖∞
‖TL RT E‖∞

, (84)

where ‖ · ‖∞ is the L∞ norm.
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FIG. 5. (a) Reflectance [Eq. (82), solid] and transmittance [Eq. (83), dashes] evaluated at λ = 590 as functions of ε. All
other parameters are the same as in Fig. 4. (b) Loglog plot of the relative errors [Eq. (84)].

It is interesting to study the behavior of the solutions and errors as ε varies. Figure 5(a) shows
that, ε increases, the reflectance decreases while the transmittance increases. To understand this,
we recall that as ε increases, the fluorescence (reemission) becomes larger [see Eq. (12)]. Since, in
addition, the fluorescence is highly forward peaked (g = 0.8), as ε increases it is expected that the
transmittance will increase and the reflectance will decrease.

Figure 5(b) shows the error of DABL vs. the LRTE as functions of ε. This result shows that the
error of DABL scales as ε2. Hence, this result shows that the accuracy of DABL is consistent with
the asymptotic theory.

We also study the effect of anisotropy of the reemission phase function (6). To do so, we vary the
anisotropy parameter from g = 0 (isotropic) to g = 1 (forward peaked reemission). Figure 6(a) shows
that the reflectance decreases and transmittance increases as the reemission becomes more forward
peaked. Figure 6(b) shows the associated errors of reflectance and transmittance as a function of
anisotropy parameter. Both errors are found to be in the order of ε2.

2. Large Stokes shift

It is also interesting to study the case of large Stokes shifts. In this case, the reabsorption cross-
section is small and, therefore, the probability of reabsorption is small. This is the case for certain
fluorescent semiconductor particles (cf. Ref. 15).

To study this case, we use (79) with λa = 540, λr = 690, σ = 150. This corresponds to a Stokes
shift (80) �λS = σ , i.e., almost no overlap between fa and fr. In this case, it is meaningful to define
the (possibly overlapping) absorption and reemission wavelength intervals, �a and �r, respectively.
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FIG. 6. (a) Reflectance (solid) and transmittance (dashes) as functions of anisotropy parameter g. All other parameters are
the same as in Fig. 4. (b) Semilogy plot of the relative errors.
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061501-15 D. Şahin-Biryol and B. Ilan J. Math. Phys. 55, 061501 (2014)

−1 −0.5 0 0.7 1
0

5

10

15

μ

I
(0

,
μ

,5
40

)

( a)

 

 

DABL

LRTE

−1 −0.5 0 0.7 1
0

1

2

3

4

μ

I
(0

,
μ

,6
90

)

(b)

 

 

DABL

LRTE

FIG. 7. The radiance on the top surface as a function of direction evaluated at (a) λ = 540 and (b) λ = 690, and computed
using the LRTE (solid) and DABL (dashes). The parameters are ε = 0.01, g = 0.8 and the Stokes shift is �λS = σ = 150.

Figure 7 shows that DABL is generally inaccurate in this case. In particular, Fig. 7(a) shows
that at λ = 540, i.e., in the absorption range, DABL is inaccurate for all μ. On the other hand,
Fig. 7(b) shows that at λ = 690, i.e., the reemission range, DABL is accurate for 0.7 < μ ≤ 1. To
understand this, we note that assumption (1) do not hold in general. In particular, since fa(λ) decays
to zero outside some subinterval of wavelengths, �\�a. Therefore, fr/fa = o(ε − 1) and [from (10)]
that L = I + o(ε−1) in �\�a, which invalidates the asymptotic scaling of (12). This explains the
failure of the diffusion approximation in the large Stokes shift regime.

Furthermore, in the limiting case of a very large Stokes shift, i.e., when the overlap between the
absorption and reemission intervals is negligible, the LRTE (1) can be broken up into a system of
two coupled RTEs for the absorption and reemission as

� · ∇ I + μa fa(λ)I = 0, λ ∈ �a, (85a)

� · ∇ I = μa QY fr (λ)
∫

�a

∫
S2

fa(λ′)Pr (� · �′)I (x,�′, λ′) d�′dλ′, λ ∈ �r . (85b)

We remark that similar systems, and associated systems of two coupled diffusion approximations,
have been studied (cf. Refs. 19, 21–25). However, System (85) is physically accurate only when
the reabsorption is negligible. Moreover, as mentioned above, the diffusion approximation is not
asymptotically valid in this case. This can also be demonstrated in detail as follows. The solution
of (85a) in a parallel slab with the same boundary conditions as in Sec. IV is

I (z, μ, λ) =

⎧⎪⎨
⎪⎩

δ(μ − 1)
[
1 + r2(μ)e− 2μa fa (λ)

μ

]−1
e− μa fa (λ)z

μ , 0 < μ ≤ 1,

δ(μ − 1)r (μ)
[
1 + r2(μ)e− 2μa fa (λ)

μ

]−1
e− μa fa (λ)(z+2)

μ , −1 ≤ μ < 0,

(86)

where λ ∈ �a and z ∈ [0, 1]. Using the scaling (1), it follows directly from (85a), as well as from
(86), that, apart from the forward peaked direction (μ = 1), for λ ∈ �a the radiance scales as
O(e−1/ε). This is consistent with the very small LRTE solution as shown in Fig. 7(a). A similar
analysis shows that the diffusion approximation is also inaccurate for λ ∈ �r, apart from the forward
peaked direction; and this too is shown in Fig. 7(b).

3. Varying the Stokes shift

Since DABL is, in general, only accurate for small Stokes shifts, it is interesting to study its
accuracy as the Stokes shift varies. To do this, we fix ε = 0.01, g = 0.8, λr = 690, and σ = 150,
while allowing λa – and hence �λS – to vary (i.e., λa ∈ [540, 690]) .
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FIG. 8. Semilogy plot for the relative error in L∞-norm as a function of Stokes shift. The parameters are ε = 0.01, g = 0.8,
and �λS ∈ [0, σ ], where σ = 150.

Figure 8 shows the error of DABL for variable Stokes shifts computed for the averaged radiance
on the top surface at the center of the reemission spectrum, i.e.,

‖ES(λr )‖∞ = ‖UL RT E − UD ABL‖∞
‖UL RT E‖∞

,

where, for either the LRTE or DABL,

U(λr ) = −
∫ 0

−1
I (0, μ′, λr )μ′dμ′. (87)

This figure shows that for �λS < σ
3 the error of DABL is on the order ofO(ε2), whereas, for �λS ≥ σ ,

the error beyond this scaling. This is further indication that the diffusion approximation can become
inaccurate whenever the reabsorption is weak, i.e., when the overlap between fa and fr is small.

B. Using measured luminescence data

To further test the accuracy of DABL, we compute the solutions using measured luminescence
data for semiconductor CdSe/CdTe nanoparticles [see Fig. 9(a)]. Unlike the previously used synthetic
spectral data (79), here it is less clear how to define the Stokes shift. Nonetheless, over the entire
range of wavelengths, the reabsorption cross-section is relatively small due to the large absorptivity
at shorter wavelengths. In addition, the source function on the top surface is taken as

B(μ, λ) = fsol (λ)δ(μ − 1), (88)

where fsol(λ) is the normalized typical average irradiance spectrum at sea level,50 as shown in
Fig. 9(a). Using the parameters ε = 0.01, g = 0.8 we compute the solution of the LRTE, DABL,
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FIG. 9. (a) Solar irradiance at sea level (dot-dashes), measured absorption (dashes), and measured reemission (solid) spectra
of CdSe / CdTe semiconductor nanoparticles.15 (b) Radiance on the top surface at λ = 650 nm, computed using the diffusion
approximation [see (34)], DABL (dashes), and the LRTE (dots). The parameters are ε = 0.01, g = 0.8.
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FIG. 10. (a) and (b) Same as Fig. 5 using the measured data in Fig. 9 and computed at λ = 650 nm.

and also the (interior) diffusion approximation without the boundary layer solution but using the
asymptotically accurate boundary conditions [see (34)].

Figure 9(b) shows the radiance on the top surface at λ = 650 nm, i.e., at the center of the
reemission spectrum. This plot shows that DABL is accurate compared with the LRTE. However,
the diffusion approximation is inaccurate. Hence, this result further indicates the importance of
including the asymptotic boundary layer solution near the top surface. Similar to Fig. 4, since
the medium is highly diffusive, much of the radiance is backscattered from the medium to the top
surface, which is consistent with the roughly constant radiance in the range − 1 ≤ μ < 0.7. However,
much of the forward peaked radiation gets transmitted outside of the medium, which explains the
low radiance at the top surface in the range 0.7 < μ ≤ 1.

Similar to Fig. 5(a), Fig. 10(a) shows that the reflectance decreases and the transmittance
increases as ε increases. However, unlike Fig. 5(b), Fig. 10(b) shows that the errors in the reflectance
do not scale as O(ε2). In fact, the errors appear to scale as O(ε), though this is not guaranteed by the
asymptotic theory. This reduced accuracy due to the small reabsorption, as discussed in Secs. V A 2
and V A 3. Notwithstanding this limitation, these results indicate that DABL can be qualitatively “in
the ballpark” even beyond its formal regime of validity, which could be useful for inverse problems
arising in fluorescence imaging and other applications.

VI. SUMMARY AND CONCLUSIONS

In this study, light transport in a luminescent medium is studied in the highly scattering
(optically thick) regime. Using asymptotic matched expansion techniques, the LRTE (1) is reduced
to the diffusion approximation with associated boundary conditions for the interior of the medium,
and the boundary layer solution. This entire solution, called DABL, is shown to be accurate to O(ε)
globally, where ε is the small parameter in the problem. Using accurate numerical computations
of the LRTE and DABL, we show that DABL is accurate when the Stokes shift is small. When
the Stokes shift is large, DABL is, in general, not asymptotically valid. However, our computations
show that, even for a large Stokes shift, DABL can be qualitatively reliable for wavelengths in
the reemission range. This is the first detailed study of the reabsorption effects in optically thick
media and the accuracy of the diffusion approximation in capturing these effects. The results
of this study are encouraging for using DABL to solve these problems. This approach may be
beneficial for solving realistic problems that arise in applications, such as modeling luminescent
solar concentrators and fluorescence optical tomography.
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