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Abstract

We show that discretization effects in finite-difference simulations of blowup solutions of the nonlinear
Schrodinger equation (NLS) initially accelerate self focusing but later arrest the collapse, resulting instead in
focusing—defocusing oscillations. The modified equation of the semi-discrete NLS, which is the NLS with high-
order anisotropic dispersion, captures the arrest of collapse but not the subsequent oscillations. Discretization
effects in perturbed NLS equations are also discussed.
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1. Introduction

The focusing nonlinear Schroédinger equation (NLS)
iV (0, %) + AY + [Py =0, x €RY, A=0u0, + -+ Oguyn

is one of the classical nonlinear models in Mathematical Physics. It is well known that NLS solutions exist
globally whenod < 2 (subcritical case). When, howeverd = 2 (critical case) owd > 2 (supercritical

case), the NLS has solutions that self focus and become singular in finite time. The critical NLS is thus
a borderline case for singularity formation. Indeed, unlike blowup solutions of the supercritical NLS,
critical collapse can be arrested by infinitesimally small perturbations [11]. For more information on
singularity formation in the NLS, see, e.g., [11,20,21].

It is clear that because of the infinitely-large spatial and temporal gradients that exist at the time
of the singularity, standard numerical methods ‘break down’ after the solution undergoes moderate
focusing. In order to better resolve the NLS solution near the singularity specialized methods were
developed, such adynamical rescaling [17], adaptive Galerkin finite-element method [2], and the
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iterative grid redistribution method [18]. The success of these specialized methods comes with a price,
as their implementation is more complex and they tend to require more computational resources.
In addition, extension of these specialized methods to NLS equations with additional terms is not
always straightforward. It often happens, however, that these additional terms prevent the singularity
formation and limit the growth of the gradienit$n such cases there is no real need for these specialized
methods and one can use standard finite-difference methods. To do that reliably, however, requires bette
understanding of discretization effects in simulations of blowup solutions.

The first numerical demonstration of blowup in the NLS appeared in 1965 in the celebrated paper
of Kelley [14]. Until now, however, there has been no study of what exactly happens when/after finite-
difference methods ‘break down’ near the singularity. Similarly, the consequences of, say, using second-
order discretization versus fourth-order one have not been analyzed. In fact, to the best of our knowledge
the only study on discretization effects in the NLS is by Bang, Rasmussen and Christiansen [3] on
stability of waveguides in the one-dimensional NLS. It is instructive to compare this lack of theory
with the voluminous body of research on numerical methods for conservation laws. For example, a lot of
work has been done in order to explain the post-shock oscillations on mesh size that were discovered in
1944 by von Neumann in calculations of compressible flows with centered difference schemes (see,
e.g., [12,13)]). It was also shown that the effect of first-order discretization is equivalent to addition
of numerical diffusion, that the effect of second-order discretization is equivalent to the addition of
numerical dispersion, etc. (see, e.g., [15]). The goal of this study is thus to initiate a similar theory
for blowup solutions of the NLS.

In Section 2 we explore the effect of spatial discretization in finite-difference simulations of the NLS
by using the concept of theodified equation. We show that the effects of second-order and fourth-order
discretization correspond to addition of fourth-order and sixth-order anisotropic numerical dispersion,
respectively. The effects of such anisotropic high-order dispersion on singularity formation turn out
to be similar to those of isotropic high-order dispersion, which were recently analyzed in [9]. Thus,
high-order isotropic/anisotropic dispersion initially accelerates the focusing but later arrests the collapse.
Numerical simulations of discretized NLS equations confirm these predictions of the modified equations.
After the arrest of collapse, however, the solution of the discretized NLS undergoes focusing—defocusing
oscillations, whereas the solution of the modified equation simply continues to defocus. In order to
capture this focusing—defocusing behavior, one has to keep additional terms in the modified equations.

In Section 3 we discuss the effects of spatial discretization in finite-difference simulations of perturbed
NLS equations. In particular, we present examples where discretization effects completely change the
behavior of the solution.

1.1. Dimensionality and anisotropy

Most NLS research has focused on the case when the initial condition is radially-symmetric, i.e., when
Yo = Yo(|x]). In that case one can solve the NLS using a radially-symmetric code-ih @limensions
(i.e.,r and|x]). As a result, discretization effects can be avoided by simply taking a very fine grid in the
radial coordinate. In the last few years, however, there has been a growing interest in anisotropic effects
in the NLS, either in the initial conditions (e.g., amalgamation [4], astigmatism [6], random noise [8,

1 For example, in the critical case the generic effect of various (physical) perturbations is to arrest the singularity formation,
resulting instead in almost-periodic focusing—defocusing oscillations [11].
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19]) or in the equation (e.g., polarization effects [8,5,7], fiber arrays [9,1]). In such cases one cannot use
a radially-symmetric code and the NLS has to be solved usiiig & 1)-dimensional code. As a result,
the grid-size cannot be taken so small as to ensure that discretization effects are negligible. Therefore, in
the following we focus on discretization effects(iP + 1)-dimensional NLS simulations.

In order to simplify the presentation we present the discretized schemes for the two-dimensional NLS

iV, X, ) + Ay + [y [Py =0, A=0d, +0,, @)

which models the propagation of intense laser beams in a bulk Kerr medium. Our results, however, are
valid for all d and not just fod = 2. We focus on the two-dimensional case for two reasons:

(1) In contrast to the one-dimensional case, in two (and higher) dimensions discretization effects are
anisotropic.

(2) Discretization effects in the one-dimensional NLS can be avoided by simply taking a very fine grid.
Solving the NLS in more than one spatial dimension, however, requires using a relatively coarse grid.

1.2. Notations

The L? norm of a functionf (x), wherex € R¢ is defined as

T _{[fwlf@)!”dx]””’ 1<p <00,
’ SugceRd|f(x)|’ P =00.

We callN(@) = ||1p||§ the power of the solution, because in the nonlinear optics context it corresponds
to beam power. In the case of the critical NLS a necessary condition for singularity formation is that the
input power be above theritical power N, i.e.,

N() = N,

whereN, is a constant that depends only on the dimension [22]. For exalpke,11.7 whend = 2.

2. Theunperturbed NL S

The standard second-order semi-discrete centered difference scheme for solyihg 1h® NLS (1)
is given by

n—21k nk—1 n,k n,k+1 n+1k
iy YT gy g gk gt
l(w )t+ h2

where ¥k (t) ~ ¥ (t,x = nh, y = kh), and where time is a continuous variable. For simplicity we
consider a uniform grid, i.e.xd= dy = 4. From Taylor expansion we have that

wn—l,k 4 wn,k—l _ 4wnk 4 wn,k+l 4 wn-ﬁ—l,k h2
2 = A‘/f + l_z(wxxxx + 1ﬂyyyy) + O(h4) (3)

Therefore, the semi-discrete NLS (2) is more accurately approximated loyothied equation

+ |wn,k|2‘7wn,k — O, (2)

h2
iVt x,y) + Ay + Y2y + 15 Wwens T Vi) =0, 4)
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rather than by the NLS (1). We thus see that second-order spatial discretization in (1) corresponds to
addition of anisotropffourth-order dispersion.

Similarly, when the NLS (1) is solved using standard fourth-order centered difference discretization,
the corresponding semi-discrete equation is

n,k—2 nk—1 n,k n,k+1 n,k+2
oy~ 16y — 30y 4 16y — g

l(l// )t + h2
_wn—Z,k 4 l&ﬂn_l’k _ 301/fn’k 4 lGlﬂ"+l’k _ 1/fn+2,k
+
h2

In that case the semi-discrete equation (5) is more accurately approximated by the modified equation

4 |w11,k |2"wn,k =0. (5)

2n*
il/ft (ta X, y) + AW + |W|Zgw - E(Wxxxxxx + Wyyyyyy) = O, (6)

than by the NLS (1). Thus, fourth-order spatial discretization is equivalent to subtraction of anisotropic
sixth-order dispersion.

2.1. Rigorous analysis

The modified equations (4) and (6) are special cases of the equation

Iy

d
W)+ AV F Yy 4 (D" Y o =0, (7
i=1 i

wheres = ch?"~2 > 0. We note that power and Hamiltonian conservation in Eq. (7) reads
N@)=N(0), H(r) = H(0),

where
d

1
H= VY15~ =I5 -3
i=1

iy |2

ox;"

(8)

2
In the case of the NLS witlsotropic high-order dispersion the following result holds [9]:
Theorem 1. Let ¢ be a solution of
iV (t, %) + AY + (Y7 + (=D)"eA"y =0, (0, x) =vo(x), 9)
where yo(x) € H™ and m > 2 isan integer. Then ¢ > 0 is a sufficient condition for global existence.

We can generalize this result to the case of mildly-anisotropic high-order dispersion:

Theorem 2. Let v be a solution of (7) such that ¢ (0, x) = ¥o(x) € H™ and m > 2 is an integer. Then
¢ > 0 isa sufficient condition for global existence.

2 Isotropic fourth-order dispersia®y = Yy xxx + 2¥xxyy + Yyyyy IS invariant under any rotation. In contrast, the fourth-
order dispersion term in (4) is invariant only under rotations by, 9bis mild anisotropy reflects the preferred direction®th
that are induced by the discretization (see Fig. 2).
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Proof. It is known from NLS theory thab-priori bound of || ||z» implies global existence of the
solution of Eq. (7). Let us begin with the case whereis even. From Eg. (8), the Cauchy—-Swartz
inequality and|y||3 = N (0) we have that

d
e
i=1

2

ox

1

™y 2 1 20+2
w | = —H©O) + VY5 — G—Jrllllﬁllzgiz

2

< —HQO) + [ l2[lAY ]2 = —H(0) + vV N(O)[| Ay ||2. (10)
We observe that

1AYI2 = / P Pk < /(1+ ™) |92 dke = N () + | A2 |2 (11)

wherex/}(t, k) is the Fourier transform af (¢, x). In addition,

d m/2 d d
o= [(S4) Py [ilifamey
i=1 i=1 i=1

Therefore, together with inequalities (10) and (11) we arrive at

iy ||?
ax" ||,

#” A"y |5 < —H(0) +\/N(0)(N(0) + ] am2y|2) < e+ VN O) A"y,

from which we conclude thatA™/2y |5 is bounded. Becausg) ||3 = N(0) it follows that ||y || g is
bounded and that the solution exists globally. Whens odd global existence can be proved using
similar estimates fof V(A™~9/2y) 2. O

Theorem 2 shows that solutions of the modified equations (4) and (6) exist globally. Hence, numerical
solutions of the semi-discrete schemes (2) and (5) are not expected to blowup. Indeed, since the powel
D onk |k |2 of solutions of (2) and (5) is conserved in time, these solutions cannot become infinite.

2.2. Informal analysis

The global existence result for the modified equation (7) does not provide information on the dynamics
of its solutions. We can gain insight on discretization effects by applying the following ‘rules’ from NLS
theory to the Hamiltonian (8):

(1) Terms with the same sign in the Hamiltonian work with each other (i.e., both are focusing or both
are defocusing), whereas terms with opposite signhs work against each other.

(2) When the balance is between the nonlinearity and diffraction or dispersion that have the same sign,
both nonlinearity and diffraction or dispersion are defocusing.

(3) When the balance is between the nonlinearity and diffraction or dispersion that have opposite signs,
the nonlinear term is focusing and the diffraction or dispersion term is defocusing.

Let us apply these ‘rules’ to Eq. (7). When<0s « 1 then initially the main competition is between
the defocusing Laplacian and the focusing nonlinearity (first and second term in the Hamiltonian,
respectively), whereas the discretization term (third term in the Hamiltonian) is small. We thus see that
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Fig. 1. Comparison of a blowup solution of the critical NLS (1) (dashed lines) with solutions of the corresponding discretized
NLS equations (solid). (A) second-order discretization (Eg. (2)) with0.05; (B) same as (A) witth = 0.1. Dotted line is the
solution of the modified equation (4). (C) fourth-order discretization (Eq. (5)) with0.05; (D) same as (C) with = 0.1.

whene > 0 the discretization term is working with the focusing nonlinearity and against the defocusing
Laplacian. In other wordsgliscretization effects initially accelerate self-focusing.

As self-focusing progresses the discretization term increases faster than the Laplacian because i
consists of higher derivatives. Indeed, from the proof of Theorem 2 we see that global existence is
determined by the nonlinearity and by the discretization term (which controls the Laplacian term). Hence,
we can estimate the maximal amplitude from the condition thét and eA™+r are of comparable
magnitudes. For the NLS self-similar profilgy:| ~ L=Y°(+)F(r/L) this condition gives a minimal
width of Lyin ~ e¥@"=2 ~ j and a maximal amplitude of

[V [ max ~ he, (12)

We thus see thdhe maximal amplitude is asymptotically independent of the order of the finite-difference

scheme. This result can be surprising at first sight, since higher-order schemes should be able to resolve
steeper gradients. This ‘paradox’ can be resolved by noting that by the time the maximal amplitude has
been reached the numerical solution has long separated from the actual solution (see Fig. 1). Therefore
we conclude that the maximal amplitude is not a reliable measure for the accuracy of the scheme.

2.3. Smulations

We solve the critical NLS (1) witld = 2, ¢ = 1 and with Gaussian initial conditiong, = ce~*"~>”.
The value ot ~ 2.99 is chosen so that the initial power is moderately above the critical power for blowup

3 See, e.g., [21].
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Fig. 3. Maximal focusing as a function of grid size for solutions of discretizations of the NLS (1). Initial conditions are Gaussians
with N(0) = 1.2N. (*) or N(0) = 2N, (0). Solid and dashed lines are the best fit of the data points with the aurvé.
(A) Second order discretization (Eq. (2), (B) fourth-order discretization (Eq. (5)).

(N(0) = 1.2N,). We use second-order and fourth-order spatial discretization. We verify that the time step
is sufficiently small so that temporal discretization has no effect.

In Fig. 1 we see that the solutions of the second-order and fourth-order discretized NLS do not
blowup. Rather, they undergo focusing—defocusing oscillations. Comparison with the exact solution of
the NLS shows that discretization indeed initially accelerates self-focusing. The solution of the modified
equation (4) is in good agreement with the corresponding discretized NLS during the first focusing—
defocusing event but does not capture the subsequent focusing—defocusing oscillations (see Fig. 1B).
Rather, after the first focusing event the solution of the modified equation simply defocuses due to strong
mildly-anisotropic radiation in the andy directions (see Fig. 2). We were unable to solve the modified
equation (6) for the initial conditions of Fig. 1C and 1D for reasons that will become clear in Sections 3
and 4.

In Fig. 3 we plot the maximal amplitude as a function of grid-size. As predicted by (12), for both
second-order and fourth-order discretization the maximal amplitude scalegikdn fact, fourth-
order discretization yields only slightly higher maximal focusing than second-order discretization.
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Fig. 4. Same as Fig. 1 for the supercritical NLS (13). Dotted lines in B and D are solutions of the corresponding modified
equations.
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Fig. 5. Same as Fig. 3 for the supercritical NLS (13). Initial conditiott (8, x) = 15¢ %%,

Nevertheless, fourth-order discretization yields more accurate results than second-order discretization
for r between zero and the time of NLS singularity (see Fig. 1).
We also solve the 1D supercritical NL& £ 1 ando = 3)

iV + Yo + Y[y =0 (13)

with the initial conditionsyrg(x) = 1.56 (see Fig. 4). As before, second-order and fourth-order

discretization initially accelerate self-focusing but later arrest the collapse, resulting instead in focusing—
defocusing oscillations. Likewise, the solutions of the modified equations for both second-order
discretization (Fig. 4B) and fourth-order discretization (Fig. 4D) capture the arrest of blowup nut not the

subsequent oscillations. In Fig. 5 we can see that for both second-order and fourth-order discretizations
the maximal amplitude scales like’/3, in accordance with (12).
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2.4. Limitation of modified equations

The simulations results in Fig. 1B and in Fig. 4B and 4D show that the modified equations capture the
arrest of collapse in the corresponding discretized NLS but fail to capture the subsequent oscillations. We
recall that a similar situation occurs in the case of the semi-discrete NLS for propagation in fiber arrays

. N n n|2 n 1/fn+1 - an + w.n—l
iy y) + o, + [P Y+ 7
whose solutions undergo focusing—defocusing oscillations [1], whereas the solutions of its continuous
limit

=0, (24)

h2
iw,(r,x,y)+Aw+|x/f|2vf+l—2wxm=o, (15)

go through a single focusing—defocusing cycle [11,9]. In [11] it was shown that in order to recover the
focusing—defocusing dynamics of the discretized NLS (14) one has to keep the next-order term in the
Taylor expansion in the continuous limit. We now show that the same holds for discretized critical NLS
equations.

We recall that in the case of the critical NL8 £ 2, 0 = 1) the effect of small perturbations can
be analyzed usingiodulation theory, which is an asymptotic theory for analyzing the effects of small
perturbations on critical self focusing [11,10]. Briefly, modulation theory is based on the observation that
after some propagation has taken place the NLS solution rearranges it$glf asL=2(t)R(r/L(t)),
whereR (r) is the ground-state solution of

1 _
R'(r+ =R —R+R3=0, R'(0)=0, lim R(r)=0.
r r—00

Therefore, self-focusing dynamics is described by the modulation vargbjevhich is proportional to
beam-width and also to/{on-axis amplitude). In particulaf, — 0 andL — oo correspond to blowup
and to complete defocusing, respectively.

For clarity, we outline the application of modulation theory to the modified equation (4). As in [11],
application of modulation theory to (4) yields the reduced system of ODEE(for

2
L”(Z)Z—%, ﬁt(t)=%<é>t’ (16)

where|C1| &~ 9N, /2. Eqgs. (16) predict an initial increasefgncompared with the original NLS for which
h =0 andg = 8(0)) that results in an acceleration of self-focusing (i.e., smdlleras indeed observed
in our simulations. Hence, Egs. (16) predict that the solution will blowup at an earlier time than in the
original NLS. Since, however, modulation theory is based on the assumption that the perturbation is
small, onceh?/12) (Vo xxx + Yyyyy) DECOMES comparable oy the reduced system (16) is no longer a
valid approximation of the modified equation (4).

If we keep one more term in the Taylor expansion of the discretized NLS (2) the modified equation

becomes
4

. h? h
iy (t,x,y) + Ay + h//lz‘/f + l_z(wxxxx + 1ﬂyyyy) + ﬁ)(wxxxxxx + 1ﬂyyyyyy) =0. (17)

As in [11], application of modulation theory to (17) yields the reduced system
p _hZ [(|C1]  Coh?
L3a ﬁl(t) - lZM L2 12L4 ta

L,(t)= (18)
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with C, =6/57 [ R”2dr > 0. In[11] it was shown that solutions of Egs. (18) indeed generically undergo
focusing—defocusing oscillations.

3. Perturbed NLS

In various applications one is interested in the effect of a small perturbation on self focusing, i.e., in
the solution of the equation

iV + AY + PPy +8F[Y]=0, |8 <1

If one solves this perturbed NLS usingmaith-order finite-difference scheme, the corresponding modified
equation ié

d

i+ AV Y17+ SFIY] + (—D"ch? 2y

i=1

82111
—zw =0.
ox"

Therefore, unlesg?"—2A™y « 8 F[y], the effect of high-order numerical dispersion might dominate
the effect of the physical perturbation. In what follows we show several such situations.

Strong nonlinearity

Let us consider the perturbed critical NLS
iV + AY + 1YY + 81y Py =0, a>2/d, 18| < 1. (19)
Since the conserved Hamiltonian of (19) is given by

1 )
H =199 = 5 Wi — v 15 (20)

the small perturbation term in (19) is focusing whies 0. Indeed, we have the following result:

Theorem 3. Let v be a solution of (19). If § > 0 and H(0) < 0 then » becomes singular in finite time.

Proof. We apply to Eqg. (19) the standard variance argument (see, e.g., [21]) for proving blowup of NLS
solutions.

Lemma 1. Let ¢ be asolution of (19)andlet V (r) = ||xw||§ be the variance of . Then,
oad —2
v 15t3 (21)

20( +2 200+2°
where H is given by (20).

Vtt :SH - 88

Lemma 1 is proved by differentiatingf with respect ta, using Eq. (19) to replace time derivatives
with spatial derivatives and integrating by parts.

4 We consider here only the leading-order discretization effects, which are those of the Laplacian.
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Fig. 6. Peak amplitude of solutions of Eq. (19) with ()= 0.05 and (B)s = —0.05 calculated using second-order schemes
with h =0.1.

BecauseH is a conserved quantity of (19) and > 2, we get from (21) thaV,, < 8H (0). Hence,
V(1) < 4H(0)t> + V' (0)r + V (0).

If thus follows that whenH (0) < 0 thenV vanishes at some timgé* and V should become negative
afterwards. However, by definitiod = ||x /|3 is positive, which implies thay must become singular
at or beforeT*. O

In Fig. 6 we solve Eq. (19) witd = 1 andx = 3 for § = +0.05 using second-order central-difference
schemes withh = 0.1. We use the initial conditionyo(x) = 3%4,/1.1sech2x) for which H(0) < 0.
It can be seen that for both positive and negative value8 obllapse is arrested and the solution
undergoes focusing—defocusing oscillations. The arrest of collapse with subsequent focusing—defocusing
oscillations whers < 0 agrees, at least qualitatively, with the theory (see, e.g., [16]). V8herD,
however, the arrest of collapse is in contradiction with Theorem 3. This disagreement can be resolved by
noting that the modified equation for the second-order discretization of Eq. (19) is
h? &
i+ Y+ YTV SV PV + 15D Vs = O, (22)
i=1

Indeed, in contrast to the continuous model (19) that admits singular solutions, a slight modification of
Theorem 2 shows that wheén> 0 all solutions of the modified equation (22) exist globally.

High-order dispersion

Let us consider the NLS with high-order dispersion [9]
iV + AV + [P Y + APy =0, p>2.
If one solves this equation usimgth-order discretization, the modified equation for the discrete equation
is given by
d

iV, + AY + Y1+ SAPY + (D) ch™ 2

i=1

82m
T =0
0x;
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35

[l

Fig. 7. Numerical solutions of the modified equation (4) witk- 0.1 and initial conditions as in Fig. 1B, calculated using the
(numerical) grid-size d= dy = 0.05 (dotted) and d= dy = 0.075 (solid).

Therefore, a necessary condition for the accuracy of the numerical scheme/i& thtak” v < AP .

For example, in our analysis of discretization effects we compared the solution of the discretized
NLS (2) with that of the modified equation (4). We have seen in Fig. 1B that in both cases collapse is
arrested, but that afterwards the solution of the discretized equation continues to oscillate whereas that
of the modified equation simply continues to defocus. Had we been less careful and run the simulation
of the modified equation using a slightly coarser grid, we might have been tempted to believe that the
solution of the modified equation also undergoes multiple oscillations (see Fig. 7). These oscillations,
thus, do not pertain to the actual solutions of Eq. (4), but rather manifest the dominance of discretization
effects in simulations of the modified equation.

4. Final remark

In this paper we analyze discretization effects in blowup solutions of the nonlinear Schrédinger
equation. We also show examples where discretization effects in simulations of perturbed NLS equations
can lead to results that are completely wrong. In theory, one can always identify discretization effects
by performing a grid-convergence study, and eliminate them by taking a sufficiently small grid-size.
However, in simulations in more than one spatial dimension with no radial symmetry it is not always
possible to take a sufficiently small grid-size. Indeed, we were unable to solve the fourth-order modified
Eqg. (6) with the initial condition of Fig. 1D on a Compaqg Alpha workstation because we could not take
a sufficiently small grid-size as to eliminate discretization effects.
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