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Abstract

We study the numerical solution of the Fokker—Planck equation. This equation gives a good approximation to the
radiative transport equation when scattering is peaked sharply in the forward direction which is the case for light
propagation in tissues, for example. We derive first the numerical solution for the problem with constant coefficients. This
numerical solution is constructed as an expansion in plane wave solutions. Then we extend that result to take into account
coefficients that vary spatially. This extension leads to a coupled system of initial and final value problems. We solve this
system iteratively. Numerical results show the utility of this method.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Light propagation in random media such as biological tissues is governed by the theory of radiative
transport [1]. The radiative transport equation takes into account absorption and scattering due to
inhomogeneities. It is an integral-partial differential equation. Analytical solutions are available only for
relatively simple problems [2]. Hence, we must use numerical methods to compute solutions.

Computing numerical solutions to solve the radiative transport is inherently challenging. First of
all one must take into account the several independent variables for the direction and position. In fact,
computational methods may face difficulty in resolving all of these variables adequately without
exceeding available resources. In addition, one must take into account accurately the coupling between
these spatial and directional variables in the radiative transport equation. This coupling can be difficult to
treat numerically because the dependent variable, the specific intensity, can be discontinuous with respect to
direction.
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For several applications of radiative transport theory such as light propagation in tissues [3], cosmic rays in
the atmosphere [4] and electron beams for cancer therapy [5] among others, scattering is peaked sharply in the
forward scattering direction. For this situation, solving the radiative transport equation numerically
becomes even more difficult. The sharp forward scattering peak requires high resolution with respect
to the direction variables to approximate the integral operator in the transport equation accurately.
An alternative to solving the radiative transport equation for sharply peaked forward scattering is to
replace it with the Fokker—Planck equation. It is just for forward-peaked scattering that the Fokker—Planck
equation provides a good approximation [3]. The Fokker—Planck approximation takes forward-peaked
scattering into account analytically by replacing the integral operator in the transport equation by a simpler
differential operator. Hence, the Fokker—Planck equation is easier to solve than the radiative transport
equation.

The Fokker—Planck equation as an approximation to the radiative transport equation has been studied
extensively. In particular, the asymptotic limits in which the Fokker—Planck equation is valid have been
established [6,7]. Moreover, numerical solutions of the Fokker—Planck equation have been shown to compare
well with those of the radiative transport equation [3]. Hence, we do not pursue validating the Fokker—Planck
equation as an approximation to the radiative transport equation in this work.

The Fokker—Planck equation is one example of a two-way diffusion equation [8—10] or a backward—forward
parabolic equation [11,12]. Computing numerical solutions of backward—forward parabolic equations requires
non-standard numerical methods to take into account the coupling between backward and forward diffusions
without over-regularizing the problem. There have been several studies of numerical methods for
backward—forward diffusion equations. Vanaja and Kellogg [13] give a finite difference method that requires
a delicate iterative scheme to handle the finite difference scheme where singularities can form. Vanaja [14] has
applied this method to the Fokker—Planck equation with no absorption and a constant scattering coefficient.
Han and Yin [15] have developed a non-overlapping domain decomposition method for solving the finite
difference approximation. Aziz and Liu [16,17] have transformed the backward—forward diffusion equation
into a first-order system of symmetric-positive differential equations in the sense of Friedrichs which they solve
using finite elements. In contrast, Lu [18] and French [19,20] have developed Galerkin methods without
transforming the problem. Ref. [21] provides an overview of these finite element methods. Lu and Maubach
[22] have extended the finite element method due to Lu [18] to a generalized problem that includes variable
coefficients.

The aforementioned methods use sophisticated techniques to compute numerical solutions. Here, we seek to
solve the Fokker—Planck equation in a simpler way for use in solving practical problems such as light
propagation in tissues. Kim and Keller [3] have solved the Fokker—Planck equation with constant coefficients
in a simple way using so-called plane wave solutions. These plane wave solutions are calculated numerically
through the solution of an associated eigenvalue problem. The eigenvectors form a basis that provides a
natural way to represent the numerical solution. This numerical method is analogous to the discrete-ordinate
method using the eigenmode expansion technique for the radiative transport equation [1]. Kim and Moscoso
[23] have extended the plane wave solution method to higher dimensional problems. Here, we analyze this
method further and extend it to allow for variable coefficients.

Our motivation in studying the variable coefficients problem is its importance in applications of light
propagation in tissues containing an obstacle. This obstacle scattering problem is a model for tissues
containing a tumor or another physiological anomaly. Understanding the obstacle scattering problem in
tissues is a key step in developing methods for diagnosing tissue health. However, results for this problem are
limited due to a lack of computational methods to solve this problem. These results may find use in other
applications also.

The remainder of this paper is as follows. We first review the theory of radiative transport and the
Fokker—Planck approximation for sharply peaked forward scattering in Section 2. In Section 3, we review the
numerical method due to Kim and Keller [3] to solve the Fokker—Planck equation with constant coefficients.
In Section 4, we extend that method to allow for spatially varying coefficients. This method yields a coupled
system of initial and final value problems. We solve this system using an iterative method that uses the
trapezoidal method to integrate the differential equations. In Section 5, we show numerical results that
demonstrate the utility of this method. Section 6 is the conclusions.
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2. Radiative transport theory and the Fokker—Planck approximation

Light propagation in random media is governed by the radiative transport equation:
Q- -VI+u,l —ulLl=0. (1)

Here, I is the specific intensity. It gives the power flowing in direction Q at position r. We denote the
absorption and scattering coefficients by u, and pg, respectively. The scattering operator L is defined as

LI=—I+ /S p(Q- Q)1 1) Y. 2)

The scattering phase function p gives the fraction of light incident in direction €' that scatters in direction Q.
Integration in (2) is taken over the unit sphere S*. The anisotropy factor g is defined in terms of p as

1
g=2n l 1p(u)u du. )

For tissues, g~1 because scattering is peaked sharply in the forward scattering direction corresponding to
u=Q. Q'~1.
When scattering is peaked sharply in the forward scattering direction, the Fokker—Planck approximation:

LI ~ Lug Aol (4)

with y, = (1 — g) and 4o denoting the spherical laplacian, is a good approximation. We call (1) with (4) the
Fokker—Planck equation. One obtains the Fokker—Planck approximation (4) through asymptotic analysis of
(2) for sharply peaked forward scattering [3]. The Fokker—Planck equation is easier to solve numerically
because this approximation is done analytically. Hence, (4) does not require the high angular resolution that
(2) does when scattering is sharply peaked.

To solve the radiative transport or Fokker—Planck equation in a domain D with boundary 0D, we must
prescribe boundary conditions. Proper boundary conditions give the light at the boundary directed into the
medium. Hence, we prescribe boundary conditions of the form

I, ry) = I(Q, 1), 1y €0D, Q-h(ry)<0, )

with 7i(r,) denoting the unit outward normal at r,. Here, I, denotes the specific intensity at the boundary
directed into the domain.

3. Problem formulation

We study light propagation in a slab 0 <z<d composed of an absorbing and scattering medium in which
scattering is peaked sharply in the forward scattering direction. A plane wave is incident on the boundary
plane z = 0 in direction €. That is the only source of light in this problem. We parameterize the unit direction
vector Q by the cosine of the polar angle y = cos  and the azimuthal angle ¢.

For this problem, the specific intensity 7 satisfies the Fokker—Planck equation:

oI 1 d oI 1 o1
— I == — (1 =) —| +——==,—I<u<l, —n<p<n, 0 d, 6
pat i 2%{6” {( It )au} +7 —;ﬂa(pz}’ Iz t<e<n, 0<z< (6)
subject to the boundary conditions
I(M,(,D,O)ZFO&(M—,LL())(S((P_([)()), 0<,U<1, —TC<(P<TC, (7)
and
I(:uaq)ad):o’ _1<M<0’ —TC<([)<TC. (8)
We represent [ as a Fourier series in ¢
I(pp.2)= Y Wu(u2)e", ©)

n=—oo
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with
1 [" -
V0 =5 [ o2 do. (10)
Each Fourier mode ¥, satisfies
oY 1 0 oY n’
i Y, =—ud—|(01-)—L ———, —1<p<l, d, 11
pp i 2utr{aﬂ {( ) au} =2 } I 0<z< (11)
subject to the boundary conditions
F .
W(1,0) = 50— )", 0<p<l, (12)
T
and
¥, (u,d) =0, —1<u<0. (13)

In (11)—(13), we see that each Fourier mode ¥, is decoupled from all others. Therefore, developing a method
to solve (11)—(13) for n fixed can be applied for each value of n needed. Hence, we study the problem with
n = 0 only. In fact, we generalize the problem slightly for the discussion that appears below. In particular, we
seek the numerical solution of the boundary value problem:

oy G oY

— V=_u —|(1-p>)—|, -—l<u<l, , 14
pos tha L {( “)au]’ It 0<z<d (14a)
Y(u,0) =f(w), 0O<pu<l, (14b)
Y(p,d) =g, —1<u<0. (14c)

Here, p, and p,, are functions of z and the function f'and g are general functions defined over the half ranges
0O<u<l1and —1<u<0, respectively.

Boundary value problem (14) is a parabolic differential equation in which u is the space-like variable since
o2 ¥ /ou? occurs in it. The time-like variable is z where u>0 and —z where u<0. Such an equation is called
a two-way diffusion [8-10] or a backward—forward parabolic equation [11,12]. The boundary value
problem (14) is a well-posed problem [8]. Fig. 1 shows a sketch of the domain for this problem.

4. Numerical solution for the constant coefficients problem

We solve (14) first for the case in which u, = « and p,, = 20, where o and ¢ are positive constants. For that
case, we seek a numerical solution based on the analytical separation of variable solution.

| : > 1L
-1 fw 1

Fig. 1. A sketch of the domain of the boundary value problem (14) we study here. Eq. (14a) is a parabolic differential equation in which u
is the space-like variable. The time-like variable is z where >0 and —z where ¢ <0. Boundary condition (14b) prescribes ¥ at z = 0 over
the half-range 0 <u<1. Boundary condition (14c) ¥ at z = d over the half-range —1 <pu<0.
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4.1. Separation of variable solution

We seek the general solution of

o d , oW
ug+a¥’—oa{(l—u)a] —0 (15)

of the form ¥(u, z) = ¢**v(u). Substitution of this general solution form into (15) yields the eigenvalue problem
,uw+ow—ai (1—,12)@ =0. (16)
ou ou

This eigenvalue problem has several useful properties [24] that we list below:

1. Eq. (16) has both positive eigenvalues called 4,>0 with n>0 and negative eigenvalues called /4, <0 with
n<O.

2. For a0, there is no zero eigenvalue.

3. For any pair [/,, v,(n)] satisfying (16), the pair [—4,, v,(—u)] satisfies it also. Hence, we assume that the
eigenvalues are ordered and indexed so that

)an = _jvns Ufn(/v‘) = U}’l(_:u')r n= 1929 e (17)

4. Two pairs [Ay, v,(w)] and [4,, v,(1)] each satisfying (16) satisfy also the orthogonality relation:

1
Y e ()
-1
In light of (18) and because
1 1
[ e saodn== [ vt (19)
due to (17), we normalize the eigenfunctions according to
1
[ tondn = =sento 20)
The general solution of (15) in the slab 0 <z<d is given by the superposition of eigenfunctions:
o0
Y(u,z) = [Cfne_/lnzvn(_,u) + cne)vn(z_d)vn(,u)]- (21)
n=1

We have used (17) in writing this general solution. Substituting (21) into the boundary condition (14b), we
obtain

> le-ntn(—) + e o] = f (), 0<p<1. (22)
n=1

Substituting (21) into the boundary condition (14c), we obtain

o)

c—ne_)'”dvn(_.“) + cnvn() = g(w),  —1<p<0. (23)

n=1
In principle, (22) and (23) define a linear system for the expansion coefficients ¢_, and c¢,. However, the
eigenfunctions do not satisfy an orthogonality relation on the half-ranges: —1 < <0 and 0 <u<1. Hence, we
cannot determine explicit expressions for ¢_, and ¢, without solving the problem first. It is at this point in the
analysis where we introduce numerical calculations.
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4.2. Numerical solution

To compute a numerical solution, we solve the eigenvalue problem (16) numerically. To do so, we introduce
the 2N -point Gauss—Legendre quadrature rule:

1 2N
[ radus 3 s, o4
- =1

with y; denoting the quadrature abscissas and w; denoting the quadrature weights for j = 1,...,2N. Because
the number of abscissas and weights are even, Pon—jy1 = — 1 and woy_j.1 =w; for j=1,...,2N. We

introduce the approximant v; & v(y;) which satisfies
s+ 0wy — 0By p(i1 — 1) — B p(vy — -] =0, j=1,...,2N, (25)

with

Vi+1/2 1 Vi-1/2 1

Biijp ="~ T Biorjp = T (26)
Wi Wi — K Wi [y — K

Here, y,/, = 0 and
Vit = Vj—12 215w, j=1,...,2N. (27)

By construction, y,y, 1/, = 0. Hence, numerical boundary conditions are not needed. This finite difference
scheme is due to Morel [25].
We denote by v the 2/N-vector whose entries are v = (vy,...,vy). Rewriting (25) in terms of v, we obtain

AMvV +oav—aLv=0. (28)

with M = diag(y,,...,tx) and L denoting the tridiagonal matrix corresponding to the finite difference
formula in (25) whose non-zero entries are given by

—Bivip =Bz J=1...,N, (29a)
Lj’jflzﬂj_l/z, j=2,...,N, (29b)
Lj,]+1:ﬁ/+l/2 ]:1,,N_1 (29C)

The eigenvalue problem (28) has 2N pairs of eigenvalues 4, and corresponding eigenvectors v,. Due to the
symmetries inherent in the Gauss—Legendre quadrature rule and the eigenvalue problem (28), we can
show that for each positive eigenvalue /,>0 with eigenvector v,, there is another eigenvalue —4, with
eigenvector V,, where the components V, of v, and I?,,, of ¥, are related by

Vin = I72N7j+l,n- (30)

Just as the eigenfunctions v,(u) are normalized according to (20), the eigenvectors v, are normalized
according to

Z wi=—1, n=1,.N. (31)

We now introduce the approximant ¥;(z) ~ ¥(u;,z) which we represent as the superposition of the
eigenvectors:

N
Vi(z) = Z[a‘,,e’;'"z Vaon—jsin +bae™ V3], j=1,...,2N. (32)
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We determine the expansion coefficients by imposing the boundary conditions (14b) and (14c¢) for each w; >0
and y; <0, respectively, resulting in

N
> lanVon—jrin+ b Vil =), j=N+1,...,2N, (33a)
n=1

N -
Z[ﬁnefi”d Von—jtn +bu Vil = g(), j=1,....N. (33b)
n=1

Eq. (33)defines a 2N x 2N linear system for the 2N coefficients a, and b,. Upon solution of this system, we
obtain ¥;(z) through evaluation of (32).

We give the procedure to solve numerically the boundary value problem (14) with constant coefficients
below:

. Specify o and o.

. Choose N and compute the 2N-point Gauss—Legendre quadrature rule.

. Evaluate M = diag(y,, ..., yy) and L defined in (29).

. Solve (28) for the N positive eigenvalues 7, and corresponding eigenvectors v,,.
. Normalize the eigenvectors v, according to (31).

. Solve (33) for a, and b,.

. Calculate the approximant ¥;(z) for each value of z desired by evaluating (32).

~ NN RN -

The numerical solution discussed above is analogous to the discrete ordinate method for the radiative
transport equation. The convergence of the discrete ordinate method is well established [26—29]. The methods
used for establishing convergence for the discrete ordinate method apply to this problem in an analogous way.
Hence, we do not discuss it here.

5. Numerical solution for the variable coefficients problem
We now consider the case in which p, and p,, are functions of z. We seek a numerical solution by variation

of parameters based on the solution for the constant coefficients problem. From this analysis, we derive a
coupled system of initial and final value problems. We propose an iterative scheme to solve this system.

5.1. Variation of parameters

We seek the solution of the variable coefficients problem:

oY 1 0 oY
LY =- — (1 = > —|. 34
W Y = 3 (=) (4
We introduce the approximant ¥;(z) ~ ¥(u;,z) with ,; denoting the Gauss-Legendre quadrature points as in
the previous section. The vector W(z) whose entries are given by ¥ = (¥(2), ..., ¥,n(z)) satisfies
oY 1
ME + :ua(Z)lP = E:utr(z)L‘Ps (35)

with M and L defined the same as for (28). In light of the numerical solution for the constant coefficients
problem given by (32), we seek the solution of (36) of the form

N
Vi(2) =Y [an(2)Van—jrin+ba@Vial, j=1,....2N. (36)

n=1
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The eigenvalues 4, and eigenvectors v, in (36) correspond to the solution of (28) with constant coefficients
u, = o and p,. = 20. Substituting (36) into (35) and using (28), we obtain

N .
da, o U2
E { [dez + (1 + a) ntlin + (01 - O_U)an:| Von—jtin

n=1

+[uj‘(1£: - (1 +§>/1,,ujbn +(5- %&)bn} an} =0, j=1,...,2N. (37)
In (37), we have introduced the notation
z) = po(2) — o, 3(2) = g(2) — 0. (38)
The eigenvectors satisfy the orthogonality relations
2N 2N
Z VimV jnkt;Wj = —0pn, Z Van—jt1.mVoN+j—1alWj = Omn, (39)
=1 =1

with §,,, denoting the Kronecker delta. Hence, multiplying (37) by Voy—j+1,mw; and summing over
j=1,...,2N, we obtain

da G\, R
—+ (1 +E>Amam + (oc - ;o) ;[Pmnan + Qb =0, m=1,...,N, (40)
with
2N 2
Pmn = Z V2N7j+l,m V2N7j+l,nwj = Z ij anwja (41)
= =1
and
Z V2N—]+1 m /nwj Z V/m VZN—/-H aWj. 42)
j=1 j=1

The sums in (41) and (42) are equal due to the symmetry of the eigenvectors given in (30). Similarly, by
multiplying (37) by V,,w; and summing over j = 1,...,2N, we obtain

db,, G AR
-~y (1 " E) Db + (oc -~ Ea) ;[Qman 4 Pub]=0, m=1,...,N. 43)

Egs. (40) and (43) define 2N coupled first-order differential equations for the 2N coefficients a,(z) and b,(z).
The time-like variable in (40) is z, so we need to prescribe an initial condition at z = 0. The time-like variable
in (43) is —z, so we need to prescribe a final condition at z = d. Evaluating (37) at z = 0 and imposing (14b) at
each of the quadrature abscissas ,uf>0 we obtain after rearranging terms

Zan«» Vavsoin = 1)~ S B0V = N+ 12N, (44)

n=1

Similarly, evaluating (37) at z = d and imposing (14c) at each of the quadrature abscissas p; <0, we obtain
after rearranging terms

Zb(d)Vn—gm,)—Zan(d)Vm St =1, N, (45)

n=1

5.2. Numerical solution of the coupled initial and final value problems

We introduce notation to write the coupled initial and final value problems above more compactly. Let a(z)
and b(z) be the N-vectors whose components are a(z) = (a(2),...,an(z)) and b(z) = (bi(2),...,bn(2)),
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respectively. Let f and g be the N-vectors whose entries are given by f= (f(uyy1),....f(1on)) and
g = (g(uy), - ..,g(uy)), respectively. Let P and Q be the N x N matrices whose entries are given by P, given in
(42) and Q,,, given in (43). Furthermore, let A = diag(4,...,4y) and 4, B, C, and D be the N x N matrices
whose entries are given by

Ajn= VQN__H_LH, j=1,...,N, n:l,...,N, (463)
Bj,1=V2N_j+1,n, j=N+1,...,2N, n=1,...,N, (46b)
Cpn=Vip, j=1...,N, n=1,...,N, (46¢)
Diy="Vj, j=N+1,...,2N, n=1,...,N. (46d)
Using these quantities in (40)—(45), we obtain the initial value problem for a(z):

d ~

ca (1+5>Aa+(&—3&)[1>a+ Ob] =0, 0<z<d, (472)
dz o o

Ba(0) = f — Db(0), (47b)

and the final value problem for b(z):
—ﬁ+<1+E>Ab+(&—z5)[Qa+Pb]=0, 0<z<d, (48a)
dz o G
Cb(d) = g — Aa(d). (48b)

To solve (47) and (48), we propose an iterative method. Suppose we have chosen a suitable integration method
to solve a system of first-order differential equations. We discuss a specific choice for an integration method
below. We give the procedure for the iterative method below:

. Initialize a®(z) = 0 and b¥(z) = 0.

. Assign n:=1

. Compute a®(0) by solving (47b).

. Integrate numerically (47a) from z =0 to d.
. Compute b"(d) by solving (48b).

. Integrate numerically (48a) from z = d to 0.
. Assign ni=n+ 1.

. Repeat Steps 3—7 until

max([a® —a” V|, " — b~V <,

with ¢ denoting a user-defined termination parameter.

O3 LB~ —

For each iteration described above, we must integrate numerically a first-order system of the form

% + r(z)Aa + s(z)Pa = —s(z) Ob, (49)
from z = 0 to d. The coefficients r and s are defined as

riz) =1+ é&(z), (50a)

s(2) = &(z) — %6’(2). (50b)

In (49) b is assumed to be known since it is from a previous iteration. From the solution of (28), we know
empirically that the diagonal matrix A has the properties that min(4,) <1 and max(4,)> 1. For example, with
N =16, =0.1 and ¢ = 0.05, we find that min(4,) = 0.2227 and max(4,) = 223.7908. Hence, (49) is stiff. We
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choose to integrate (49) with the trapezoid rule. It is fully implicit, second-order accurate and unconditionally
stable.

Consider a grid with equi-spaced points defined at z; = kh for k =0,..., N, with h = d/N,. We introduce
the notation ry = r(zy), sx = s(zx) and the approximant a; = a(z;) which satisfies

a—a_ 1 1
% +§[Vk/13k + r1Aagy + s Pag + sp1 Pag 1] = _E[Skak +sk-10br—1], k=1,...,N..
(51)
Rearranging terms in (51), we arrive at the linear system:
h h h
I +35 (A + SkP):| a = [1 =5 (A + 5k P) |2t = S5k Ok + 511 O], k=1, Ny, (52)
with 7 denoting the N x N identity matrix. Similarly, to integrate the equation
db
4 + r(z)Ab + s(z) Pb = —s(z)Qa, (53)
z

from z = d to 0 with a assumed to be known, we introduce the approximant by ~ b(z;) and solve the linear
system

h h h
1 +§(”k/1 + Skp)} b, = [1 - E(”k+l/1 + Sk1P) [ bry1 — E[SkQak +5i+10a541], k=N.—-1,...,0.

(34)

Once a and b have been computed using the iterative finite difference method described above, we compute the
solution through evaluation of (37).

6. Numerical results

To evaluate the numerical method presented in Section 5, we solved numerically

oy 0 oy

—+aV =0 |(1 —p*)—|, —-1<u<l, L
Moy +a G@,u [( u) a/J, u 0<z< (55a)
Y(u,0)=1, O<pu<l, (55b)

with o« = 0.02, ¢ = 0.01. A plot of the computed solution to this problem appears in Fig. 2. Fig. 2 shows clearly
the singularities near u = 0 at z =0 and 1.

We computed the solution of boundary value problem (55) numerically using two different methods. For
the first method, we followed the procedure given in Section 4 with the constant coefficients o = 0.02 and
g = 0.01. We denote that numerical solution by ¥;. For the second method, we followed the procedure given
in Section 5. For that solution, we used the eigenvectors corresponding to the constant coefficients problem
with o = 0.01 and o = 0.005. Hence, we solved (47) and (48) with & = 0.01 and & = 0.005. We denote that
numerical solution by ¥,. For both sets of computations, we have set the number of quadrature points to be
2N = 32.

In Table 1, we show the results from solving (55) using the procedure given in Fig. 3. For this case, we set
h = 0.0025. We reached a tolerance of ¢ = 1 x 107! within 10 iterations. We varied both the slab thickness
and the strength of the perturbations to the coefficients by large amounts and found that neither affected
substantially the number of iterations required by this computation for this problem.

We compared the solutions ¥; and ¥, from the two different numerical methods. In Fig. 3, we show the
solutions at the boundaries z = 0 and 1 as a function of u. The circle symbols correspond to ¥; and the solid
curves correspond to ¥,. We observe that both methods are able to resolve the singularities at u = 0 well.
Moreover, the two computed solutions are indistinguishable from one another.
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Fig. 2. The computed solution to the boundary value problem (55).

Table 1

Convergence of iterations for the boundary value problem (55) with # = 0.0025 and N = 32
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Fig. 3. Comparison of the solution of (55) computed using the iterative finite difference scheme (solid curves) and the separation of

variable solution (circles) at z = 0 (left plot) and z = 1 (right plot).
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Fig. 4. The error defined by (56) which compares the solutions computed using the iterative finite difference method and the separation of
variable solution. The linear fit shown as the dotted curve yields a slope 2.0142 indicating the second-order convergence of the finite
difference scheme.

To validate the second-order convergence of the trapezoid rule that we used to solve the system of coupled
initial-final value problems resulting in ¥, we computed an error through comparison with the solution ¥;.
This error is defined as

1P — Yall»
error = ————=. (56)
1711
We plot this error for various values of / on a log—log plot in Fig. 4. In addition, we computed a linear fit to
the data (given by the dotted curve in Fig. 4) and determined that the slope is 2.0142 indicating clearly a
second-order convergence.

Next, we applied the iterated finite difference method to solve a more challenging problem. In particular, we

solved numerically (34) with

11,(z) = 0.01 + 5e=300GC=06" (57)
and

f1,(2) = 0.01 + 5e=40G=04) (58)
subject to the boundary conditions

P(u,0) = e~ 100" 0<p<l, (59)
and

P(u,1) =0, —1<u<O0. (60)

This problem models a plane wave incident normally at z=0 on a plane-parallel slab of tissue of unit
thickness. No light enters into the other end of the slab at z = 1. The slab of tissue has an absorbing
inhomogeneity given by the second term of (57) and a scattering inhomogeneity given by the second term
of (58).

For this example, we have deviated away slightly from an actual physical problem. In particular, the
boundary condition at z = 0 for a plane wave normally incident on the slab is proportional to (i — 1) as we
described above in Section 3. In boundary condition (59), we have replaced this delta function by a narrow
Gaussian to regularize the problem. Moreover, the magnitude of the absorbing and scattering inhomogeneities
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Fig. 5. The radiance as a function of z and p with 0 denoting the polar angle for the example problem (34) with (57)—-(60) computed using
the iterative finite difference method.

are much larger than what one encounters in tissue optics. However, we have chosen these parameter values to
highlight the utility of the numerical method.

A plot of the computed solution to (34) with (57)—(60) appears in Fig. 5. This computed solution required 61
iterations to reach a tolerance of ¢ = 1 x 107> with 4 = 0.0025. Substantially more iterations were required
for this problem compared with the previous one due to the additional complexity introduced by the variable
coefficients. We found that the number of iterations required by this computation does not depend on the
thickness of the slab. However, by reducing the strength of the inhomogeneities, we found that the number of
iterations required by this computation reduced. Hence, we have determined that the number of iterations
required depends on the magnitude of the perturbation away from the associated constant coefficient problem
and not the size of the domain.

A heuristic explanation of this problem is as follows. Light is injected into the slab at z = 0 in a narrow cone
of directions about u = 1. As that light propagates into the slab, the medium absorbs and scatters it with
strengths o = 0.01 and o = 0.005, respectively. Scattering causes the radiance, that is peaked about u =1, to
be spread away from u = 1. Absorption causes an overall attenuation of the radiance. Near z = 0.4, the
radiance interacts with the scattering inhomogeneity. The scattering inhomogeneity causes the radiance’s peak
about u =1 to spread even more than the scattering due to the background medium. Near z = 0.6, the
radiance interacts with absorbing inhomogeneity. The absorbing inhomogeneity causes the radiance to
attenuate overall even more than the absorption due to the background medium.

The characteristics of the computed solution shown in Fig. 5 are consistent with this explanation. In Fig. 5,
we see that the radiance’s peak near u =1 spreads and attenuates due to scattering and absorption,
respectively. Near z = 0.4, we observe that the radiance spreads substantially away from u = 1. Near z = 0.6,
we observe that the radiance undergoes substantial attenuation.

7. Conclusions

We have derived a numerical solution of a boundary value problem for the Fokker—Planck equation with
variable coefficients. This variable coefficients problem is important for studying light propagation in tissues
containing an obstacle such as a tumor. The Fokker—Planck equation is one example of a backward—forward
heat or two-way diffusion equation. In particular, this problem models light propagation in tissues that scatter
light strongly in the forward direction.

We have solved this problem numerically by extending the numerical solution for a related constant
coefficients problem through variation of parameters. In doing so, we have derived a reduced system of initial
and final value problems. Because the differential equations inn this system are stiff, we have integrated them
using a second-order, fully implicit trapezoid rule. We have solved this system by an iterative method. We have
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found that the number of iterations required by this method does not depend on the size of the domain.
Rather, the number of iterations depends on size of the inhomogeneities modeled by the variable coefficients.

We have compared the solution computed using this method with another method and verified its second-
order accuracy. Finally, we have used this method to solve a problem related to light propagation in a slab of
tissue with absorbing and scattering inhomogeneities. This method was able to compute a solution to this
problem readily. These results suggest that this numerical method should be extremely useful for calculating
light propagation in biological tissues with inhomogeneous absorption and scattering coefficients.
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